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When a cloud of highly ionized gas ejected by a plasma shock 
tube is made to travel across a constant magnetic field, an electro- 
motive force is produced in the plasma in a direction normal to 
both the field and the plasma path. Using two probes facing one 
another this electromotive force has been measured with an 
oscillograph. Its maximum value was found to be proportional 
to the field and the probe separation. By taking the maximum 
probe potential for different values of the external resistance 
between the probes, the lowest value of the “resistivity of the 
plasma” as measured by a current entering and leaving it was 
obtained. The resistivity has been shown to be independent of the 
magnetic field, the collecting area, the separation and surface 
state of the probes. All experiments were made in hydrogen 
at a gas pressure between 0.5 and 5 mm Hg with a nearly critically 


1. INTRODUCTION 


HE eleciric conductivity of highly ionized plasmas 

which has been measured hitherto is either that 
controlled by the motion of the plasma electrons only, 
for current loops completed inside the plasma, or that 
for currents flowing in a plasma which is drawn from 
an electron emitting cathode. Although the former 
problem has been extensively treated theoretically! 
as well as experimentally,*” there is still general 
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damped current pulse of order 10‘ amperes lasting for about 
6-8 usec and fields <2000 gauss. 

The plasma resistivity between the probes was found to be of 
the order 1 ohm cm at a gas pressure of a few mm of Hg. This is 
about 100 times larger than the electronic resistivity of a fully 
ionized gas for currents circulating internally. The degree of 
ionization is thought to be high enough for interaction between 
charged particles to predominate. The measured values of the 
plasma resistivity agree with the results obtained from theory 
based on ionic conduction in the plasma which is here the necessary 
prerequisite for maintaining the electric neutrality of the moving 
plasma. 

From the measured probe voltage the flow velocity of the 
plasma was derived. Its variation with gas pressure agrees with 
shock wave theory. 


disagreement over whether theory and observations 
agree or not. 

In this paper another aspect of plasma conductivity 
has been studied and a simple method of measuring 
it was used which has been developed recently." The 
results do not bear directly upon the fundamental 
question of agreement cited, but may well assist in 
understanding those situations which arise when currents 
are drawn to nonemissive electrodes. 

The experiment is as follows: A highly ionized plasma 
produced in a shock tube moves down the tube into a 
region across which a uniform magnetic field is applied. 
At a certain point in the field region, two cold electro- 
static probes facing one another are inserted into the 
plasma. From the potential difference between the 
probes with various external resistances the internal 
resistance and hence the resistivity of the plasma 
can be derived as well as its flow velocity. The values of 
the resistivity obtained here are of importance to the 

10 A. L. Besbatschenko et al., Electromagnetic Phenomena in 
Cosmical Physics, edited by B. Lehnert (Cambridge University 
Press, New York, 1958), p. 464. 
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induction B in the plasma for two values of the probe separation d. 
Probes situated 6 cm from the end (anode) of the discharge tube 
D. E=expansion tube. V.=2kv, imax=6700 amp, p=1.2 mm 
Hg of hydrogen. C=14.5 uf, L=4X1077 h, circuit resonance fre 
quency v=6X10* sec". Insert: Experimental arrangement; tube 
diameter: 1.5 cm, probe diameter: 0.5 cm, length of tube D: 18 cm. 


converting thermal 
In what follows 


problem of electric generators 
energy of flames into electric energy. 
we present absolute measurements of this plasma 
resistivity and of the flow velocity in hydrogen at 
various gas pressures together with a discussion of the 
theoretical aspects of the problem. It should be under- 
stood that these measurements have been taken in 
general in a highly but not fully ionized gas and 
evidence will be adduced here to show to what degree 
the gas has approached full ionization. 

If a magnetic field B acts perpendicular to an electric 
field, theory of a partially ionized gas shows that the 
conductivity of the gas is a complex quantity due to the 
gyration of ions and electrons about the magnetic field 
lines interrupted by scattering collisions with molecules 
of the neutral gas. The net conductivity (a) can be 
expressed as the sum of the direct (o’) and the transverse 
(o’’) conductivity which are related to the conduc- 
tivity oo in zero magnetic field by 


=0'+i0"’=0)/(1—wr), (1) 
where w=eB/mce is the cyclotron frequency and 7 the 
mean collision time. Hence for sufficiently small fields 
B such that wr{1, o becomes independent of B and 
equal to the direct current conductivity oo. Equation 
(1) holds rigorously when interaction between charged 
particles is negligible and collisions between charges 
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and neutral atoms predominate. It holds approximately 


for a fully ionized gas when the magnetic field has no 
effect on the distribution function which represents the 
contribution to the current by electrons of Various 
(total) velocities. In some of our measurements B was 
of the order 10? gauss; thus the cyclotron frequency g, 
for electrons was of the order 10° sec Their collision 
time in hydrogen at a density equivalent to p= 1 mm Hy 


and an average energy of 1 ev is r-=1/Ov,~10-« 


sec (VU being the total cross section and Uv; the electron 
velocity) and hence w,7.<1. In this case, since w= 1/m 
and r;<7,, wi7<<1 for positive ions. 


If on the other hand the gas is fully ionized and q 


very strong magnetic field applied (so that apparently 


wr>>1 where 7 now the electron-ion collision time 
the dist ribution function of the current is changed by 
the magnetic ld in the sense that at large B ele trons 
of lower velocity contribute a larger fraction to the 


than at B=0. 
plasma resistivity 
fields to 3 times that in zero fields, 
Thus with the moderate fields used the resistivity of a 
sufficiently highly ionized gas is not likely to vary much 
with B, later born out by experiment. This 


current 
the 
magnetic 


However, theory shows that 
(ep=1/c) for electrons in strong 
) 


is only 


a conclusion 


would be even more reasonable, were the current due 
in part to positive ions. As to the applicability of the 
theory, the degree of ionization seems not to be a very 
critical factor prov ided it exceeds several percent** 
(see Sec. 6). 


The measurements reported below have been carried 


out ata point © cm trom the outer edge of the anode of 
the shock tube, i.e., in a region of zero electric field 
for B=0. Shock speeds, continuum radiation intensity, 
color temperature" and Stark broadening’ suggest an 


equilibrium (plasma 
7000°K 


initial particle 


emperature at p=1 mm Hg of 
and an ion concentration of up to 30% 
10'® ions/cm 


about 


of the concentration (=> 


2. APPARATUS AND EXPERIMENTAL METHOD 


The insert in Fig. 1 shows the arrangement used.! 
It consists of a discharge tube D filled with hydrogen 
in which the plasma generated and the expansion 
tube &: with the probes. As the conducting plasma is 


uniform magnetic field an emf with 
is induced in the plasma 
maximum 


swept through the 
respec t to tl 


between the 


e | iboratory frame 
probe s whose value is of 
magnitude 

volts), (2) 


V p= BudX 10 


where B is the magnetic induction in gauss, u the 
maximum flow velocity in cm/sec and d the separation 
between the probes in cm. The emf’s so obtained are 
Vith B=10? = 10° cm/sec 


potential difference the 


quite considerable. 
the 


gauss, u 


and d=1 cm, between 


1955). 
Fliigge 


2 A. von Engel, Jonized Gases (Clarendon Press, Oxford, 
13s W, P. Allis, Handbuch der Physik, edited by S 
(Springer-Verlag, Berlin, 1956), Vol. 21, p. 442 
4 R. G. Fowler et. al., Phys. Rev. 88, 137 (1952). 
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probes is 1 volt. (Ionization by collision even for the 
largest induced fields is negligible.) Equation (2) holds 
only if no charge fiows in the probe circuit. If, however, 
a charge flows through an external resistance r connected 
to the probes, the voltage V, between the probes will 
be smaller than Vz. This reduction can have three 
causes: the plasma resistance, the reaction which the 
current has on the applied magnetic field and possibly 
sheath voltages at the probes (not of the conventional 
kind since an electric field is induced in the plasma). 
The last two effects would depend on the magnitude 
of the current. Since our measurements have shown 
that the plasma resistance is constant with respect to 
changes in probe current, it follows that these effects 
are quantitatively insignificant and it is thus permissible 
to derive the plasma resistance R, from Vz, V,, and r. 


3. CHARGE SEPARATION AND PROBE CURRENTS 


When a magnetic field acts on a highly ionized 
plasma moving across it, an emf is induced in the gas. 
It is not convenient to treat this emf as being due to the 
normal Hall effect because the moving plasma carries 
very nearly zero net space charge, thus making the 
component of electric current parallel to the velocity 
vector of plasma flow zero (the difference between the 
positive and negative charge densities which balances 
the induced emf is here <10-* part of either charge 
density). Ions and electrons of the plasma, subjected 
to the induced electric field, are mainly driven towards 
the probes and glass wall, i.e., in a direction perpen- 
dicular to the plasma flow and the magnetic field. In 
this way a potential difference between the two probes 
is set up 

The picture is relatively simple when the probes and 
the wall are isolated. However, when a current flows 
through an external resistance connected to the probes, 
the magnetic field of the probe current deflects the 
harges so that some of the ions and electrons acquire 
a component of velocity relative to the moving plasma 
and opposite to the direction of the plasma flow. It will 
be shown later that this current is determined by the 
drift velocity of the positive ions moving to one probe 
since electrons can only reach the other probe at the 
Same rate. 

The force acting on an ion is eBvg, the electric field 
acting in the direction (—«) is thus Bvg and the reverse 
velocity component 


put Bog, (3) 


‘rer 


where w* is the ion mobility. The current between the 
probes is 
i=eNt 


aA, (4) 


where .V is the charge concentration and A the active 
area of the probe surface. Eliminating vq from (3) and 
(4) we obtain, 

Ures= pe Bi/eNA. (5) 


Assuming that the current in the probe does not exceed 
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i= 10~? amp, one obtains for B < 10* gauss and a charge 
concentration of V <10!*/cm* a reverse velocity com- 
ponent of 2+, <10 cm/sec and 30 times more for free 
electrons. Neither of these represent a degree of mo- 
mentum transport comparable with that which is resi- 
dent in the flowing plasma. 

Two other points require consideration: the redistri- 
bution time for the space charges in the plasma when it 
enters the magnetic field and the time constant for 
establishing the current in the probe circuit when the 
plasma passes the probes. Assume that at a certain 
point the magnetic field changes discontinuously from 
zero to its final value. When the plasma with the net 
space charge zero passes this point, an electric field 
is induced in it given by the flow velocity which 
displaces ions and electrons to opposite sides of the 
walls of the tube until the surface density of charge 
has reached a value which is equal to the induced 
electric field. Assuming linear geometry, one obtains 
from Laplace’s equation, the known ion concentration 
in the plasma (>10'/cm*) and the ion mobility 
(> 10° esu), a redistribution time of the order r= 10-” 
sec which is small compared with the time the plasma 
takes to move from the edge of the magnetic field to the 
probes (4X10~-® sec). The other question is whether 
the probe current has sufficient time to reach its final 
value when the plasma passes the probes. If the motion 
of the positive ions determines the rate of rise of the 
current whereby the ion mass has to be accelerated 
by the electric field, the time constant for the rise of the 
current is 7;=y*/(e/m,). For hydrogen ions one obtains 
tr; of the order=10~ sec. Since the flow velocity of the 
plasma is of the order 10° cm/sec, this means that the 
current is established in a time interval corresponding 
to a distance travelled by the plasma of the order=10-* 
cm which is small compared with the smallest diameter 
of the probe used (0.1 cm). 


4. PARASITIC VOLTAGES INDUCED IN 
THE MEASURING CIRCUIT 


At first the oscillograms of the open circuit probe 
voltage" were found to differ erratically. This was 
traced to voltages, induced by the large fluctuating 
discharge currents, in the cathode follower circuits to 
which the two probes were connected. The disturbances 
were caused by the magnetic field of the current loop 
formed by the discharge path which runs radially from 
the center of the tube to the ring anode. Because of the 
large currents the discharge is constricted. During each 
current pulse the anode spot takes up a different position 
on the ring anode thereby inducing varying potentials 
in the probe circuit. By arranging symmetrical leads 
to the cathode follower, this disturbance was removed. 

In earlier measurements" of the plasma resistance 
each probe was connected through a resistor to the 


ground. The results were unsatisfactory because of 
large parasitic pulses induced in this circuit. By using 
a symmetrical probe circuit with two equal resistances 
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“the ambient gas pressure p. (B=500 gauss, imax=6700 amy 


f 
V.=2kv.) 


joining the two probes (one on each side of the expal 
sion tube), and omitting any ground connection, traces 
free of parasitic voltages were obtained. 


5. MEASUREMENTS AND DISCUSSION 
OF THE RESULTS 


(a) General Observations 


The 
measured as a function of the various discharge param 
eters. From Eq. (1) 
V ; (open circuit voltage) is proportional to the magnetic 


potential difference between the probes wa 
it follows that the maximum emf 


induction B and the probe separation d, provided the 
plasma velocity # is constant. Figure 1 shows that this 
The data refer to a gas pressure of p=1.2 
Hg, a condenser potential V.=2 kv and a maximum 
discharge 6700 amp. Since the current 
pulse was constant “ must be constant. 


is true. mm 


current Zmax 


It is noteworthy that the absolute values of uw ar 
in agreement with the earlier measurements based on 
§ In 2 th 
p is shown for a constant current pulse. 
The fall of w with increasing 
with shock 


mirrorgrams. Fig. e variation of w with the 


gas pressure 
pressure is In agreement 
| 


tube theory which assumes that a given 


mass of a gas which is proportional to p receives a 
certain fraction of the energy stored in the capacitor 
to acquire an energy of flow corresponding to a velocity 
u.'7 For the two curves in Fig. 1 and from (2) the plasma 
flow veloc ity was found to be u=7X10° and 7.5X10 
cm/sec, re spective ly. 

The plasma resistance R, between the probes was 
found by measuring Vz and V, for various values of 
the external resistor r while B, V. and p were kept 
The resistors were of the carbon film type 
and, selected in pairs, ranged between 1000 and 20 


constant. 


ohms. The values of R, obtained for the variou 
external resistances 7 were the same within +5% and 
displayed no systematic variations. 
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Lee, Phys. Rev. 88, 137 (1952 
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Figure 3 show that R, decreases first as 1 
and the 


rapid change of R, with rising i 


increased eems to become 


The 


xx May be thought 1 


constant, 


be caused by the variation of the degree of 1onizatior 
he slow decrease of Re at higher 


of the plasma whereas t 


currents mat slow rise of the plasm; 


ltemperaturt li nother series ol experiments z.. Was 
measured t function of the gas pressure p (in hydr 
gen) betwe 0.5 and 5.0 mm Hg, while V, and B wer 
kept cor gure + shows this for two values of thy 
prob separa I Lie erprel ion of it is given belo 
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is inserted into the expansion chamber at a separation 
The of 0.8 cm. The results are given in Figs. 1, 3, and 4. 
tht 4 They show that with the stems insulated the voltage 

V, is proportional to the probe separation. If the probe 
distance was reduced to less than 0.5 cm erratic results 
were obtained which we believed to be due to aero- 
» Was dynamic effects of the probes on the flow of the gas. 


(c) Effect of Probe Contamination 


In order to test whether a contamination of the probe 
surface affects the probe potential, observations were 
made before and after the probes were cleaned by 
sputtering. No difference could be detected. 


1 th (d) Configuration of Current Density 
Between the Probes 


From Fig. 4+ we find that the R,, the resistance of the 


plasma between the probes, at p=1 mm Hg and 
~=6700 amp, is 24 ohms for d=1.5 cm and 13.5 
hms for d=0.8 cm. If the probe current in the plasma 
is uniformly distributed over an area of cross section 
equal to that of a single probe surface (0.2 cm?) this 
corresponds to a plasma resistivity p=3.2 ohm cm and 
p=3.4 ohm cm for d= 1.5 and 0.8 cm, respectively. The 
constancy of p with d means that the charges from 
the plasma are drawn to the inner surfaces of the 
probes only, i.e., the lines of tlow of current are parallel 
to one another and normal to the probe surface. Since 
p has been derived from the maximum values of V, it 
represents the lowest value at any time at 6 cm from 

the anode of the dis« harge tube. 
When the two probes are at 

Fig. 5, 
tube, the flow of charges is directed essentially towards 

the surfaces facing one another. When the probes are 

at 0.8 cm apart (where it was found that R, has changed 

| in the same ratio as the distance) the collecting area of 


a separation of 1.5 cm 
insert) and situated in the holes in the glass 


the probes must again be equal to one single surface 
though the front and the back surfaces are now exposed 
to the plasma. This contradiction is resolved by 
remembering that the rear sides of the probes cannot 
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Fic. 5. Calculated ionic resistivity p of the plasma as a function 
of the ion concentration N+. Curve a: u+=104 cm?/sec v, 300°K, 
p=1mm Hg. Curve 6: mobility at 7000°K (assumed proportional 
to gas density). Curve c: mobility of fully ionized hydrogen gas at 
7000°K calculated from Eq. (10). Curve d: as for c, gas at 104°K. 
Insert: Electric field X in the gas and contribution of charges to 
the probe current. 


take part in the charge “collection”: the induced 
electric field essentially separates the plasma charges 
until it is balanced by space charges. No further flow 
of electrons or ions from the gas to the rear of a probe 
can occuf. 


(e) Effect of Probe Surface Area 


The conclusions were also confirmed by measuring 
the plasma resistance with probes (of copper) and of 
different surface area. When the diameter of the disk 
of the probe was 0.12, 0.25, and 0.5 cm, R, was found 
to be 300, 95, and 24 ohms at p=1 mm Hg, 6700 amp 
and d=1.5 cm. The resistance is thus inversely propor- 
tional to the collecting area. With 0.12 cm probes the 
collecting area is of course slightly. larger than the face 
because the probe surface cannot be regarded any 
longer as a part of an infinite plane. 


6. COMPARISON BETWEEN THEORY 
AND EXPERIMENT 


When the experimental values of p are compared 
with the theoretical values of the plasma resistivity of 
a fully ionized gas (associated with the motion of 
electrons and derived* under the assumption that the 
electrons make distant encounters with positive ions), 
it is found that at ~10*°K [Eq. (11)] in hydrogen p 
is of the order 10~-* ohm cm, i.e., more than 100 times 
smaller than the values measured here. This difference 
is due to the peculiar mode of charge transport from 
the plasma into the probe circuit. If in an ionized gas 
containing equal number of positive and negative 


charges the number of electrons flowing to one probe 
were larger than the number of ions to the other probe, 
a positive space charge would be set up in the gas until 
the electric field which developed between the charges 
and the probe prevented further separation. Thus 
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fewer electrons enter the probe until charge neutrality 
is re-established. The maximum number of charges 
reaching a probe per unit time cannot exceed that 
given by the drift velocity of the positive ions. Their 
low mobility is the cause of the high value of the 
“onic resistivity” of the plasma. 

Actually the mobility is not that of ions in a feebly 
ionized stationary gas because in a highly ionized gas 
ion-ion collisions are predominant and the collision 
frequency between the constituents of the moving 
plasma and the ions and electrons moving towards 
probes is somewhat enhanced. 

A simple calculation will explain the foregoing. 
Assume a gas at a temperature high enough to be 
strongly ionized. An approximate value of p can be 
derived from Langevin’s mobility theory”: 


p=1/eNtyut, (0) 


where N+ is the ion concentration and yt is the ion 
mobility. Then, if \* is the mean free path and @ the 
mean velocity of the ions, 


: ‘ = 
3 end é 0.75 


fmt 5 mt Ntgt(3kT/m*)! 

If, on the average, scattering of ions by ions occurs 
through an angle 7/2, the maximum ion potential 
energy ¢/po=mtv?=3kT where fo is the collision 
parameter (least distance of approach).’ The collision 
cross section is 


gt = prar= (e?/3kT)*x. (8) 


From (6), (7), and (8) the ionic 


plasma is, 


resistivity of the 


1 (mt)te 


p? ¥ 
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Equation (9) gives the well-known dependence on 7 
and shows that to a first approximation p is independent 
of N+ and the gas pressure. A more rigorous treatment® 
includes a factor InA which is probably between 1 and 
10 and is known for electron-ion interaction only. Its 
inclusion in (9) increases the approximate value of p. 
The term InA accounts for the fact that because of the 
shielding of the electric field of the ions by electrons 
the cross section for distant encounters decreases more 
rapidly than would be the case if the effect of the 
electrons would be neglected. 

In this way the ionic resistivity of fully ionized 
hydrogen (in ohm cm) is 


44m*y\? @ 
p InA, 
3\ 3 kT)3 
where 10) 
3 (kT)! 
A 


2e (x. Nt) 
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For T=10'°K, InA=6, Nt=A 
p=0.7 ohm cm. On the other hand at larger gas pres. 


10'®/cm*, one obtains 
sures the measured values of p (Fig. 6) seems to ap- 
proach 1 ohm cm. The agreement with theory 
satisfactory particularly in view of the fact that T jg 
probably <10*°K. Equation (10) is only an approxi. 
mation as the finer details of interaction between an joy 
and the other charges of the plasma have not bee 
considered by the theory. 

Another approach is to calculate first the norma 
electronic resistivity p, of the fully ionized plasma 
With .\ 10'°/cm® we find for hydrogen 
p 2.4 104/T?, 11 
yielding, for 7 10°°K.. p, 


the numerical constant 


2.4X107 ohm cm. Since 
in Eq. (11) is proportional t 
m*)’, the corresponding ionic resistivity is 45p, or 
p=1 ohm cm. 

The ionic 


can be tested by 


character of the resistivity measured here 


applying the relation p= (mt)! 
observation in various gases. Probe measurements by 
Lin et al. in argon’ gave values of p about 10° times 


larger than expected from the theory of fully ionized 


gases. (They thought that this was due either to a cor 
boundary layer or absence of a temperature equilibrium 
in the gas.) Since an argon ion has 40 times the mass 
of H*, the resistivity p in argon at the same T should ! 
be more than 6 times our value observed in hydrogen, 
as indeed is the case. Moreover, exploratory prob 
measurements in our laboratory, comparing relative 


values p in H wit! 
— 


is the higher the larger the lon mass 


se In He and A, have shown that p 


The transition from a parti ) a fully ionized gas 
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Fig. 5 which shows the calculated variation 
work with shock tubes the 
known to. be 7O000°K 

pressures of order 1 mm Hg" the corresponding 
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straight lines marked a and b which set the boundary 
for gas temperatures between 3X10? and 7X 10°°K. 
Comparison with Fig. 6 shows that the lowest measured 
yalues of p lie near the theoretical limits. 

Another way of obtaining a theoretical value of p is 
to determine the collision cross section for the ions and 
using Langevin’s mobility equation. Oster® has calcu- 
lated the ion cross section in fully ionized hydrogen, 


viz., 
ryt] e* In(d/bo) 
gq - ) —-— ] oe ’ ( 12) 
96 0 (kT)? 
where the average distance between two ions 


d=(4rNt/3)!; bo=e@/3kT is the average collision 
parameter, and y=0.58 a transport coefficient. The 
ion mobility 


So @ 1 
=, (13) 
4 m+ oNtqt 
From (12) and (13) we find 
my\471 (m*)4e? In(d/dy) 
p ( )( “1 —, (14) 
18 Y (kT)3 


With T=10*°K and V+=10!'/cm', we obtain p=0.56 
ohm cm, which agrees fairly well with the theoretical 
results found above. 

It has been said before that a correction has to be 
applied to the variation of p with p which is caused by 
collisions between the ions traveling to the probes and 
the particles in the moving plasma. If is the flow 
velocity of the plasma and v the random velocity of 
the ions, the time + between two successive collisions 
will be reduced by a factor (1-+2/v?)-4, which in- 
creases as p rises. Thus u* should increase and p de- 
crease with increasing p. It seems, however, that the 
measured decrease of p with increasing pressure (Fig. 6) 
is mainly due to an increase of the concentration of 
positive ions in the plasma at the point of observation, 
though other factors (e.g., radial distributions) may 
contribute. 

The large plasma measured 


resistivity requires 


perhaps some comment. When the plasma moves across 
zero magnetic field, a thin sheath of charge is set up 
between it and the wall, the latter being about 1 volt 
negative with respect to the plasma. When the plasma 
crosses the magnet 


field, the induced emf in the 
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plasma drives the charges to the isolated probes. The 
movement of charges stops when the electric field in the 
gas becomes zero, i.e., when the field due to the charges 
on the probes annuls the induced field. When the 
probes are connected to a resistance, and a current 
develops in the circuit, the charges of the probes are 
drained off so that the field in the gas becomes finite 
because the induced field remains the same, but the 
field due to the charges on the probes becomes smaller. 
This effective field in the gas would drive electrons 
faster to one probe than ions to the other, were it not 
for a very small positive space charge which essentially 
retards the drift motion of the electrons and thus keeps 
the velocity of both charges moving to the probes equal 
and constant. This explains why the positive ions are 
here the controlling factor and why the effective plasma 
resistance appears to be ionic in this experiment. 

From the decay of the probe voltage pulse along the 
shock tube or of the luminosity of the plasma, the 
process leading to neutralization of charges in the 
moving plasma can be inferred. The “life” of the 
moving plasma so estimated is of the order 10~ to 10~° 
sec at 1 mm Hg. The corresponding neutralization time 
r is determined either by electron-ion recombination, 
or ion-ion recombination (if a sufficient number of 
negative hydrogen ions are present) or by “‘diffusion” to 
the wall of the tube where the charges are neutralized. 
The first process gives 7 of the order 10~° sec (re- 
combination coefficient a,=10-" cm*/sec). For the 
second process we obtain 7 of the order 10~® sec (a; 
=10-* cm*/sec). However, Fowler and Atkinson’’ 
found that although a considerable portion of the 
plasma’s total radiation is emitted by electron attach- 
ment to hydrogen atoms, in spite of the large emission 
rate the equilibrium concentration of H~ is much too 
low to affect the electron recombination rate. The third 
process invokes ambipolar diffusion loss with a coeffi- 
cient Dy~ Dt= (kT,/e)ut+~104 cm*/sec; with a tube 
radius r=? cm we find r=3X 1075 sec. It follows that at 
these gas pressures charge recombination on the wall 
of the tube is more likely to account for the decay of 
the moving plasma than volume losses of charge. 
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he formalism of nonlinear irreversible thermodynamics, as recently given by is applied to a circuit 
containing a capacitor and a nonlinear resistor. The solution is compared with those obtained by M. Lax and 
other investigators. It is shown that the fluctuation-dissipation theorem is rigorous, and that no correctio 
factors need be introduced for nonlinear systems. The dynamical behavior of the microscopic fluctuations, 
from which the macroscopic motion can be obtained, is also derived. Finally, a spe Markoffia lel of 
a nonlinear R-C system, in strong interaction with a temperature re ( s it 
the general analysis. 
INTRODUCTION tion and which agrees with the fluctuation-dissipatior 


REASONABLY satisfactory theory of irreversi- 

ble thermodynamics of linear processes has been 
developed in recent years. It is natural that attention 
should then have shifted to the irreversible thermo- 
dynamics of nonlinear processes. An impetus to this 
extension arose from the importance of the excess noise 
associated with the current in an electrical system; the 
existence of this additional noise, above the equilibrium 
noise, is intimately associated with nonlinearity.' 

In order to guide the development of a general theory 
of nonlinear irreversible thermodynamics, several in- 
vestigators undertook the analysis of a specific nonlinear 
system. This system, composed simply of a capacitor 
and a nonlinear resistor in series, has been studied by 
MacDonald,’ van Kampen,’ and Davies.‘ 

Recently the present authors have given a general 
formulation of nonlinear irreversible thermodynamics.! 
Lax,® in a recent comprehensive analysis of Markoff 
processes, has also devoted several sections to the non- 
linear such processes. In addition, this 
nonlinear theory was applied by Lax to the nonlinear 
R-C system. The results of MacDonald, van Kampen, 
and Davies can all be obtained from Lax’s solution by 
introducing additional approximations, and we therefore 
adopt his as the basis of comparison. That solution ap- 
peared to be incompatible with our general analysis and 
to disagree with the fluctuation-dissipation theorem 
established in the linear theory.®? 

In this note we give a solution for the nonlinear R-C 
system, which follows directly from our general formula- 
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theorem. We also derive the dy1 il behavior of the 


microscopic fluctuations, from which both the linear and 


nonlinear tern In the macroscopic response can be 


rosco] vit dy nami al 


obtained, and we show how the 
parameters can be identified from the microscopi 
probability. Finally, we 
model of a Markoffian system in st! 


transition consider a specifi 
v inte raction witl 
a temperature reservoir, to exhibit the explicit relation- 
ship be tween the micros« opi and macros¢ opi dynami S 
of a nonlinear R-C system 

The source of the apparent discrepancy between our 


ide ntified. As 


results and those of Lax can be easily 


shown in Sec. 2, the macroscopic equation of motion for 
a nonlinear R-C system involves various powers of the 
average value of the charge q: (g),.(q)*, (¢)’, -+:. On th 
other hand, the Markoffian as umption adopted by 
Lax, as well as the earlier investigators, leads to ar 
equation of motion having imilar form, except that 


g)" is everywhere repla nth charge moment 


(q"). On the assumption that experimental measurement 


would be unl] tween (q and (q 


the coefficients n this equation wert incorrectly identi- 
fied with the capacitance and resistance. 

As we shall see subsequently, a deeper origin of the 
discrepancy is the following. The macro cop respons 


of the terms of the initial 


voltage 


system Is ¢ yY written 1n 


This response 1 prope rly to be conside red as the 
iveraged over tl 


responst to a given imitl charge, 


appropriate canonical distribution of initial charges con- 


sistent with the given voltage. Macroscopically the 
distinction between the response to t given initial charg 
and that to a given initial voltage is academic. But 

considering the decay of a microscopic fluctuation th 
distinction become ( entla Analy sis of the micro- 
scopl dynamic - generally phrased in terms of the 


decay from a given initial charge de viation, and it is not 
prope r tO asso late thi dire ly with the macroscopl 


decay function. The difference lies precisely in the dis- 
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NONLINEAR 


tinction between (g"(/)) and (g(t))", as we shall demon- 
strate in the following sections. 


2. THE THERMODYNAMIC SOLUTION 


If a circuit contains a linear capacitor and a nonlinear 
resistor, Kirchoff’s law gives 


d V (2) 
g(t))+ =(), (1) 
dl RL V(t) ] 
where 
V (HO=(q(O)/C, (2) 
and where R is a general function of V(t). 
The surprising feature of the Lax solution (see Sec. 4) 


t} 


is that the equilibrium second correlation moment 


found to involve the 


(t) is coefficients of the 
higher-power terms in the expansion of R in a power 
series in V. On the other hand, the fluctuation-dissipa- 
tion theorem, and our general formulation of 


linearity, 


non- 
relate the equilibrium second moment to the 
zero-order term in the expansion of R(V), independently 
of the higher-order terms. 

rhe relevant theorem of our general approach, on 
which we base our analysis of the nonlinear R-C circuit, 
is as follows. Consider a system which prior to /=0 is in 
generalized canonical equilibrium with respect to a 
temperature 7 and a constant imposed intensive parame- 
ter V. At ‘=0 the generalized force V is removed, and 
the system then relaxes into its new equilibrium con- 
figuration. The expectation value (q(¢)) at time / of the 
extensive variable g conjugate to V can be expanded, in 
the classical limit of large 7, as 


V/RT qq) +3(V/RT)Xe?q())O +6 (V/RT) 
x L(g q(t) 3g? "gq Jt+---. (3) 
The bracket denotes an expectation value with re- 


spect to the unperturbed equilibrium ensemble. (For 
simplicity we have assumed q to be defined such that 
g)=0.) Thus, the equilibrium second correlation mo- 
ment (gq(t)) is uniquely determined by the linear term 
in the response (q(/)), the equilibrium third correlation 
moment (g’q(/)) by the second-order response, etc. 

In order to spec ialize the result given in Eq. (3) to the 
system in which we are interested, it is necessary to 
solve the macroscopic equation of motion [ Eq. (1) |. 
For the sake of illustration we shall consider explicitly 
the case in which 


R(V)=Rot RV +R2V?. (4) 
s| hen Eq. (1) bec omes 
d g(t)) 
q(t) + 0. (5) 
dt RoC+R, q(t) +(R>» C)iq())y 


For later reference we note that the series expansion of 
this equation is 
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d 1 R, 

—(q(t))= ——~q(t))+ (g(t))” 

dt RoC tg7C* 


9 


R> R? ae 
FF aap. 
RFC? RC? 


The solution of Eq. (5) is 


(q(t) 
R,C In +R[ (q(t) — q(0)) } 
(q(Q)) 


R, 
+—[(q(t))?—(q(0))? ]J=—t, (7) 
IC 


where (¢(0)) is the expectation value of g at time zero. If 
we expand (q(¢)) in a power series in (q(0)), insert this 
series into Eq. (7), expand the logarithm, and equate the 
coefficients of the various powers of (¢(0)) to zero, we 
find 
(g(t) q(Q) € t/ Re C+(9(0) (Ry RC) Le $ RoC _ ¢ at RoC} 
+(9¢(0))3(1/2RPC*)[ (R2+RoRe)e~ 4 Roe 
—4R fe 24 064+ (BR —ReRae 8! eC), (8) 


Recalling that (g(0))=CV and comparing with Eq. (3), 


we identify the various equilibrium correlation moments. 


(qq(t)) =RTCe-# B®, (9) 
(gq () 2(kTC)?(Ri/RoC*)Le PC — 2 ROC}, (10) 
(q*q(t)) =3(RTC)*{e- 1 806+ (RTC/ RPC?) 
XL (Re+ RoR2)e~ 20° —4R Pe? Roe 
+ (3RP—RoRa)eF" RoC }}, (11) 


Thus, we find that, even in the presence of the 
nonlinearity, the second correlation moment (gq(é)) is 
identical to that of a linear R-C system. In order to find 
any effect of the nonlinearity on the behavior of the 
equilibrium fluctuations it is necessary to consider 
higher equilibrium correlation moments. 

It is of interest to note that at /=0 the equilibrium 
fluctuation moments reduce to those obtained from the 
linear static characteristic (¢g)=CV, using conventional 
thermostatic fluctuation theory.° 


(g?) =kTC, (12) 
(9°) =0, (13) 
<q‘ m 3(kRTC)?. (14) 


Equations (12)-(14) imply the Gaussian equilibrium 
probability distribution. 
W (q)=[1/(2ekTC)*] exp(—q?/2kTC). (15) 


Hence, we differ with Lax,® who asserts that, especially 
when odd nonlinearities are present, Eq. (15) cannot be 
valid. 


8 R. F. Greene and H. B. Callen, Phys. Rev. 83, 1231 (1951). 
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3. REGRESSION OF EQUILIBRIUM FLUCTUATIONS 


In general, the macroscopic motion of a system is 
built up in some complicated way from the microscopic 
regression of equilibrium fluctuations. At least in the 
simple example considered, however, it is possible to 
determine a microscopic behavior which in fact gives 
rise to the equilibrium fluctuation moments obtained 
above from the mac roscopic motion. 

We assume that the equilibrium fluctuations regress 
in a nonlinear way according to 


(q(t)) 9 Lo(t)+q’ Lilt) +q?Le(t)+qLs(t)+---, (16) 


where (g(t)),° denotes the equilibrium expectation 
value of g at time / conditional on the value gq’ at time 
zero. The various equilibrium fluctuation moments 
given in Eqs. (9) through (11) can be obtained from 
Eq. (16) by multiplying through by the appropriate 
power of g’ and averaging over the equilibrium proba- 
bility distribution W (q’). Thus, 


(9g (t)) =(g)yOLi(O+q)OLs(d), (17) 
(g?q(t)) = (gq?) Lo(t) +(q4) Le(t), (18) 
(g°q(t) ” = (gt) L(t) +(q°) 7 3(t). (19) 


The equilibrium first moment (g) (+0) is obtained by 
averaging Eq. (16) directly. 


py =O 


q L(t). (20) 


( 


Lo(t)+ q- 

Using Eqs. (9) and (11) for (gg(t)) and (g’g(t)), 
respectively, and noting that (g®)=15(k7TC)*, Eqs. 
(17) and (19) can be solved for Z;(t) and L;(t). Simi- 
larly, Eqs. (18) and (20) can be solved for Lo(t) and 
L2(t). Substituting the results into Eq. (16), we obtain 


(q(t)) © = — (RT R,/ Ro) (e 
+¢q'{e~ "RoC (3kT/2R,PC) 
X[(R2+RoR2)e~ 206 —4R ye?" Roe 
+ (3Ri2—RoRz)e~?" ®0€ }} 
+9/7(Ri/ RoC) (e~ / B0€ — ¢-24/ Ro) 
+q'8(1/2Ro?C?)[ (Ri?+ RoRea)e~ "20 
—4R 2-21 Roe 
+ (3Ry?— RoRe)e PoC +--+, (21) 


t RoC _ ¢ 2t RoC) 


Equation (21) for (q(t))q is qualitatively similar to 
the results obtained by previous workers?‘ in that the 
linear term in g’, as well as the higher-order terms, de- 
pends on the nonlinearity of the system. However, our 
result differs in the important respect that the regression 
of equilibrium fluctuations is just such as to give rise to 
the second moment (gq(t)) of Eq. (9), which is com- 
pleteiy independent of the nonlinearity. 

In considering a specific physical problem, it is 
customary to proceed from the microscopic equations of 
motion, constructing an appropriate macroscopic _be- 
havior from their solution. This, of course, is just the 
reverse of the approach we nave adopted in the fore- 
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going theory. The question then arises as to whether q 
given microscopic model corresponds macroscopically to 
a nonlinear R-C system or to some other type of system, 
The relevant criterion with respect to the microscopi 
motion is that it exhibit the form of Eq. (21). The 
macroscopic dynamical parameters can then be identj- 
fied from the specific solution obtained for (g(¢)) 9 by 
comparing its power series expansion in q’ with Eq. (21) 
However, Ro, Ri, and Re can also be obtained direct}; 
from the first moment of the microscopic transition 
probability (see also Sec. 4) as follows. (g(t))g can be 
written in terms of the equilibrium conditional proba- 


bility distribution P® (g’|q,t) as 


Differentiating with respect to / and letting ¢— 0, this 


becomes 


where 


is Just the probability per unit time of making a transi- 
tion from q’ to g. The series expansion of the left-hand 
side of Eq. (23) can be obtained from Eq. (21). Thus, 


kTR; l 3kT 
- y’ 1+ = R,R.— R;*) 


73 RoR2—R?Y)+-++. (24 
RoC ARV 


4. MOTION OF A MARKOFFIAN SYSTEM 


In order to effect a comparison between our results 
and those of other authors, we briefly discuss Lax’s 
recent work.’ The Markoffian assumption regarding 
the equilibrium conditional probability distribution 
P® (q|q’,t) implies the Chapman-Kolmogoroff relation 


W (aq, {+ At far WW (q’, r q’ q,Al), (25) 


where W(q,t) is the path distribution function for ¢ 
process. Expanding in Af and 


> (0, this leads to the transport type 


during the relaxation 
taking the limit Af 
of equation 


0 
W(g,t fay W (q',)P (q’|q), 26) 
al 
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where P(q’|q) is the previously defined microscopic 
transition probability. 

Equation (26) can be used to compute the time 
derivatives of the various moments (q"(t)) of q in the 
nonequilibrium system characterized by W(q,t). Thus, 
after some manipulation, 


d Fr ” 
q i= fa W (q,¢ fe (q’— g)P (q q ), (27) 


7 g t) = {a wa f ae (q’- . g)?P . (q q’) 
+2f dg qW (q,t) 


x fay (g’—g)P(q\q'), (28) 


Lax chooses to expand the moments of pe (qg q’) 
terms of a new variable @=g—qo, such that 


Sdq' (q’-4 P (qo\q') =0. 


dq’ (q’ —g po (q q') —~Aa— Bo? —Ta'+ - os, (29) 


| 
fur g'—9)"P(q]q!)=Dat+Enat+F e+: ++, (30) 


which yields Eqs. (27), (28), «++ in the form,® 


all —Ala(t))— Bla? (1 


—Ta8(t))++ +s, (31) 


a®(t))=2D2+2EXa(t))—2(A— F2)(a?(t) 


—2Bla*(t))+-++. (32) 


We note that the variable a~q—(g) except in the 
lowest-order approximation ; however, all Lax’s results 
an be easily rewritten in terms of the more conventional 
variable g—(g)°. The equation of motion (31) differs 
from the conventional equation of motion (6) in that the 
quantities (g())" are replaced by (g"(#)), but Lax identi- 
fies A with 1/RoC, B with —R,/R,PC?, and T 
— Ro/ Ro?C*) + (R*1/ Ro®C*). 
The coupled equations of motion (31), (32), -++ are 
satisfied by solutions of the ferm A(a"(/))=(a"(é)) 
")O = era! (a") being the equilibrium component 
of (a"(t)). The eigenvalues X,, 


with 


a 


which in the absence of 


* Because Lax’s equations of motion depend solely upon the 
Markoffian assumption, they are equally valid for motion about a 
nonequilibrium steady-state operating point. Since it is not yet 
possible to make meaningful thermodynamic statements regarding 
this situation, however, we restrict ourselves here to the case of 
equilibrium operating points 
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Fic. 1. A nonlinear R-C system connected with a large number 


of identical systems. 


the nonlinearity reduce to mA, are obtained by a per- 
turbation technique to any desired order. Thus, the 
response (a(t)) can be expanded according to 


a 
(a(t))=(a)” +> Ane Ant, (33) 
n=l 


The coefficients a, are determined in principle by the 
initial conditions of the problem, although the determi- 
nation of more than two is complicated in practice by 
the non-Hermitian nature of the eigenvalue matrix. The 
equilibrium second correlation moment (aa(t)) is ob- 
tained by assuming the initial probability distribution 
W (a,0) multiplying Eq. (32) by a’, and 
averaging over the equilibrium distribution W (@’). 

If the initial 6-function distribution is used to de- 
termine the first two expansion coefficients a; and a, 
Eq. (33) for (¢(4) assumes the form 


. ; 
0(a—a ), 


4 


Ait 


+ (f+bq'+cq'*+dq'*) (e™''—e-™2"), (34) 


(g(t))¢=q'e 


where we have expressed Lax’s results in terms of our 
variable g. The quantities 0, c, d, and f, and also the \’s, 
are functions of A, B, l', and the expansion coefficients 
of the higher moments of pe (q\q’) given in Eq. (30). 
The equilibrium second moment (gq(t)) obtained from 
Eq. (34) is 
eA te (bg?) ¥ +c(q’ wa 

+d(q*)) (e™'—e-™4), (35) 
One finds that (b(g?) + (g8) +d(q*)) does not vanish 
identically, even if we admit the probability distribution 
W (gq) of Eq. (15). We conclude that such a Markoffian 


system will in general not be equivalent to a nonlinear 
R-C system. 


(gq (t))* (q? 


5. A SPECIFIC MODEL 


In order to illustrate the relationship between the 
microscopic and macroscopic behavior in concrete form 
we now consider a specific model. In particular we focus 
on one nonlinear R-C system connected in parallel with 
a large number of identical replicas, as shown in Fig. 1. 
In addition the ensemble is assumed to be in strong 
interaction with a temperature reservoir. 

If all the capacitors in the ensemble are charged, and 
the entire ensemble is permitted to relax to equilibrium, 
each system finds itself in continual quasi-static equi- 
librium with both a thermal reservoir and a ‘‘voltage 


reservoir.” The voltage of this reservoir varies with time 
according to the macroscopic Eqs. (1) and (2). The 
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microscopic distribution function of the system is, then, 


the standard generalized canonical distribution! 


W (g,t) = W (q)eVO VET /(eV(O a kTVO 


= WO (gy a6) aPC /( ef a( 8) al ETC) (CO (36) 


The equation of motion satisfied by W (q,/) is obtained 
by differentiating with respect to @. 


W (q,t)= (1/RTC)W (g,)G())q—(G(O)Xg()]. (37) 


Multiplying through by g and averaging over W (gq), 
we obtain an expression for d(g(t))/dt which yields the 
relation 

(q?(t))=(q())?+(g?)™. (38) 
Invoking Eq. (38), a similar calculation of d(g?(t))/dé 
yields the relation 


(39) 


(93 (t))=(q())?+3¢g?)(q(O). 


The results expressed by Eqs. (38) and (39) clearly 
suffice to reduce the Markoffian equation of motion (31) 
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to the desired form, Eq. (6). Rewritten in terms of the 
variable gq rather than Lax’s variable a, Eq. (31 
becomes 
d 
g i—A B’ I’(q'(t))+- 4() 
dt 
Substituting Eqs. (38) and (39), we obtain 
d 
q f | I { " 3] 
dl 
B I'’(g(t))°4 1] 


which is of tl 
0, [A’+3I" , 
-[ R2/Riy?C R,?/ Ro |. This identification of 


the coefficients is to be contrasted with that which would 
result from a direct comparison of Eqs. (6) and (40), 
ignoring the distinction between and qil seg 
also the discussion following Eq. (32 
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An experimental study has been made of the field and tem 
in narrow p-n junctions in indium antimonide. Relatively good agreement, b 


is obtained between the experimental results and the 
studies of Esaki characteristics at low temperatures a 


1d from the observed ten 
tunnelling current, it is confirmed that the tunnelling transitior 


perature deper nternal field emission 
ualitative and ¢ 


juantitative, 





usual expression for the barrier trar From 


sparency 
perature dependence of the 


1s do not involve phonons. Also, it is shown 


that the temperature dependence of the barrier transparency is determined by that of the energy gap at 


k=0 


INTRODUCTION 


HE theoretical expression for the field dependence 
of the probability of internal field emission (tun- 
nelling) is dominated by the factor! 


exp (—ae!/E), (1 
where, for direct transitions, 

a=a(m*)'/2eh, 
and for indirect transitions, 

a=4(2m*))/3eh, 


eis the energy gap (direct or indirect, as appropriate), 
E is the electric field, m* is an effective mass, e is the 
electron charge, and h is h/2zx, where h is Planck’s con- 


1F. V. Keldysh, J. Exptl. Theoret. Phys. (U.S.SR.) 33, 994 
(1957), and 34, 962 (1958) [translations: Soviet Phys. JETP 6, 
763 (1958), and 7, 665 (1958), respectively ]. 


stant. Chynoweth et have recently made an exper 
mental study of tunnelling in narrow silicon and ger 
manium junctions and in particular, they have verified 


that Eq. (1 
and quantitatively, 


tisfactorily describes, both qualitativel) 
the field de pe ndence of the tunnel 


current at a given temperature. They also investigated 


the temperature dependence of the tunnel current. Th 


form of the temperature dependence depe nds or 
whether the tunnelling transitions are direct or indi 


rect, the latter requiring the absorption or emission of 


phonons. In semiconductors where the minimum energ) 


gap lies at k=0, tunnelling of carriers between the tw 
bands occurs by direct transitions. In this case the 
temperature dependence of the tunnel current is d 


termined primarily by t of the energy gap. In thos 


materials where the minimum energy gap does not 
occur at k=O, tunnelling may occur by indirect transi 

2A. G. Ch W | | man! ( \. Lee R \ Loga 
G. L. Pears I l re 
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ons. The temperature dependence of the tunnelling 
urrent is then determined by the combined effects of 
the temperature variation of the energy gap and the 
phonon density, as described by Keldysh.’ Chynoweth 
“tal? showed that the case of direct transitions being 
dominant held for narrow junctions formed in arsenic- 
doped germanium while in silicon, tunnelling was by 
indirect transitions. They also evaluated the quantity, 
ae, which appears in Eq. (1), finding it to be in rela- 
tively close agreement (to within less than a factor 
of 2) with that expected on the basis of the known 
efiective mass and energy gap. 

It was of interest to make a similar investigation of 
the tunnelling probability for indium antimonide be- 
cause, for this material, the effective mass and the 
energy gap are both considerably less than for ger- 
manium and silicon. Furthermore, for this material 
the minimum energy gap occurs very definitely at 
k=0. It is the purpose of this paper to describe a study 
which has given additional confirmation of Eq. (1) and, 
s expected, has supported the view that tunnelling in 
indium antimonide is by direct transitions. 


EXPERIMENTS 


Indium antimonide p- junctions were formed by 


Jloying cadmium 


lonor densities of 


into n-type crystals with excess 
1X10'® and 3X10'® cm The 
idmium was derived from small pellets (about 0.003 
ch in diameter) of cadmium-indium alloys with 
rious compositions in the range 0.004% to 1.2% of 
a quick heat cycle in the alloying 
There was no obvious correlation between the 





cadmium, using 
process. 
rectification characteristics and the alloy compositions. 
[here was thus some uncertainty as to the acceptor 
concentrations formed in the p-type regrowth layer 
hough they were estimated to be in the range 10" cm 

to 10% cm 
using indium solder while a pressure point contact was 


. Contact to the n-type material was made 


used to the alloyed dot. 

The rectification characteristic that is shown in Fig. 1 
was obtained at 77°K and is typical of the junctions 
used in these investigations. It shows a normal forward 
and the reverse characteristic, though 


characteristl 


exhibits a considerable amount of current 


soft,” 


rather ‘ 
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iG. 1. The voltage-current characteristics of a 
typical InSb diode at 77°K 
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TEMPERATURE IN DEGREES KELVIN 
Fic. 2. A plot of the critical voltage, Va, versus the absolute 
temperature. The temperature dependence of the energy gap 
(from the data of Roberts and Quarrington) is shown for 
comparison. 


at applied biases less than 0.3 volt. From analysis of 
the forward characteristics it was established that the 
reverse currents were many orders of magnitude greater 
than the normal junction saturation currents and 
furthermore, they were relatively insensitive to tem- 
perature. The reverse currents cannot be regarded, 
therefore, as primarily thermal in origin. Nor can they 
be due to multiplication and avalanche processes for 
the following reason. Though as is usual in narrow 
junctions it is difficult to define an actual breakdown 
voltage, it can safely be said to be of the order of 0.3 
volt. Now it is known that the threshold energy for 
electron-hole pair production by energetic carriers is 
about 0.5 ev in indium antimonide.’ In our junctions 
the built-in voltage lies between 0.2 and 0.3 volt, so 
that up to about 0.2 to 0.3 volt applied potential there 
can be no charge multiplication by injected minority 
carriers and considerably higher potentials would be 
required before avalanching could become important. 

For the purposes of the analysis described later, the 
reverse characteristics were measured in detail over 
the current range 1 wa to 10 ma. 

runnelling was studied as a function of temperature 
in the same way as has been done previously for silicon 
the temperature dependence of the 
reverse bias required to maintain a constant current 


and germanium’; 
was measured. The actual value chosen for the con- 


J lau J Phys. Chem. Solids 8, 219 (1959), 
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stant current was not critical as Jong as the resulting 
bias lay in the range where tunnelling was dominant. 
A typical curve of the critical bias, V., versus the 
temperature, 7, is shown in Fig. 2, the data being ob- 
tained from the same junction as that used for Fig. 1. 
For comparison purposes, the temperature variation 
of the energy gap is also shown‘ and it will be noted 
that there is considerable similarity between the two 
curves. Qualitatively, the V. vs T curve resembles that 
previously observed for germanium rather than silicon. 
This is to be expected since the minimum band gap 
occurs at k= (000), so resulting in direct transitions. 

For applied voltages in excess of about 0.5 volt, the 
shape of the curve differs markedly from that for e, 
requiring a greater bias at a particular temperature to 
maintain a constant current. This is to be expected if a 
significant portion of the current is now due to charge 
multiplication since this will probably exhibit an op- 
posite temperature dependence to that of the tunnelling 
process.°® 

Additional confirmation that the tunnelling transi- 
tions are direct ones was derived from the Esaki 
characteristics of sufficiently narrow junctions at 4.2°K. 
For forward biases ranging between 0 and 0.050 volt 
(the latter bias being approximately that at which the 
peak current occurred), there was no evidence of any 
structure in the current-voltage curve, and in particu- 
lar, pronounced discontinuities of the sort that have 
been observed in silicon and germanium were not 
present.®:7 


ANALYSIS 
(a) Reverse Characteristics 


The method of analyzing the reverse characteristics 
has been given before.? To a fair approximation, the 
measured current, J, can be written 


In= AV 4"E*P, (2) 


where A is a constant for a given temperature, V, is 
the applied voltage raised to some power p (usually 
about unity), E is the field in the junction raised to the 
power g (usually between 1 and 3), and P is the tun- 
nelling probability given by Eq. (1). For small V,, it 
is easy to show that 


d(InJ m)/d(InVa)~pt+ (ae!W1/4V 4) Va, (3) 


where W, is the width of the space charge region for a 
total potential drop of 1 volt, and V; is the built-in 
voltage. Thus a plot of d(In/,,)/d(InV,) against V, 
should be a straight line whose slope yields a value for 
ae! which can be compared with the theoretical value. 

It was found that relatively good straight lines were 
obtained for most junctions as long as V, did not exceed 


5A. G. Chynoweth and K. G. McKay, Phys. Rev. 106, 418 

(1957). 
®N. Holonyak et al., Phys. Rev. Letters 3, 167 (1959). 
7L. Esaki (private communication). 
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about 0.2 volt. At higher applied voltages deviations 
occurred which were most likely the result of the ap- 
proximations used in deriving Eq. (3). Figure 3 gives 
a typical example of a d(In/,,)/d(InVq) vs Va plot. 
To deduce the values of ae! it was necessary to esti. 
mate both V; and W,. The values of W, were extra. 
polated from experimental data obtained from capagi- 
tance studies of p-v junctions in indium antimonide by 
Lee.® As noted, the experimental capacitance measure. 
ments in indium antimonide appear to be systematically 
greater than those predicted by conventional diode 
theory by a factor of about three. This disc repancy is 
not yet satisfactorily explained. More serious uncer. 
tainties lie in the estimates of V; because of the lack 
of any obvious correlation between the rectifier char- 
acteristics and the cadmium in the 
cadmium-indium alloys used for forming the p-type 
regrowth layer. Thus, 


percentage of 


appreciable uncertainty exists 
position of the Fermi level on the 
p-side. Estimates of the energy difference between the 


concerning the 


Fermi level and the top of the valence band range from 
less than a tenth of an electron volt for the lightest 
cadmium dopings to a few tenths of an electron volt 
for the heaviest dopings. 

For the junction used for Fig. 3 the cadmium doping 


was estimated to be not more than 10'7 cm~ so that 
From the known 
n-type doping concentration and with an energy gap 
of about 0.22 ev at 77°K, V, 
0.25+0.01 volt. The 
be 8X 10-° cm 


of the curve of Fig. 3 it 


the error in V; was relatively small. 


was estimated to be 


width constant was estimated to 
From the slope of tl 


1e straight portion 
was found that the value of 


ae? was 1X10° v cm”, a value that was probably good 
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Fic. 3. A plot of d(In/)/d(InV,) for a typical InSb diode at 77°K 
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(unpublished ) 


Lee and G. Kaminsky, Electrochemical Society Semi 
Symposium, Columbus, Ohio, October 21, 1959 
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for ae! ranging between 1X10° and 1X10® v cm“ 
though the scatter could very likely be accounted for 
hy the uncertainties in V,. However, the junction with 
the lightest cadmium doping (Fig. 3), yielding the value 
of 1X 10° v cm was regarded as the most reliable one. 

The value of ae! was estimated from Eq. (2), putting 
~=0.22 ev and using a reduced effective mass, mp, 
where 


mp=m_m,/(m_+m,)~m_, 


where m_, m, are the density of states masses for the 
electrons and holes, respectively.® In this way, ae! was 
predicted to be 9X 10° cm=!, a value which is in excell- 
ent agreement with that found experimentally. The 
values of ae! in indium antimonide are between 1 and 
2 orders of magnitude lower than those for silicon and 
germanium so that the good agreement again obtained 
yetween experiment and theory is an indication of the 
validity of the method of analysis and of Eq. (1). 


(b) Temperature Characteristics 


As the temperature is changed, variations in the 
band gap and the effective mass cause P to change. 
The manner of taking the temperature data, holding 
J, constant and determining V, as a function of 7, 
therefore requires that, essentially, P remains constant 
in Eq. (2) unless V, becomes very small. In the region 
where V, is sufficiently large, we thus have the 
condition,” 

ae!(V,+V;)—!=constant. 


For the more lightly doped junctions it is sufficient to 
put Ve. Further, the effective mass contained in a 
can be put roughly proportional to e. Thus, a plot of 
é against (V,+V,)! should be a straight line. Such a 
plot is shown in Fig. 4, where the temperature variation 
of the direct energy gap was taken from the curves 
given by Roberts and Quarrington.! It was found that 
very good straight lines, such as the one in Fig. 4, 
were given by all the junctions studied. (The deviation 
from linearity occurs in the data at high temperatures 
where V, is small and comparable to kT.) The tempera- 
ture data, therefore, are further evidence in favor of 

*H. J. Morin, T. H. 


Hrostowski, F. J Geballe, and G. H. 


Wheatley, Phys. Rev. 100, 1672 (1955) 
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Fic. 4. The square of the energy gap plotted against the square 
root of the sum of the energy gap and the critical voltage. 


the expression for the tunnelling probability and of 
direct tunnelling transitions. 


CONCLUSIONS 


Internal field emission has been studied in narrow 
indium antimonide p-m junctions as a function of field 
and temperature by methods similar to those pre- 
viously used for silicon and germanium junctions. The 
junctions were sufficiently narrow for the total poten- 
tial drop across them to be less than that required for 
any charge multiplication or avalanching to occur. As 
with silicon and germanium, good agreement has again 
been attained, both qualitative and quantitative, be- 
tween the experimental results and the expression for 
the barrier transparency. This continued agreement is 
particularly significant because of the very different 
values for the effective mass and the energy gap in 
indium antimonide compared with those in silicon and 
germanium. The temperature data show that the tun- 
nelling in indium antimonide is by direct transitions 
and that the temperature variation of the tunnelling 
probability is determined almost completely by that 
of the energy gap: 
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The nature and origins of the hysteresis in the magnetic transition of pure superconducting lead have been 


studied in some detail 


monotonically with decreasing temperature. Similar effects can be caused by dilute ad 


Strain induced hysteresis anneals out near 300°K but 


The effect can be introduced in 
liquid helium temperatures. The hysteresis becomes ap 


ic specimens by plastic deformation at 


nonhystere 


arent somew 


and its width increases 
litions of Ca to Pb 


ten perat ires approaching the melting point appear 


necessary to remove impurity induced effects. Isothern 


ial resistive measurem«¢ show a small fraction of 


the superconducting phase persisting to fields several hundred gauss above // he residual superconduc 
tivity at high fields is increased by plastic deformation, and in general seems closely related to the hysteresis 
effect. The observations suggest the existence of a connected network which pervades the entire specimen 
volume and consists of very small filaments having a critical field exceeding the reversible critical field of 
bulk lead. The filaments are believed to be associated with defects in the crystalline lattic: 
I. INTRODUCTION of this technique have been discussed in earlier 


HE recent measurements of the critical field of 
lead isotopes by Decker ef al.! were compli ated 
by the occurrence of a distinctive hysteresis in the 
superconducting transition of lead and a preliminary 
account of this phenomenon was given. The present 
paper is a continuation of the study of the hysteresis 
and an attempt to relate this behavior to the frequently 
observed anomalous behavior in the resistive transition 
' Both ballistic (magnetic) and 
resistive measurements are reported. These are dealt 
with separately in the experimental and results section 


of lead. induction 


and the close connection between them pointed out in 
the discussion. The principle means of varying the 
properties of the specimens has through 


been low- 


temperature plastic strain. 


Il. EXPERIMENTAL 
A. Apparatus 
Ballistic Induction Measurements 


Precision solenoids provided the very homogeneous 
fields used in these measurements. The samples (usually 
the sample under observation and a “reference” sample 
were placed in coils which could be connes ted, one al 
a time, in series opposition with an empty, but other- 
wise identical, coil. The signal, developed across thy 
pair of coils when the field was changed by small steps, 
was measured by a ballistic galvanometer. Details 
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Research, U. S. Army, and based upon the dissertation submitted 
by R. W. S. in partial fulfillment of the requirements for the Ph.D 
degree at the I niversity of Illinois 
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1D). L. Decker, D. E. Mapother, and R. W 
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2 J. G. Daunt, Phil. Mag. 28, 24 (1939 

>D. K. C. MacDonald and K. Mendelssohn, Proc 
(London) A 200, 66 (1949 
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In order to stra imple while in its coil and 
low temperature, the apparatus in Fig. 1(a) was built 
concentric thin-walled 
xtended 


into a central coil. Each end of the sample 


tubes of 


Cupronickel’ which ¢ from the 


top of the 
cryost it 
be strained was connected to one of these tubes by 
means of a brass socket and Wood’s metal solder.* Like 
many superconducting alloys, the magnetic transitior 


of this W-58 solder is nearly complete at rather low 


fields, but it shows zero resistance to very high fields 
[his suited the present purposes admirably, since th 
distortion of magnetic field by the solder was small, 
but it provided a zero resistance path for the resistiv 


measurement 


T] ie ’ | | | 
¢ impie I Vere measured at the 
top of the cryostat, tre by means of a ¢ ilibrated 
pring and st1 by e relative displacement of the 
two tubes. Thi ‘measurements were also mad 

+} mnarat ne a ’ 
vitl ppar | ch could be raised most or the 


way oul ¢ f the ryostat without breaking the va 
seal. Thus, by proper positioning, any temperatur 
d room temperatures could be 
£0.5°K. Ti 


a Copper-constantan therm 


maintained quite readily to 


couple silver soldered into the upper sample socket. The 
interpolat e thermocouple calibration betwee! 
73°K and 4.2°K may be in error by 5°K. 


; 
All measurements were made at con 


tT f +} 
10n OI 


stant tempe ratul! 
maintained by controlling th pumping speed over the 


power input to a heater in the 


This ( to be sufficie ) 
ignet i the illistic measure 
é 

rt I 19 ead (18), tin (12 
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measurements and 


bath. A carbon resistor was used as secondary ther- 
mometer and heater control in a manner which has been 
outlined previously.® The resulting variation in tempera- 
ture over the period of a measurement (20 minutes) 
was approximately +0.002°K in the present apparatus, 
resulting in an uncertainty in the critical field values 
of the order of 0.2 gauss. 


Resistive Measurements 


In each run on the resistive transition, two lead wire 
samples were measured: one a test sample which could 
be strained, the other a comparison sample. Both were 
suspended the 
system, the whole being mounted in the gap of a Varian 
The magnet turntable 


illowing the field to be applied parallel or perpendicular 


horizontally in usual double dewar 


nagnet. mounted on a 


Was 


to the specimen axes. The sample to be strained was 
mounted between two brass arms which served as 
urrent leads and also as tension arms through a 
scissors arrangement [see Fig. 1(b)]. The scissors 


communicated with the outside via a thin-walled tube 
by which the sample strain could be controlled and 
measured. No attempt was made to measure stress on 
the sample in this phase of the experiment. 

The leads used to read the voltage developed across 
the sample were imbedded in the W-58 solder which 


attached the sample to the arms. The reference sample 


was also soldered to its current and voltage leads by 
means of this solder. The voltages were measured with 
8 volt. 


a limit of resolution of approximately 10 
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\pparatus used to apply tension to samples while at low temperature for (a) ballistic induction 
(b) resistive measurements. 


B. Specimens 
Ballistic Induction Measurements 


The specimens for the ballistic induction measure- 
ments were prepared from a common sample of 99.999% 
pure lead obtained from the American Smelting and 
Refining Company. These specimens were cast and then 
remelted and crystallized into nearly single crystals in 
carbon coated glass tubes which had been previously 
baked at 400°C. The whole process was carried out in 
a vacuum of approximately 10-° mm Hg. Five small 
sections were cut from the ends of some of these speci- 
mens and were analyzed spectrographically by Detroit 
Testing Laboratory. Impurities found, in percent, were 
Ag (0.0008), Cu (0.0004), Ni (0.0002), and Sn (0.0006) 
so that, in growing the crystals, the purity was reduced 
to 99.998%. This does not include gaseous impurities 
which have been found to be fairly important in the 
mechanical properties of lead.? Gaseous impurity of 
0.01% appears possible. 

Just prior to mounting in the cryostat, the samples 
were annealed 8 hours in vacuum at 260°C to reduce 
the hysteresis effect to a minimum.’ Mounting the 
specimens to be strained involved heating them in air 
momentarily for soldering into their sockets. The 
samples which were not to be strained were usually put 
into woven glass bags prior to annealing to lessen the 
possibility of damage to the sample in later handling. 
Such a sample was used as reference in almost all runs. 

In order to observe the effect of impurity, two samples 
of 0.03% calcium in lead were prepared. Calcium was 


®R. C. Grifkin, Acta Met. 6, 132 (1958). 
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chosen as the impurity because the low calcium end of 
this alloy system has been studied by Schumacher and 
Bouton." They found that calcium in very low con- 
centrations precipitates in lead and it was felt that the 
effect of precipitation might be of interest. The samples 
were prepared by rapid cooling of the final 0.03% melt 
from 500°C to keep the separation of Pb3;Ca to a mini- 
mum. To prepare a sample in the unprecipitated state, 
it was heated to 300°C for 30 minutes and then 
quenched in liquid nitrogen where it was stored until 
use. 


Resistive Measurements 


The lead for the resistive measurements was in the 
form of 0.006-inch diameter wire fabricated by the 
Indium Corporation of America from 99.999% pure 
lead. The resulting wire purity was reported to be 
99.99+%. The resistivity ratio between room tem- 
perature and 4.2°K in the normal state was found to be 
approximately 6000. Prior to mounting in the cryostat, 
the wire was annealed for eight hours at 260°C in 
vacuum. Mounting involved handling and therefore 
some cold work of the fine wire. 


Ill. RESULTS 
A. Ballistic Induction Measurements 


The results of these measurements are presented in 
terms of the effective permeability, ue=[¢(Ha)/A¢ lav, 
where ¢(H,) is the magnetic flux penetrating the 
specimen at an applied field H, and Ag is the integrated 
flux change in the specimen in the course of the com- 
plete transition. The subscript, av, denotes the fact that 
the measuring method is responsive only to flux changes 
averaged over the entire specimen volume. The pro- 
cedures used in obtaining pu, from the observed data 
have previously been given in detail.® 


The Hysteresis 


The deviations among the critical fields of various 
isotope samples reported by Hake ef al." were found by 
Decker et al.’ to be connected with the presence of a 
hysteresis in the magnetic transition. This hysteresis 
also occurs in pure lead samples and is made up of an 
S-N and an N-S transition of approximately equal 
widths (in field) separated from each other by a 
significant field interval, the S-N transition occurring 
at the higher field. Thus the complete S-N-S cycle, 
when plotted as yu, versus H, has the appearance of a 
hysteresis loop such as is shown in Fig. 2 (solid curve). 
For a hysteretic sample, a decrease of field after reaching 
some intermediate value of u, in the S-N transition 
results in no flux change in the sample until the full V-S 


10 FE. E. Schumacher and G. M. Bouton, Metals & Alloys 1, 405 
(1930). 

4 R. R. Hake, D. E. Mapother, and D. L. Decker, Phys. Rev. 
112, 1522 (1958). 
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transition curve is intersected. Upon inc reasing the 
field again no flux enters the sample until the $V 
transition curve is reached. This behavior is shown jn 
the dash-dot curve in Fig. a 

This figure also shows the transition for the nearly 
ideal sample 4F which lies roughly in the center of the 
hysteresis loop of sample 2/. In particular, the critica] 
field (defined as the extrapolation of the linear portion 
of the transition to u.=1) for the 4F sample is very 
nearly midway between those for the hysteresis loop 
This observation suggests a means of determining the 
reversible critical field for samples which show hystere. 
sis: The hysteresis is measured and H, taken to be the 
field midway between H,(S-N) and H,(N-S). This 
method is now standard practice in this laboratory and 
is valid to within 10% or less of the hysteresis width as 
long as a linear portion of the transition can still be 
delineated to permit an extrapolation to p.=1. 

No sample has yet been prepared which did not show 
temperatures. However, 
hysteresis after annealing 
was so small that it could be completely masked by the 


some hysteresis at the lowest 


for the best specimens, the 


supercooling in the .V-S transition at all temperatures. 
Thus, in Fig. 3, if the 
completion 


S-N transition is carried to 
(ue=1) then upon lowering the field again 
the typical supercooling effect shown by the solid line 
will occur. Cycling the field in the intermediate state 
revealed such hysteresis as remained. The thermo- 
dynamic critical field was again taken to be the mid- 
point of the values H.(S-N) and H.(N-S) found from 
the two sides of the loop. From this figure it is apparent 
that supercooling and hysteresis are distinct phenomena 
We shall 


snali reserve tne 
bility loops in whi 


term hysteresis for those permea- 


h both transitions have a width in 
field comparable to that expected on the basis of sample 
geometry. 

The main characteristics of the hysteresis are as 
follows: 


1. Both transitions are fairly sharp, such broadening 


hey 


and rounding as t show increasing as the hysteresis 


width increases. 














H (gauss) 


agnetic transition in pure Pb specimen 
The nearly vertical dashed 
loop shows the transition at the same 

specimen 4F which showed little 


Fic. 2. Example of a n 
2J, showing a large hysteresis effect 
line near the center of the 
temperature (1.40°K) for 
hysteresis 
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SUPERCONDUCTING 


2. The N-S transition of the hysteresis is readily 
jistinguished from a supercooled transition by the more 
sradual change of mu, with field. 

"3, A hysteresis loop may be traced by cycling the 
‘eld while the sample is in the intermediate state. 

4. The S-N and N-S transitions are approximately 
equidistant above and below the reversible transition of 
. good lead sample at the same temperature. 


Effect of Impurity 


The first method which succeeded in creating 
iysteresis was the addition of 0.03% calcium to a pure 
ead sample. This small amount of calcium in conjunc- 
tion with rapid cooling from the melt had a strong 
effect on the superconducting properties. The transi- 
tions were very broad (the approximately linear portion 
overed 15 gauss at 2.1°K) and bumpy, indicating 
ge scale inhomogeneities in the superconducting 
properties within the specimen. ‘The hysteresis, centered 
bout a slightly lower field than the true critical field of 
ead at the same temperature, had a total width of 
ibout 20 gauss at 4.2°K and 45 gauss at 2.1°K. 

In this concentration (0.03%) calcium precipitates 
n lead and the effect of precipitation on the hysteresis 
ias been observed. This was done by measuring 
hysteresis on the same sample, first as quenched from 
300°C and then after a five day anneal at room tem- 
perature. Hardness data of Schumacher and Bouton 
ndicate that precipitation is well advanced by this 
time.” The hysteresis at 4.2°K was increased by about 
i factor of two by precipitation (from 8.3 gauss to 17.8 
gauss) while that at 2°K was unchanged (to within the 
greater experimental error caused by the very broad 
ransitions at low temperatures). 
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Fic. 3. Small hysteresis loop for a nearly ideal Pb specimen 


which also showed supercooling when taken completely normal. 
Temperature of measurement was 2.34°K. 
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Fic. 4. Relation of sample strain to tensile stress (circles) and 
hysteresis (triangles) for polycrystalline sample 9F and nearly 
single crystalline sample R-2. 


fter the discovery that hysteresis could be produced 
by low-temperature strain, the impurity study was 
abandoned in favor of the greater convenience and 
control available in mechanical deformation. However, 
the hysteretic behavior which occasionally appears in 
unstrained pure lead samples is thought to result from 
the impurities present. As stated in reference 9, failure 
to clean lead with hydrogen gas to remove gaseous 
impurities (which was not done in the present research) 
can lower the purity by as much as 0.01%. In view of 
the results on 0.03% calcium in lead, this could cause 
the observed zero strain hysteresis if the gaseous im- 
purities have effects similar to calcium. 

Several attempts were made early in this research to 
check the extent to which the sample surface was in- 
volved in the hysteresis. Prolonged heating in air, 
suspension in water, and the heavy etching of a sample 
showing hysteresis all gave no effect, indicating that a 
surface condition is not responsible for hysteresis. 


Effect of Strain 


Some of the early attempts to create hysteresis in- 
volved room-temperature strain. The sample was placed 
in a flexible, woven glass bag and its hysteresis meas- 
ured while hanging freely in its coil. Between measure- 
ments the sample was pulled out of the cryostat and 
severely strained. The measurements were made at the 
normal boiling point of liquid helium (4.2°K) immedi- 
ately (1 or 2 minutes) after straining. No increase in 
hysteresis as a result of room-temperature strain was 
found although some increase (perhaps as much as 2 
gauss at 4.2°K) may have been masked by the super- 
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Fic. 5. Temperature dependence of the hysteresis in several 
pure lead specimens in the liquid helium range. 


cooling. The amount of supercooling was definitely 
decreased by this strain. 

Tensile strain applied at liquid helium temperatures 
always resulted in hysteresis and this technique proved 
to be the most useful tool for introducing hysteresis and 
controlling its size. The relation between hysteresis 
width, stress, and strain is illustrated in Fig. 4. Figure 
4(a) shows the results for sample 97, one of the first 
samples cast in the present series of experiments. It had 
seen considerable handling and so was certainly not a 
single crystal. In view of this, the stress-strain curve is 
not too significant. The hysteresis-strain curve for this 
same sample shows a linear rise throughout most of the 
region of strain. The transition at the largest strain was 
considerably broadened. 

The stress-strain curve for sample R-2 is shown in 
Fig. 4(b), although the hysteresis was measured only 
for the largest strain. This sample had not been used 
previously and so was more nearly single crystalline 
than 9F. The hysteresis measured after strain is much 
lower than that for 9F at the same strain but agrees 
fairly well with the 9F hysteresis at the same stress. 
However, hysteresis is not found to be a very reproduc- 
ible function of stress or strain among various samples. 


Temperaiure Dependence 


Figure 5 shows the hysteresis width measured in the 
liquid helium range for several samples. Sample R-2, to 
be strained, was soldered into sockets at either end with 
W-58 solder after being annealed. Sample R-1 was 
annealed and then placed directly into its coil in the 
cryostat. The close agreement of these two samples 
before R-2 strained indicates that neither the 
soldering process nor the presence of the superconduc- 
ting solder at the sample ends appreciably changed the 
observed hysteresis. After low-temperature plastic 


was 


strain the hysteresis width for R-2 fell on the top curve 
in Fig. 5 increasing approximately linearly as the tem- 
perature was lowered. Three points are also shown for 
sample M-1 which had been strained past the breaking 
point. Comparison of these curves serves to indicate 


AND 
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the extent of reproducibility of the hysteresis widy 
temperature various samples 
{ a ; ~ A 2°K 
Although the data do not extend above 4.2°K, these 
curves all show a marked tendency toward zero hystere. 


de pe ndence between 


sis at temperatures well below 7, as is to be expected 


1 


from earlier measurements at higher temperatures, 


Annealing Characteristics 


No increase in hysteresis had been observed as a 
result of room-temperature strain so that the annealing 
rate of the de fects responsible Was thought to be rapid 
at this temperature. In order to observe the annealing 
rate below room temperature, the following procedure 
was adopted : ‘| he sample Was severely strained at low 
temperature and the hysteresis measured. The sample 
was then pulled out of the liquid helium and maintained 
at a temperature 7, for a specified length of time after 
returned to the helium bath and the 
hysteresis remeasured. The sample was next warmed 


which it was 
to a higher annealing temperature, 72, and so forth, 
A time of 20 minutes was chosen for the anneals, being 


long compared to the warm up time (approximately 2 


minutes) but of a workable length. Temperature in- 
tervals of 20°K were used in the region in which 
significant innealing was foun to occur. 


The result of these measurements is shown in Fig, 6, 
The 


SLOW but ( 


important features of this annealing are (a) the 


ont 


inuous drop throughout the low-tempera- 











ture range and (b) the sharp drop occurring just below 
300°K. This behavior is substantially that shown by 
anothe r specime n for Wie h, however, there was some 
difficulty due to the transition width. It should b 
pointed out here that this annealing is characteristi 
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Fic. 6. Annealing of the hysteresis brought about by low 
temperature plastic strain. The annealing time for each point was 
20 minutes. The hysteresis was measured at 3.0°K after each 
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SUPERCONDUCTING 


nly of the low-temperature strain induced hysteresis. 
Hysteresis caused by impurity usually anneals nearer 
the melting point, if at all. 


Experiments on Other Superconductors 


Samples of pure tin and indium were also strained at 
ow temperature and the superconducting transitions 
measured. The tin sample showed a hysteresis of 0.2 
sauss when cycled in the intermediate state at a critical 
‘eld of 195 gauss. This hysteresis and critical field value 
were not significantly influenced (+0.2 guass) right up 
to the breaking point. The positive effects of strain 
were (a) a decrease in the original supercooling (12.8 
gauss) to zero and (b) a small shift in critical field while 
he stress was applied which is in reasonable agreement 
with the value expected from (0H,/0P)r. Some super- 
heating (a sharp rise from p,=0 in the S-N transition 
it slightly higher fields than normal) was observed 
here, probably as a result of the W-58 solder cap over 

ch end of the sample. Due to the lower critical field 
f the tin (relative to lead) the solder was relatively 
more effective in altering the local field and therefore 
the transition shape. 

The indium sample had an initial hysteresis of 0.15 
gauss at a critical field of 166 gauss which remained 
onstant over most of the range of stress applied. Near 
the breaking point the hysteresis rose sharply to 0.5 
gauss, a small but real effect. No supercooling was 
bserved in the indium but the‘small superheating due 

the W-58 solder and the stress induced shift were 
present. 

Measurements at 1.3°K after the samples had broken 
ndicated that no hysteresis effect had occurred at the 
wer temperature which might have gone unobserved 
t 2.1°K. Also, no significant change in the hysteresis 
midpoint as a result of plastic strain was observed for 
ther metal. Thus no effect which might correspond to 
hat found by Chotkevich and Golik near T, was seen 
1 the magnetic transition at lower temperatures.” It 
eems likely that resistive measurements on the present 
trained tin and indium samples would have shown 
roadened transitions but none were undertaken. 


B. Resistive Measurements 


rhese measurements were made in the gap of a Varian 
magnet in order to have higher fields available. The 
ysteresis of the magnet yoke and the inhomogeneity 
n field when used with a large gap lowered the accuracy 
f these results relative to the ballistic induction meas- 
irements by about an order of magnitude. Fortunately, 
the effects to be observed are an order of magnitude 
larger. Typical resistive transitions for a 64-cm long 


®V. I. Chotkevich and V. R. Golik, J. Exptl. Theoret. Phys 
U.S.S.R. 20, 427 (1950). These authors compressed wire samples 
# tin and indium (and several other metals) and measured 7, 
resistively. They observed a rise in 7. as the load was increased 
and a further rise after removal of the load. 
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Fic. 7. Resistive transitions at 2.51°K and various measuring 
currents for a 64-cm long lead wire sample. 


lead wire sample are shown in Fig. 7. These were taken 
at 2.51°K and the indicated measuring currents. For a 
current of 1 ampere the transition shows a rather sharp 
step at H,, but as the current is lowered, the step 
disappears and the transition moves to higher field in 
agreement with earlier work of Preston-Thomas.’ In 
order to achieve the 64 cm length of this sample, the 
wire was strung between two Teflon arms several times 
and had about 4% of its length perpendicular to the 
applied field. This transverse part of the wire entered 
the intermediate state at fields well below H, and 
accounts for the nonzero resistance in this range. The 
uncertainty in the lowest current measurements was 
approximately 10% of the normal resistance so that 
some resistance at lower fields may have gone un- 
observed. 


Nature of Hy 


The field Hy is defined as the extrapolation of the 
linear portion of the resistive transition to zero resist- 
ance. This is done to eliminate the effect of the trans- 
verse part of the wire and is indicative of the highest 
field at which the longitudinal wire can carry the 
measuring current with zero resistance. As is obvious 
from Fig. 7, Hy depends upon the measuring current. 
It also depends upon the temperature and sample 
strain. Note that Hy is by no means the highest field at 
which traces of superconductivity can be observed (as 
evidenced by a resistance ratio less than the normal 
state value). 


Current and Temperature Dependence of Hy 


The behavior of H; when the current is varied is 
shown for four temperatures in Fig. 8. These data were 
all taken on the 64-cm sample in an unstrained state 
with current and field parallel. The curve for 2.51°K 


13 ]t is of interest to note that the magnetoresistance of Pb in 
the normal state is large enough to complicate the determination 
of the normal resistivity, particularly for transverse field. The 
field at which superconductivity ceases completely and magneto- 
resistance is dominant is difficult to determine precisely. 
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Fic. 8. Variation of 17; with measuring current at several 
temperatures for the 64-cm lead wire sample. 


comes directly from Fig. 7 by extrapolation of the 
transitions to zero resistance and the other curves come 
from similar plots at other temperatures. Because of the 
wide range of currents used (1000 to 0.2 ma), the 
current J has been plotted logarithmically. The corres- 
ponding average current density has been plotted on the 
right-hand margin of the figure. 

At large current, all of the curves show a vertical 
section where H; does not vary with J. In this range, H; 
is slightly below H, for that temperature, a result of the 
field generated by the current (26 gauss or less to be 
added vectorially to the applied field), the extrapolation 
procedure used, and possibly a small misalignment of 
the field and sample. As the measuring current is 
lowered, however, H; deviates to fields well above H.. 
This deviation is more marked and begins at higher 
currents as the temperature is lowered. The transition 
for an ideal superconductor should be sharp and should 
occur at H, for all currents (except for the small shift 
to lower fields due to the field generated by the current 
itself). Thus here, as with the magnetic transition, there 
are deviations from ideal behavior which become more 
pronounced as the temperature is lowered. 


Strain Dependence of H, 


The length of the samples to be strained was limited 
by the apparatus to approximately 4.5 cm and for such 


MAPOTHER 


BP. &. 


samples, measurements were not made at currents 
lower than 10 ma. The dependence on measuring curren; 
is readily visible, however, as is shown in Fig. 9(a), for 
a sample strained 1.5%. These data are as good as any 
taken in this series, but the scarcity of points on the 
low current curves results in an uncertainty in 4, 
+10 gauss. 


A cylindrical sample in a magnetic field transvers 


determined from these curves of 


to its axis has a demagnetizing factor of } and so enters 
the intermediate ,H..4 Typical resistive 
transitions for the 4.5-cm wire sample in transverse 


State at 


field are shown in Fig. 9(b). There is a strong current 
dependence whi h ideally should cease al Pe. The low 
current curves for this geometry and sample do not 
reach normal resistance until the applied field is well 
above H,, but do show a sizable resistance at H.. Hy, 
defined as the extrapolation to zero resistance of thes. 


curves, is not expected to have any fundamental 


significance. On the other hand, it is a quantity which 


is indicative of the field;at which the transition occurs 


and, as such, will be used for these transitions. 


Figure 10 gives 7; vs J for four states of strain in 


} and transverse field, 


the same sample in longitudinal 


4 


| 
| & = 4 
H 


H gouss 








H gouss 


bh) 





Fic ms for 4.5 cm long lead wire sample 
at 4.21 ny ned 1.5% and measured in longitu 
dinal field. (b) Sample unstrained and measured in transverse 


magnetic field 


14 See, for example, D. Shoenburg, Su perconductivity 
bridge University Press, New York 1952), p. 24. 
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\ current of 1 ampere is sufficient to bring the curves 
t various strains together to within the experimental 
rror, but the deviations at lower currents become more 
yonounced the higher the strain. The curves taken in 
ongitudinal field converge at Hf., those taken in trans- 
verse field, at 0.60 H,. The difference between this 
value and 0.5 expected for a bulk sample is probably 
lye to the small size of the wire and the energy required 
9 form a superconducting-normal boundary in the 
metal. The magnitude of the effect measured here agrees 
vell with the data of Andrew on tin wire.’ The meas- 
urements for Fig. 10 were all taken at the normal 
boiling point of helium (4.21°K). On the basis of the 
measured temperature dependence it is safe to conclude 
that the deviations to fields above H, and 0.6 H, would 
ommence at higher currents and become more pro- 
jounced at lower temperatures. 


IV. DISCUSSION 


All of the results of measurements on lead described 
ibove are evidence that traces of superconducting 
material persist to fields well above H,, a fact which 
ras been generally appreciated for many years. The 


resistive transitions in longitudinal field [Fig. 7 and 


Fig. (a) J do not reach the normal resistance ratio 
intil the applied field has been raised as high as three 
r four hundred gauss above the critical field in some 
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Fic. 10. Variation of H, with current in 4.5-cm long lead wire 
sample at 4.21°K and various strains (in percent elongation). 
E.R. Andrew, Proc. 


Roy. Soc. (London) A194, 80 (1948). 
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cases. This is a result of small superconducting regions 
remaining in this range of field which lower the apparent 
resistance. Several properties of these superconducting 
regions can be inferred fairly directly from the data. 

The regions which are superconducting above H, 
occupy only a small fraction of the total specimen 
volume. The effective permeability, u., is approximately 
the fraction of the sample volume which is normal. 
Thus, if uw. has reached 0.95 at 10 gauss above the 
transition (which it does in almost all cases) only 5% 
of the sample still remains in the superconducting state. 
The regions which persist at hundreds of gauss above 
H. occupy less than 0.1% of the total volume. 

The substantial measuring current dependence of the 
resistive transitions also indicates a small volume for 
the superconducting regions. A semiquantitative esti- 
mate is possible from the data of Fig. 7 where it is seen 
that changing the measuring current from 2 to 0.2 
milliamps causes an increase in Hy of the order of 50 
Assuming (rather naively) that the residual 
superconducting phase exists as uniform filaments of 
radius, r, carrying currents, iy, and that the displace- 
ment of H; results from the reduction of local field at 
the surface of the filaments (i.e., the Silsbee effect!®), 
it is easily shown that r=0.2Ai,;/AH; (with r in cm, 
iy in amp, and Hy in gauss). The value for Aiy depends 
upon the number of filaments present in the wire but 
it cannot exceed the total measuring current through 
the wire. Upon substitution this indicates an upper 
limit on r of the order of 10-* cm. 

This estimate cannot be considered as more than a 
qualitative guidepost. It is evident that a larger upper 
limit on r will result from data for larger measuring 
currents since the ratio Ai;/AH; becomes larger. Varia- 
tion in both size and density of filaments with measuring 
current is also likely, but this cannot be discussed 
without a clearer idea of the nature of the filaments. 

In addition to the small volume of the regions of 
abnormally high H,, the ballistic measurements of 
hysteretic transitions clearly show that large fractions 
of the specimen volume can be sustained in a “met- 
astable”’ normal state at field values less than H,. This 
behavior can be attributed to the presence and distri- 
bution of the high critical field phase within the speci- 
men as originally explained by the Mendelssohn 
“sponge” model.'’ If the abnormal phase is distributed 
as a continuously connected filamentary network, 
can carry persistent currents which will shield the bulk 
of the specimen from changes in the externally applied 
field. The fact that u., at any point on a hysteresis loop, 
is metastable and very reproducible is clear evidence 
that the 
current. The requirement of continuity of the filaments 


gauss. 


shielding current is undamped, i.e., a super- 


seems essential to explain the hysteresis since a dis- 
jointed distribution of high critical field phase could not 


16 F, B. Silsbee, J. Wash. Acad. Sci. 6, 597 (1916). 
17 K. Mendelssohn, Proc. Roy. Soc. (London) A 152, 34 (1935). 
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Fic. 11. The model used in deducing the hysteresis 
from a filamentary structure. 


sustain the necessary supercurrents. The observable 
effect of this phase, if disconnected, would be limited to 
the Meissner effect in its own volume. Thus we shall 
take the continuous filament model as a hypothesis and 
inquire (a) to what extent it explains the various ob- 
served features, and (b) what physical origin can explain 
the existence of such a network. 


A. Elementary Filament Model 


An exact treatment of the magnetic properties of a 
superconducting filamentary network running through 
out a material which is itself a superconductor is very 
difficult. However, a much simplified model is of value 
in pointing out the considerations which must enter the 
real case and in acting as a starting point in a qualitative 
discussion of that case.!8 

The model (shown in Fig. 11) consists of an infinitely 
long cylinder, radius a, of superconducting material with 
uniform critical field H 
material in the real case). On this cylinder are loops of 


(corresponding to the bulk 


superconducting wire of cross-sectional radius 6 and 
critical field H,; greater than H (corresponding to the 
filaments in the The loops are regularly 
spaced, m per centimeter. The applied field, Ha, i 
to the axis of the cylinder (and therefor 


real case). 


parallel 
perpendicular to the wire axis). To retain simplicity at 
this stage, we include the effects of both size and shapx 
of the wires in the assumption that the loop transitions 
begin sharply at H;. We further assume that a>>d and 
that the loops are far apart relative to 6(mb<1), but 
are close ly spac ed relative to a(na>>1). In view of thes 
assumptions, the field at the surface of a loop generated 
by the current in the loop is approximately that of 
long straight wire, H=2i/b, and the field within the 
cylinder generated by a current 7 in all the loops is the 
long solenoid field, = 42nz1. 

A field H, is now applied parallel to the cylinder axis 
For a certain range of applied field, persistent current 


in the loops will shield out the entire field. However, 


when the total field at the wire surface reaches H,, th 
current will thenceforth be limited by the conditior 
that that field not exceed H;: 


H,=H,+2i/b. (4 


18 This discussion has several features in common with the case 


of the magnetic moment of an isolated superconducting ring in 


externally applied field. See reference 14, p. 27 ff. 
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This current decreases as H, is further increased, | 
this range of field the cylinder itself will feel and ha, 
to exclude the field not excluded by the loops: 


H=H,—4nrni=H,—2rnb(H;—H,). 


When H, has been raised far enough that the cylinde 
experiences its critical field, H., the transition will taj 
place. Setting H equal to H, in (5) leads to 

H,—H 


rf 


| 2rnb/ (1 (S-N transition) 


Under the assumption that nb<1 this equation becom 


H,— HH &2rnb(H,;—H (S-N transition), 


Thus the transition occurs at an applied field grea 
than the cylinder critical field by 24nb(H;— H.,) 
When thi 


carrying the maximum persistent 


condit the loops are alre id 
current possibl 


that applied field. Therefore, when the cylinder beg 


ion obt ns, 


to allow flux to enter, the loops can carry no additior 
pe rsistent Current nd the transition goes essentially t 
completior ( nt field. The sharpness of | 
transitio1 ( equence of the infinite length of t 
cylinder in the model. For a specimen of finite demag. 
ne g factor, the penetration of flux past the shielding 
loop l ower e€ 10K field at the outer edge of th 
loops and allow a restoration of shielding current. T 
resu g tI O ould have width determined by 
he demagne g f rr of bulk specimen, but 
d Pp d from H Dy the action ol the loops is int 
( ( | niinit vlinder 
The V-S transition is treated in much the same 
eld now being greater than H,. As 
owered be Hf ;, e loops become superconducting 
| rap in the 1. Then tximum current Ww! 
( p tw maintains the fie 
( eT 0 rl ( { H 
b/2)(H;—H \ 
I} | ( he decrease l 
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oO! irp j 
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; hysteresis shown b 
model l ymmetri 


rans! 


Th 
nd il 
see 
hrou 
he sl 
\[ore 


bnol 





ised, | 


nd hay, 











SUPERCONDUCTING 


-ansitions have geometrical sharpness, the essential 
eatures of the observed behavior. The loops and nearby 
material will, of course, add small effects at other 


elds. 
B. The Real Case 


[he experimental procedures (plastic deformation 
nd impurity addition) which cause the hysteresis make 
t seem quite certain that the filaments are distributed 
hroughout the specimen rather than being confined to 
he surface as strict analogy to the model would require. 
\foreover, several experiments designed to test for an 
bnormal surface layer gave negative results. Thus the 
real filamentary system seems to be a three-dimensional 
onnected mesh which permeates the entire specimen 
volume. A considerable extension of the model is there- 
ore required in discussing this system. 

As the resistive transitions indicate, the filamentary 
mesh retains some degree of superconductivity at fields 
vell above H,. for the bulk lead. Thus, in the course of 
the S-V magnetic transition of bulk lead, the advancing 
nterphase boundary will leave the superconducting 
nesh exposed in a matrix of normal lead. This situation 
leparts from the assumptions of the simple model and 
raises the question of the influence of the “exposed” 
laments on the shape of the magnetic transition. If 
the “exposed”’ filaments were able to carry persistent 
urrents to oppose flux penetration into the super- 
onducting phase, the effect would be to broaden the 
magnetic transitions substantially. A similar argument 
an be advanced for the N-S transition. 

fhe experimental data indicate that the “exposed”’ 
filaments have little effect except in the most extreme 
ises of hysteresis.’ In most observations the width of 
he magnetic transition increases only slightly over 

to be expected on the basis of the demagnetizing 
ctor of the specimen. From this fact we infer that the 
wosed” filaments, while still partially superconduc- 
, are no longer able to support significant persistent 
urrents when exposed to the full applied field, and that 


CX] 
o 


he filaments active in the magnetic shielding process 
ist lie in or near the interphase boundary region. This 
‘planation is supported by the observation that the 
sistive transitions in transverse field show appreciable 
well below H, for bulk lead, even for small 
[see Fig. 9(b) ]. Such behavior is 
xpected due to the demagnetizing effect of filaments 
n transverse field, and it is the transverse filaments 
vhich contribute to the hysteresis in the ballistic 
nduction measurements. 


resistance 


measuring currents 


Another interesting facet of the hysteresis is the 
temperature variation of its magnitude. As shown in 


Fig 


ig. 5, the principal features are a monotonic increase 


hysteresis with decreasing T and the fact that it 

* The alloyed specimens generally show a larger hysteresis and 
more broadening of the magnetic transitions than the strained 
specimens 
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generally vanishes well below T,. The resistive transi- 
tions indi¢ate that the current carrying capacity of the 
filaments also increases as the temperature is lowered 
(see Fig. 8). These two effects are certainly closely 
connected. Decrease in the magnetic penetration depth 
as temperature is decreased may also make the filaments 
more impervious to penetrationn of flux. 


C. Lattice Defects and Filaments 


It seems clear from the present observations that the 
hysteretic effects arise from some strain configuration 
in the metallic lattice. Other experiments, particularly 
those of Faber on nucleation, have been interpreted as 
evidence for the role of dislocations in promoting the 
survival of microscopic traces of superconductivity.” 
This seems like the most probable explanation in the 
present case. 

Since dislocation strain fields vary inversely with 
some power of the radial distance from the center, the 
filament is, in fact, the manifestation of a microscop- 
ically inhomogeneous strain field. Thus it seems quite 
certain that it can have neither a well-defined radius 
nor a definite critical field as was assumed in the simple 
model. At least two effects come to mind as a means of 
explaining the larger-than-average critical field of a 
filament. 

In the first place it is well known that strain itself 
can displac e the critical field, and very localized strains 
of great magnitude (both compressive and _ tensile) 
occur near dislocations. This is a “‘bulk”’ effect in the 
sense that the critical field curves of large specimens 
can be displaced under conditions of uniform strain 
(e.g., the pressure effect). However, the magnitude of 
this shift at the stress characteristic of a reasonable size 
of filament (4X10-® cm) is only 1.7 gauss and se the 
usual bulk effect appears incapable of explaining the 
present observations. There is, of course, some question 
regarding the validity of applying the bulk pressure 
coefficient to a region of such highly localized strain as 
occurs near a dislocation. 

The second consideration concerns the microscopic 
character of the boundary region between the super- 
conducting and normal phases. Within this region 
gradients exist in the magnetic field (characterized by 
the penetration depth, A) and the order parameter 
(characterized by the range of coherence, £) where & is 
of the order of ten times A. This question has been 
discussed in detail by Pippard and Faber who show that 
a surface free-energy contribution, A, arises in conse- 
quence of this difference.** The interphase free energy, 
while normally positive, can become negative in a 
situation which causes a sufficient reduction in &. In- 
homogeneous strain and impurity atoms are believed 
to have this effect. The negative surface energy contri- 


20 Faber and A. B. Pippard, Progress in Low-Temperature 
Physics, 


edited by C. J. Gorter (Interscience Publishers, Inc., 
142 


New York, 1955), Vol. I, p 
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bution comes into play as the interphase surface con- 
tracts about a region of local strain and makes possible 
the survival of the small enclosed superconducting 
region to fields greater than the bulk critical field. 
Experimental support of these ideas rests on somewhat 
indirect measurements and, while agreement with 
theory is satisfactory, it cannot be said that the detailed 
situation at the interphase surface (especially in a region 
of inhomogeneous strain) is well understood. 
Filaments in the Absence of Strain 

In the unstrained cases the negative surface energy 
could result from the concentration of impurities near 
dislocations. Doidge has shown that, for impurity con- 
centrations above a certain value, superconducting 
inclusions occur which have higher critical fields than 
the bulk.” The stress field of a dislocation creates a 
region of lower energy impurity atoms which do not fit 
well into the parent lattice. It is thought that for this 
reason a dislocation may collect a cloud of impurity 
atoms during anneal at moderate temperatures.” (For 
lead, this could be room temperature.) This would 
account for the observed behavior both of some nomin- 
ally pure lead samples, in which hysteresis increased 
during room-temperature storage, and the calcium-lead 
sample, in which aging increased the hysteresis (at 
4°K). We therefore suggest the impurity cloud near 
dislocations as the basis of the superconducting fila- 
ments in the absence of low-temperature strain. 


Strain Induced Filaments 
There are many defects present in a cold worked 
lattice which might give rise to an increased critical 


A 248, 553 (1956). 
Crystals 


1 P, R. Doidge, Trans. Roy. Soc. (London) 
2A. H. Cottrell, Dislocations and Plastic Flow in 
(Clarendon Press, Oxford, 1953), pp. 134-136. 
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field. In a face-centered cubic crystal such as lead, dis. 
location pile-ups are thought to occur during plastj 
deformation.* They are probably in the form of loops 
which may 
common to their 


sometimes touch one another at the line 
glide > dislocation pile- “up 
the proper geometry and also suff 
cient extent and strain field to explain the present 
results. The annealing of the hysteresis in the low. 
temperature range (see Fig. 6) indicates a small decrease 
in filament strength such be expected if a fey 
dis locat in this range. The shar 
drop at 300°K is probably related to re rystallization® 
and results from the pile-ups 


planes. The 


is thought to have 


as might 
ions left the pile-ups 


breaking up. 


The absence of significant strain induced hysteresis 
indium may be the result of the complex 


crystal structure of metals. The 


in tin and 
mechanism of 
work hardening is dependent on crystal structure 


tnes¢ 


that it may be that pileups or connected regions of 
extreme local strain do not occur in tin and indium 
during cold work. In this regard measurements on 
aluminum (also fcc but with a much lower T, than 
lead) will be of interest 
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Electron Paramagnetic Resonance of Fe** in TiO, (Rutile)* 


Davip L. CARTER AND AKIRA OKAYA 
Department of Physics, Columbia University, New York, New York 
(Received January 20, 1960) 


Paramagnetic resonance has been observed from 2 kMc/sec to 110 kMc/sec in Fe**+-doped single crystals 
of rutile at 78°K, 4.2°K, and 1.4°K. The rather large zero field splittings measured between the three 
doublets are 43.3+0.1 kMc/sec and 81.3+0.1 kMc/sec. The derived constants for the spin Hamiltonian 


K =g6H-S+D(S2—35/12) +E(S2—S,?) + (a/6) (S.A+S,!+S,4—707/16) 
+ (7/36) F[S.4— (95/14)S2+81/16]. 


are D=20.3540.1 kMc/sec, E=2.21+0.07 kMc/sec, a=1i.140.2 kMc/sec, F=—0.5+0.3 kMc/sec, 
D=20.35+0.1 kMc/sec, E=2.21+0.07 kMc/sec, a=1.1+0.2 kMc/sec, F=—0.540.3 kMc/sec, 
g=2.000+0.005. The average line width is 35 Mc/sec for 2X 10" spins per cm’, and the average spin-lattice 
relaxation time 7; at 7=1.4°K is 4 msec. 7; still has a very slow inverse temperature dependence even at 
T=78°K. An increase in sensitivity over metal walled cavity spectrometers was achieved by using the 
pieces of Fe-doped rutile as the microwave resonators. 
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A. INTRODUCTION 


HE free ion Fe** has the configuration 3d5, ®S;. 

In an orthorhombic crystalline field the six-fold 
legenerate state splits into three Kramers doublets 
which are further split when a constant magnetic field 
is applied. 

Many examples of Fe** in crystalline surroundings 
have been discussed in the literature.4~* The motive of 
yur research was to find a material which has large zero 
field splittings in the microwave range, narrow, homo- 
geneously broadened lines and long spin-lattice re- 
laxation times for use in a millimeter wave maser. Fe** 
in rutile satisfies the foregoing requirements although 
the spin-lattice relaxation time 7; at 1.4°K is an order 
ff magnitude shorter than maser materials presently 
employed. However, a slow temperature variation of 7; 


+ 


for temperatures as high as 78°K was observed. 
Experiments were performed on artificially produced 
boules of Fe** in TiO, (rutile) made by the Linde 
Company. Chemical analysis showed that Fe was 
present in amounts of approximately 210" per cm’. 
The crystal structure of rutile is such that there are 
two equivalent sites per unit cell.” The local symmetry 
of each site is Do, and the local symmetry axes of the 
two sites are mutually perpendicular and also _per- 
pendicular to the optic axis of the crystal. This con- 


* This research was supported in part by the U. S. Air Force 
and monitored by the Air Force Office of Scientific Research of 


the Air Research and Development Command. 


t A brief review of this work has been given in Quantum Elec 


lronics (Columbia University Press, 1960), p. 389. 


J. H. Van Vleck and W. G. Penney, Phil. Mag. 17, 961 (1934). 
*H. A. Bethe, Ann. Physik 3, 139 (1929), 

*A. Abragam and M. Pryce, Proc. Roy. Soc. (London) A205, 
135 (1951) 

*K. A. Mueller, Helv. Phys. Acta 31, 173 (1958). 

*B. Bleaney and R. S. Trenam, Proc. Roy. Soc. (London) A223, 

1954). 

*M. M. Zaripov and Iu Ia Shamonin, Izvest. Akad. Nauk 
5.S.S.R.) Ser Fiz. 20, 1224 (1956) [translation: Bull Acad. 
sciences (U.S.S.R.) 20, No. 11, 1114 (1956) ]. 

™F, A. Grant, Revs. Modern Phys. 31, 646 (1959). 


figuration gives rise to a 90° period in spin resonances 
for the field perpendicular to the optic axis. The sym- 
metry observed in our experiments leads us to believe 
that Fe** substitutes for Ti** in the rutile lattice. 


B. SPIN HAMILTONIAN 


The spin Hamiltonian used to describe the observed 
spectra is (see reference 5) 


= g8H -S+ D(S2—35/12)+E(S2—S,?) 
+ (a/6)(S+S,'+S,4— 707/16) 
+ (7/36) FLSA— (95/14)S2+81/16]. 


The axes for the spin Hamiltonian relative to the crystal 
directions are given in Table I. The values of the 
derived constants are: 


D=20.35+0.1 kMc/sec, E=2.21+0.07 kMc/sec, 
a=1.1+0.2 kMc/sec, F=—0.5+0.3 kMc/sec, 
g=2.000+40.005. 


Using the derived constants in 3 the energy levels 
for magnetic field parallel to z and parallel to x for a 
single site were plotted as illustrated in Figs. 1 and 2, 
respectively. (@ is the angle between H and the ¢ axis 
and @ is the angle between the projection of H on the 
x-y plane and the x axis.) Figures 1 and 2 taken together 
represent the levels for both sites combined when H 


TABLE I. Direction of axes in the crystal. 


Hamiltonian Direction 
axis in crystal 
x [110] 
Site I y F001] 
Z [110] 
x [110] 
Site I] y [001 ] 


[110] 
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Fic. 1. Calculated energy levels as a function of field strength 


for the field in the z direction (@=0, ¢6=0°). The numbers on the 


levels are for identification. 


points in the [110] or [110] direction. Energy levels 
for other various angles have been given elsewhere.® 


C. APPARATUS 
The paramagnetic resonances were observed from 2 
kMc/sec to 110 kMc/sec and from zero to 14 kilogauss 
using simple video type reflection spectrometers. 

Most of the spectra were observed at 78°K but some 
measurements were made at 4.2°K and 1.4°K. Thi 
sensitivity of the spectrometer is quite high at these 
temperatures even though moderate sensitivity 
electronic circuits are employed with the crystal 
detector. This sensitivity is derived mainly from the 
extremely high Q values and 100% filling factors 
obtained when one uses the Fe** doped rutile as the 
microwave resonator rather than a metal walled cavity. 

For the millimeter wave spectra a sample of rutile 
having a volume of 0.016 cm? was placed at the bottom 
of a shorted RG98/U waveguide in the cryostat. The 
crystal was oriented accurately by three thin positioning 
rods, via observations of the angle periodicity of the 
magnetic resonances mentioned in Sec. A. The pre- 
liminary orientations were made using x ray and 


low 


polarizing microscope techniques. The orientation was 
accurate to +0.25°. The piece of rutile was large 
enough so that the lowest mode resonance frequency 
was much lower than any operating frequency. Many 
microwave resonances occurred close together in fre- 
quency and one could always pick, from the many 


’ Columbia Radiation Laboratory Quarterly Report, September 
1959 to December 15, 1959 (unpublished). 
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mic rowave resonances near a desired frequency, those tor 


which had high Q’s and strong coupling to the magnet, 


spin resonances. Pieces of rutile were considered too ie 
large if most of the modes overlapped. : 
The above system was used from 50 kMc/sec to 119 
kMc/sec. Typical loaded Q values for this range of vhere 
frequencies are ~5000 at 78°K and approximately a aa 
factor of two larger at 1.4°K. Power was supplied by: uscef 
OK 294 and OK295 klystrons from 45 kMc/sec to &) 
kMc/sec; by the second harmonics of an R95?j 
klystron from 65 kMc/sec to 80 kMc/sec; and by the |, sy 
third harmonics of OK290 and R9521 klystron from = 
80 kMc/sec to 110 kMc/sec. It was possible to detect = 
magnetic resonance at these higher frequencies using _ 
only a few uwatts of power by employing a demountab| 
differential screw type crystal detector and an oscil ' 
loscope which had a sensitivity of 200 uv/cm. ) Hs 
A similar system using a piece of Fe** doped rutil | th 
having a volume of 0.12 cm’ and X-band guide was ure, T 
used from 7 kMc/sec to 49 kMc/sec. A third system be Fe 
having a coaxial line input and a piece of Fe*+ doped 
rutile 0.8 cm* in volume was used from 1.5 kMc/sec to 
7 kMc/sec. In the latter case the sample was placed in | where 
a metal chamber 5.5 cm* in volume and supported by | reson: 
polyfoam to keep it away from the chamber walls. Th s 
chamber was vacuum tight to avoid condensation of 
nitrogen and water. With this system loaded Q’s~85 000 | 
at 78°K were obtained ror 
D. SPECTROMETER SENSITIVITY ahs 
A 
\ detailed explanation of the characteristics of the 
rutile reso or and of high dielectric low loss resonators - 
in gene ral will be publ shed elsewhere. The loss of the ate 
resonator is due mainly to the internal dielectric loss 
and there is no significant contribution from current Th 
losses on the crystal surfaces. c/N 
Consider the following system shown in Fig. 3. Wi f th 


have 1/0 1/Oa+1/Om, where Qo is the QO of the reso- 


4 
—_ 
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_——— 
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— 
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Fic. 2. Calculated energy levels as a function of field strengt 
for the field in the x direction (@=90°, ¢=0). The numbers on | 
| 
the levels are I enti ition 





ELECTRON PARAMAGNETIC 
‘or with no external coupling and 1/Q4 describes 
ses due to intrinsic resonator absorption. Absorption 
y the sample due to magnetic resonance is described by 


1/Om=41y""5, 


vhere 7 is the usual filling factor and is unity in this 
se and x” is the imaginary part of the magnetic 
susceptibility. If we assume 4x""K1/Qa we obtain 


Oo=Qa(1—4rx""Qz). 


With a swept klystron one observes changes in the 
flected power with a change in Qo due to magnetic 
sonance. This change is 


- dary he 


/ € 


AQ» 


x 


first order in x’’. One seeks to maximize the change 
the reflection coefficient r= P,/P;, where P, and P; 
re, respectively, the reflected and incident powers for 
e resonator. One can write 


r= (1—£)?/(1+8)?, 


ere B=(,./Qo and Q., describes the coupling to the 


resonator. The change in r for a change in the resonator 


Ar=48(1—8)AQo/L(1+8)*Go]. 


have d(Ar)/d8=0. The 
2+-3. Then 


ra maximum Ar we must 
tis that Ar is maximum for 8 
\r/¢= AP./P, 


18AQv/ (1—8?)Oo= 16"8x"0u/ (1—8?), 


ce Va/Vo=> 1; and for 8=0.27 =2—v3 (undercoupled 


int 

AP,/ P,=14.6x""Qa. 
The signal to noise ratio of the crystal detector is 
V=MP,/(4kTAv)' where M is the figure of merit 
he crystal and_Ay is the acceptance,bandwidth of 
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Fic. 3. Schematic diagram of the spectrometer. 
g 


the receiver system. If one sets AP,/P,=N/S as the 
minimum detectable change in power then 


Xmin’’ = (4kT Av)*/14.604M P,. 


For an MA408B crystal at X-band, the parameters 
are: M=220(w)!, P-=1 mw, T=300°K, Qa=85 000, 
Av=10 kc/sec. This gives Xmin’’110-" which cor- 
responds to detecting about 10” spins/cm*. This 
minimum number of detectable spins has been de- 
creased by using a fixed frequency klystron, magnetic 
modulation and a narrow band lock-in detector. 
Another sizeable increase in sensitivity can be achieved 
using a superheterodyne receiver to reduce the noise 
input. 

In order to appreciate the sensitivity afforded in this 
particular instance let us make a comparison of our 
situation (1) with the usual case (2) of a low dielectric 
sample in a metal walled cavity. If 2 is the minimum 
number of detectable spins per unit volume, then the 
ratio of the minimum number of detectable spins, V, 
in the two cases is 

N1/No=nV1/noV2, 


” 


W htre 


V is the volume of the sample. Since ”& Xin 


FREQUENCY kMc/se 


1G. 4. Comparison of calculated and experimental values of magnetic field for resonance as a function of frequency, 
for a fixed orientation. 
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Vi/N2=Qe2V VV 1/OWV 2 V2=Q2V1/O1V 2. 
olor / 
= ° For the lowest dielectric mode Vi/V2.=€,*~, wher 
- €,* is the apparent dielectric constant.’ For the higher 
x ila dielectric resonator modes actually used V1/V_.=¢4 
xr - ™ = . 
\ 5 paecch cael. stray In this case 
r = 81.34% O.\kMc/se " 
me } ti cca N, V> OV» €)° V1. 
20.5 - \ 7 
a \ p For rutile 0,85 000, «;*~40. For case (2) On. 8509 
s / et ‘ ee site! l . 17 2—- COU) Fic 
» i rhe ratio of the minimum number of detectable spins | magn 
\ ° ; nS" 
ct p is then .V,/N:~4X 10 a 
\ \, / for a 
\ E. RESULTS OF SPECTROSCOPY kMc 
4 1 Ww 1 1 = 
78 80 g 82 84 86 a ; A ‘ 
kMc/sec ~ [wo kinds of spectra were taken with the spec. 
. . . . tre ters scribed in § ’. The firs aS a survey 
Fic. 5. Extrapolation of experimental resonance points to zero trometers described Bee. C. 1 he a t was a survey 
magnetic field at 81.3 kMc/sec (There is a small residual fied over a large range of frequencies (7 kMc/sec to 110 
for zero current in the electromagnet coils). kMc/sec) and magnetic fields (0-10 kgauss) at a fixed 
orientation of magnetic field in order to see the general 
: ” "(9\ — — ° S MSE ‘ ; f 
and Xmin (1)/Xmin (2)=Q2n2/Qim (assuming no satu- characteristics of the spectra. In this way the two zer 
ration and the same power input), we have field splittings were determined. They are 43.340,1 
N/N2=QOenV 1/OunV kMc/sec and 81.340.1 kMc/sec. The frequency shifts 
4¥1/ +92 ve 22 1 171 2. e . 1° . r ‘ 
: of the zero field splittings as the temperature was that 
Since both cases (1) and (2) are compared for the same changed from 78°K to 1.4°K were less than 0.5%. The zero 
frequency, the case (1) (dielectric) requires a smailer results are shown in Fig. 4. Actually the sample for the erro! 
volume to support a microwave mode. If we consider spectrum of Fig. 4 was a mixture of 0.03% Fe and | ‘P®& 
the usual case of a small filling factor then mV 2/V.2 0.04% Cr by weight. In this case the Cr+ spectrum sites 
where V2, is the volume of the metal walled cavity. In was fitted using the spin Hamiltonian of Gerritsen, spec 
this case Harrison, Lewis, and Wittke.” It is interesting to note F 
| poin 
rie! 
TiO, with Fe* that 
T= 78°K 
SF FREQ. 7.07 kMe/sec 
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Fic. 6. Experimental values of magnetic field for resonance as a function of angle in the (001) plane 
for a fixed frequency of 7.07 kMc/se« 
The physical meaning of using this apparent dielectric constant rather than the real dielectric constant (~100) will be ¢ 2 
plained in a later publication. d Z 
” H. J. Gerritsen, S. E. Harrison, H. R. Lewis, and J. P. Wittke, Phys. Rev. Letters 2, 153 (1959 . 
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that the Cr** zero field splitting coincides with the first 
zero field splitting of the Fe** within our experimental 
error. The orientation of the magnetic field for this 
spectrum was = 83°, ¢=83°. For this orientation both 
sites I and II are equivalent and exhibit the same 
spectra. 

For frequencies higher than 70 k Mc/sec, experimental 
points do not fit the solid curves because the crystal 
rientation was changed and was not determined in 
that frequency region. In Fig. 5 the extrapolation to the 
second zero field splitting is shown. In this case the 
ngles are undetermined. (The values of the zero field 
The other 
spectra taken were for fixed frequencies, variable mag- 


littings are independent of orientation.) 


field and variable field orientations. Constants for 
1 spin Hamiltonian were adjusted to fit to these data. 
[he experiments were done at 7.07 kMc/sec and 57.45 
kMc/sec and T=78°K for rotations about the c axis of 
the crystal. Magnetic fields were measured with a proton 
ind lithium nuclear probe. The experimental results are 
illustrated Figs. 6 and 7. The angular pari of the 
identification, 6, of the transitions shown in parentheses 
in Fig. 7 refers to zero degrees on the abscissa of that 
igure. An accurate measurement of the constant @ was 
> +3 at0=p=0° 

7.5 kgauss. At this point according to Fig. 1, the 
> +) transition frequency is ~3.5 kMc/sec and 


eli 


made by observing the transition — 3 - 


ind H 


is most sensitive to terms in the Hamiltonian which 
connect states having AM,= This measurement 
affords an almost independent determination of the con- 
stant a. The signs of the parameters in our Hamiltonian 
are consistent with intensity measurements obtained as 
the temperature was lowered from 4.2°K to 1.4°K and 
with the best possible fit of the experimental frequencies. 


F. SPIN LATTICE RELAXATION TIMES 
AND LINE WIDTHS 


Two methods were used for the determination of 
spin-lattice relaxation times. If the relaxation times 
were longer than 1 msec, then a stabilized klystron was 
used to saturate a desired magnetic resonance, while a 
low power klystron was continually swept over the 
microwave resonance which was displayed on an 
The stabilized klystron was then shut off 
in approximately 1 msec and the oscilloscope trace 
was photographed with a continuous strip film which 
moved at 1.5 mm per msec. For times too short for 
the pulse-decay system, conventional cw methods 
were used." The results are summarized in Table II. 
Not listed in the table is a strong transition at »y=25 
kMc/sec and 7=1.4°K, which had an estimated 7; of 
~1 msec. This may indicate a 1/y* dependence; but 
more work is needed to establish this point. The value 
T,=0.1 msec at 78°K 7.1 kMc/sec given in 


oscilloscope. 


and 


TABLE II. Line widths and spin lattice relaxation times. 


rransition Av 

t+i— —} H||Z 34.5 Mc/sec 
+}— —} H||X 33.0 Mc/sec 
+4— —}3 HX 50 Mc/sec 
+3 — -—} H||Z 27. Mc/sec 
+4 —} H||Z 34.5 Mc/sec 


* Calculated using c.w. methods. 


"A. H. Eschenfelder and R. T 


Weidner, Phys. Rev. 


T; Temp F requency 
4 msec 1.4°K 8. 55 kMc, sec 
4.5 msec 1.4°K 8.55 kMc/sec 
4.5 msec 1.4°K 8.55 kMc/sec 
4 msec 1.4°K 8.55 kMc/sec 
0.1 msec® 78°K 7.1 kMc/sec 


92, 869 (1953) 
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Table II was calculated for Q=40000, input power 
= 100 pw, Av=34.5 Mc/sec, matrix element ~1 Bohr 
magrieton and degree of saturation ~70%. This value 
of T; indicates that Raman processes are probably not 
dominant at T=78°K."” This is also the case for ruby 
where saturation and subsequent maser action have 
been reported at temperatures as high as 195°K.! 
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The theoretical expressions for the magnetic moment of a tr 


arising from exchange are applied to Pauthenet’s measurement 
proximation to assume that the exchange interaction stems ent 
which greatly simplifies the theory since the molecular fiel tk 
does not have to be determined self consistently. The cal t 
perature is in excellent accord with experiment. The mag ( 


with that in the other rare earth iron garnets; it is a 


HE magnetic moment of 5 Fe203-3 EusQs is lower 

than that of an iron garnet such as 5 Fe.03-3 
Y20; in which the europium atoms are replaced by a 
diamagnetic ingredient. This fact shows that the coup- 
ling between the europium and iron atoms is antiferro- 
magnetic in the sense that the magnetic moment of thi 
europium is oppositely directed from the resultant mo- 
ment of the ferrimagnetic iron lattices. It is the purpose 
of the present paper to discuss this reduction in moment 
on the basis of quantum mechanics, and especially to 
predict how it should vary with temperature. 

Eut+* differs from the other trivalent rare earth ions 
in having a rather unusual type of magnetic behavior. 
Its ground state has J=0, but nevertheless is paramag- 
netic because of the induced magnetic moment associ- 
ated with the second-order Zeeman effect. It is possible 
for the magnetic moment to have matrix elements 
which are nondiagonal in J because it is proportional 


to L+2S which, unlike Z+S, is not a constant of the 
Air 


* This work was supported in part by the U. S Force 


Cambridge Research Center, through the European Office of 
Air Research and Development Command, which made it possibl 
for one of us to visit Harvard. 
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hanks | +han the Zener-Ruderman-Kittel-Yosida mechanism 
of the perative In me tallic europium. The molecular-field ap- 
proximation, which we use throughout and which works 
es verv well in the garnets, consists in taking the exchange 
potential to be 


28H.x:Si, where BH.=—(%jJij;S;)av. 


The Hamiltonian function then reduces to that of a 
ne-atom problem and becomes 


{L-S+8[2(H..+H»)-S+Ho- L). 


K 


It is particularly to be noted that the exchange field 

ts only on the spin. The standard formulas for the ma- 
* can readily be adapted to include 
the exchange field in addition to the applied field Ho. 
We have only to replace H by Ho+2(g7—1)Hix/gs and 
by Ho+2H x, respectively, in the diagonal and off- 


rix elements of Eut* 


173 of reference 1] and correspondingly in the first- 
nd second-order Zeeman energies [Eq. (99) of ibid. ]. 
For purposes of the present paper, saturation effects 
1 be neglected without much error (about 2% at the 
temperature), so that the development of the 
be 


moment, which is obtained in the 


need not carried be yond squares of the 


field. The 


lal way by averaging over all the various multiplet 


nergy 
fective 


nd Zeeman states weighted by the Boltzmann factor, 


then linear in the applied and exchange fields, and 


given by 


8.VB 


E; 


3H +2H.x)e 71" 


10kT 


nstead ol | ( 


are, 


23) of p. 248 of reference 1. Here 0, /;, 
respectively, the energies of the states 
0, 1, 
energy 
1330° 


and 2. It is known from spectroscopy that the 
levels of 1 k=0, 480°, and 
, and these values are probably not appreciably 

the solid compounds.’ For our work the 


population ol leve 1 can be neglected. 


the +} electrons are deeply sequestered, the 


he free ions are 


sae changed in 
j ls above J 

Because 
trongest exchange interaction to which the europium 
ms are subject in the garnet is that with the iron atoms 
rather than with other europium ions. The couplings, 
b in descending orders of magnitude, are thus Fe-Fe, 
Fe-Eu, Eu-Eu. We will make the approximation of 


the assuming that the back reaction of the europium on 
ib the Iron alignment is of minor consequence. Thereby 
*The multiplet intervals are not observed directly in gaseous 
Eut**, but are obtained by a minor extrapolation from Sm*** 
| see J. H. Van Vleck, Ann. inst Henri Poincaré 10, 80 (1947). The 
ink, | interval 480° is also reported by Gobrecht in solid Eue(SO, 
8H:,0 Ann. Physik 28, 673 (1937 
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OF Eu GARNET 
a major simplification is made in the theory. The total 
field acting on the europium ion can then be considered 
as the sum of the applied field and a molecular field 
proportional to the magnetization My, measured in 
yttrium iron garnet, where Eut*+ is replaced by a 
diamagnetic “rare earth.”’ Actually, there are two types 
of Fe++* ions, with spins oppositely directed, at different 
distances from a Eut++ ion, and their magnetizations 
M,, M2 may not have the same temperature dependence 
so that the exchange field a;M,+a2M, is not propor- 
tional to M,+Mb. Existing experimental data, however, 
do not permit taking this refinement into account. We 
therefore take H..=aMy., where a@ is constant. We 
thereby assume the exchange coupling between the 
Eut+++ jons is of minor importance, which is quite 
reasonable since this type of coupling is known to be 
fairly small in the other rare earth garnets, and it will 
be even smaller for Eut+++ because of its low magnetic 
moment. 

We can now use our formula to calculate the mag- 
netization of europium iron garnet in the absence of 
an applied field Ho. The iron atoms are ferrimagnetic, 
and so give an exchange field even when Ho=0. The 
total magnetization is the sum (numerically the differ- 
ence) of the moments of the europium and iron ions. 
The iron part is known from measurements made on 
yttrium iron garnet, in which diamagnetic Y*+** ions 
replace Eut++. There is only one constant at our dis- 
posal, viz. the proportionality constant @ in the ex- 
change field. This can be obtained by fitting the ob- 
served magnetization at 7=0. The magnetization per 
Eu ion at T=0 is 0.818' and this requires aM p./k=24°K. 
After the value of a is fixed by the experimental data 
T=0, the curve for the reduction in moment as a 
function of temperature is completely determined. The 
results are shown and compared with Pauthenet’s meas- 
urements in Fig. 1. Pauthenet’s data indicate a small 
impurity in his yttrium garnet sample and we conse- 
quently use his smooth fitted curve, given by 6/a—41. 
in his notation. The agreement between our theory 
and experiment is excellent. 

The susceptibility xzu=0Mp./dH> in an externally 
applied field Ho can immediately be obtained from Eq. 
(1). Its maximum value, achieved near 7=0, is 1.12N8 
<10-®. Thus an appreciable change in Mg, would be 
observed only for fields above about 10° oersted. 

It is of interest to compare the size of the exchange 
field exerted by the iron in europium garnet with that 
in the other rare earth iron garnets. In this connection 
a word should be said on how this comparison should 
be made.‘ It is important to take account of the fact 


at 


}R. Pauthenet, Ann. phys. 3, 424 (1958). 

4R. Brout and H. Suhl, Phys. Rev. Letters 2, 388 (1959) give 
the impression that the elements of the exchange coupling which 
are diagonal and nondiagonal in J differ mainly in being of long 
and short range, respectively, when the Z-R-K-Y model applies. 
Actually in the rare earths other than Eu and Sm, the non- 
diagonal elements are unimportant simply because the multiplet 

{ | so wide. On the other hand, the interaction which 


interva 


Ss are 
we Et 


IS¢ 


in 


1 is almost entirely of the type AJ =+1. 
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6/ 4/,, see reference 3, curve 
’. Theoretical variation of mag 
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culated from M(YIG)—M, 
1)], with M(YIG) obtained 
rve 1 Che constant of pro 
ality in the exchange field is 
. | i ined So as to give agreement 
\ h experiment for 7=0. Experi 
«\ | | f > 
oL 7 \ ] 1i Values, see relerence 3, are 
“ ed ,@ 
Ir 1 
| 
| | 
0 IOC a 30 400 tox é 
that exchange coupling acts not on the total but only ne ) e should be atta 
on the spin angular momentum, and consequently, in — to th npat I between Eu and Gd, ¢ 
suitable units, the appropriate comparison of exchange he her « i for the effect of tl 
parameters is that given in Table [IX of Pauthenet’s’ crys le. A’ corres 
article rather than in Table I of his later paper.’ The — shoul ’ es to allow for t 
comparison is conveniently made in terms of the param- fi easured by Pauthe 
eter GH../k=BaMy./k which should be the same for and used e molecular field coe 
all the rare earths if the exchange field from the iron ci ) M pe/H due to 1 
atoms is uninfluenced by which rare earth atom is _ eff f satur e Gd compound, for whic 
substituted.® The result is as follows: Mea)t 6 (M is effect introduces an err 
. . ra . or ot ib 3¢ ( l¢ | Value of i P 
Eu Gd Tb Dy Ho Er I'm ; : eae 
Es : 4 ss A of 1 rror v et by allowing for 
24° Zo a6 aE 16° 16 14°. , x 4 ae te 
devia I ( qd been attribute 
The value for Eu is obtained in the present paper; to rare ear ( but which in f 
the values for the other ions are those found by Pauthe- isn vreeme with paramag 
5 ne rare eal gallium = gart 
5R. Pauthenet, J. phys. radium 20, 388 (1959). ' nie 
® The conversion of Pauthenet’s* molecular field parameters But { ld be pe 
n,n’ to effective fields, H-(aa), has been discussed by de Gennes,  ¢,, yy 
Kittel, and Portis, Phys. Rev. 116, 323 (1959), who show that at 
f=aOkK — X Vf I] 
Hada) = ¢NB XN, 
where N is Avogadro’s number. This field acts on the magneti O ¢ I emperatures, without an 
moment and is related to the exchange field /., which acts on the iM ‘Il both } 
: ‘ {Th ty Y ne Wiil OU 
spin by the equation is a :; = 2 . Wi ies , 
28HexSre = Heiaa)M re Hected ¢ H I Me begins to saturat 
where Spex is the rare earth spin (in units of 4/27) and Mpg is the this is no k I e values of m for the higher 
magnetic moment. In terms of the total angular momentum Jper rare eat } re be treated with some cau- 
atom Mre=gs8J and Sre=(gy—1)J. Therefore in units of °K 
See a ol nee I ESE ( mate vas made at low 
B 8 5NB8 ry 0.117g7 
( r..0 = = = ~ =(),234n’ } , . Peay). ae 
pilex) k 16 gy {x tm ay NO O.254n’, temperature ere the combined effect of saturati 
where H,.,=aMf,, in our notation and « ryst il fields v be big 
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rhe susceptibility of europium is measured from 1.3 to 300°K in fields up to 12 000 oersteds. This metal is 
found not to be ferromagnetic, but to have at low temperatures a very high paramagnetic susceptibility, 
about forty times higher than for the free ion or hydrated salts. Variation of susceptibility with field strength 
is observed below 100°K. The saturation curvature at low temperatures is very large, and practically 
ependent of temperature. The susceptibility at high temperatures is consistent with a divalent model. The 
magnetic behavior at low temperatures is hard to interpret on the basis of a divalent ion and can be more 
readily explained with a trivalent one for which the theory is developed. Metallurgical evidence, however, 
dicates that metallic europium is divalent even at low temperatures. On the other hand, it is generally be 
lieved that europium is trivalent in Eulre, but if one uses the conventional molecular field theory the reported 


Eulr. cannot be 


ferromagnetism of 


th that in GdIr. 


PART I. EXPERIMENT 


N the periodic table, europium is followed by the 

ferromagnetic elements! gadolinium through erbium, 
nd it is therefore of interest to know if europium is 
ferromagnetic also. Previous measurements?? on euro- 
have been carried to the temperature of liquid 
nitrogen, and La is and Trombe there ob- 
erved that with decreasing temperature the suscepti- 

ity increased and became field-dependent. Our meas- 
irements, carried to 1.3°K, also show a dependence of 
susceptibility on field strength 100°K, but 
could not be detected even at the lowest 


um ha 
Blancheta 


below 
I ystere sis 


temperatures 
Material 


Metallic europium was obtained from Research 
Chemicals, and was said by them to contain 0.5% oxy- 
gen; spectroscopic analysis showed a trace of tantalum 
nd no other impurities. About 0.5 g of material was cut 
from a larger piece under kerosene, weighed under kero- 
ene, placed in a small aluminum capsule, and trans- 
ferred to the cryostat in which it was always in an 
atmosphere of helium. After measurement the specimen 
was found to have a bright surface. 


Measurements 


Measurements were made with the pendulum mag- 
etometer previously described.‘ Between 75° and 4.2°K 
* Part of the work was performed while a summer guest at the 
Bell Telephone Laboratories, Murray Hill, New Jersey 





Spedding, Legvold, Daane, and Jennings, Progress in I 
mperature Physics, edited by C. J. Gorter, (North-Holland 
ublishing Company, Amsterdam, 1957), p. 368 

*C. Henry La Blanchetais and Fk. Trombe, Compt. rend. 243, 
07 (1956). 

W. Klemm and H. Bommer, Z. anorg. allgem. Chem. 231, 138 
1937) 

*R. M. Bozorth, H. J. Williams, and D. E. Walsh, Phys. Rev. 


103, 572 (1956) 


ascribed to Eut** 


with a value of the exchange field consistent 


temperatures were measured with a carbon resistance 
thermometer calibrated at the boiling points of He, H, 
and N, and at the triple points of H and N. Above 75° 
a calibrated copper-constantan couple was used. Both 
resistor and couple were in contact with the aluminum 
capsule. 

Magnetization per mole, ¢, was measured at field 
strengths of 4, 8, and 12 kilo-oersteds as dependent on 
temperature, and results are shown in Fig. 1. Mag- 
netization curves, om vs H, for temperatures of 1.3, 4.2, 
and several higher temperatures are shown in Fig. 2; 
below 100°K the variation of molar susceptibility xm, 
with field strength is apparent. 

The unusual results in the temperature range of 90 
to 100°K correspond qualitatively to those of La 
Blanchetais and Trombe’ and bear a close resemblance 
to the maxima observed in a number of rare earth 
metals! heavier than gadolinium; they are ascribed to 
antiferromagnetic ordering, and neutron diffraction ex- 
periments on erbium by Koehler and Wollan® appear to 
support this point of view. 

Measurements of ¢,, vs H at low temperatures showed 
that these curves are completely reversible, within the 
accuracy of our measurements; we found no evidence of 
hysteresis. Figure 3 shows the o,, vs H curve taken with 
increasing and decreasing fields, and for comparison 
similar data for holmium which shows hysteresis in 
accord with its known ferromagnetism. ! 

A plot of 1/x vs temperature from 100 to 300°K gives 
uetp== 8.3; this is to be compared to the values 7.1 and 8.2 
obtained, respectively, by La Blanchetais and Trombe 
and by Klemm and Bommer. 


PART II. THEORY 


The magnetic behavior of europium is curious and 
unusual. It is not ferromagnetic, but it has a suscepti- 


®'W. Koehler and E. O. Wollan, Phys. Rev. 97, 1177 (1955). 
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Fic. 1. Magnetization vs temperat 
bility at low temperature about forty times larger than mously as the temperature is lowered, corresponding t tu 
for the ideal gaseous state, or hydrated europic salts. the fact that the susceptibility is approximately a fun x 
This high value of the susceptibility is practically ind tion only of H/7 
pendent of temperature in the helium region. At thi No one atom mode n possibly fit the experiment ae 
same time, in this region, there is a huge saturation data. Since the susceptibility ndependent of tempera . 
curvature, considerably more than for the celebrated ture in the \ ty of T=0, it is natural to assume 
- 2 ~ ‘Y a . a " ’ 7 y} 
case of Gdo(SO4)3-8H»O at 4°K, and about the same a east to get an idea of orders of magnitude, that we hav 
the latter at 2°K. The most striking fact is that this a nondiagonal element g3// of Zeeman energy conn¢ " 
curvature is independent of temperature near T=0, ing twostates separated by an interval large comp ' 
being the same within the experimental error at 1.3and to &7. (A diagonal matrix element would give a 1/7 : 
4 ne ; ; Cc 
4.2°K (see Fig. 2). On the other hand, in hydrated term in the susceptibility The magnetic momen 
gadolinium sulphate, the curvature increases enor- per atom of the lowest doublet component is. ther 
HH 9°23 i Se | | | » obtain i u ceptibility of 0.3 : 
2500 7) per gram atom in weak fields, and 40% reduction in th 
moment be use of partia ituration at 12 000 gauss 7 
“| requires g=0.5, and ['/k=0.6°. The interval I is, how- 
O anaan : . : . : 1] 
 amacats | ever, then muc! n er than Rk7. It is consequently ‘ 
= necessary to correct for the influence of the upper stat F 
« ] | ] A 
a nd the moment becomes drastically dependent o1 
ih temperature. Formu jualitatively different from 
~ those with a one-atom model are thus indicated 
= t high temperatures, the susceptibility of Eu 
vw 10 " . . i 
4 represented empirically by a formula of the form : 
< | 1 , I 
= | ¥ = Vues’ B?/3kT, (1 ; 
50C = . l 
a } vith weorp= 8.3. TI usceptibility about ten times as ; 
lara a for the free Eu ion. There are of course, 
{ 
| correctior lor exchange interactions 1n the solid s 
6 a go aa” but it highly unlikely that these corrections woul 
Hi GNETIC ELD STRENGTH it ERST c . - 
a a ee i ce si change the moment by a factor 10 at room temperatures 


Fic. 2. Magnetization curves for several temperatures or higher. Thus, a trivalent model fails to represent the 











MAGNETIC 


susceptibility of metallic Eu. This is in contrast to the 
rare earths beginning with Gd, as de Gennes® has shown 
that their magnetic behavior can be explained fairly 
well on the assumption that the magnetic ions are 
trivalent, with the three other electrons in nonmagnetic 
conduction bands. 

Instead the magnetic behavior of Eu at high tempera- 
tures is more nearly approximated with a divalent 
model. The magnetic ingredient is then a Eut* ion, 
which like Gd+**, is in an S state. If exchange inter- 
action is neglected, the theoretical effective Bohr 
(7X9)}=7.9, Further- 
more, it is generaily believed by metallurgists' that 
metallic europium is divalent, for its type of crystal 
structure, low density, high compressibility, etc., are out 
of line with the corresponding constants for most of the 


magneton number is then sere 


rare earths. 

The fact that Gd is ferromagnetic and Eu is not, dees 
not constitute an insurmountable difficulty, for the ex- 
change coupling between the magnetic electrons is pre- 
sumably caused by the indirect Zener-Ruderman-Kittel- 
Yosida mechanism via conduction electrons, and the 
onstants of the exchange field can conceivably be quite 
different with two than with three conduction electrons 
per atom. 

There are however still some difficulties in finding an 
icceptable magnetic theory even in the high tempera- 
ture region, even with a divalent model. In the first 
pla e, the observed effective magneton number is about 
5%, higher than for the free ion. Possibly the residual 
contribution is to be attributed to incomplete quenching 
of the conduction electrons. A more serious difficulty is 
that it is hard to see how Curie’s law can be so nearly 
beyed if there is an antiferromagnetic Curie point 
iround 90°, as indicated by the magnetic curves of mo- 
ment against temperature (see Fig. 1). Antiferromag- 
netic coupling tends to reduce the moment, giving a 
Curie denominator of the form 7+ A rather than T. 

It is certainly difficult to find a divalent model which 
vill explain the magnetic behavior at low temperatures, 
n particular the onset of a gre atly increased sus epti- 
bility below about 50°K, and a high saturation curva- 
ture at low temperatures. A true antiferromagnetic is 
usually characterized by a susceptibility which has a 
positive temperature derivative below the Néel point, 
and is difficult to saturate. 


THEORY FOR TRIVALENT MODEL 


The behavior of europium at low temperatures can, 
strange to say, be explained fairly well on the basis of a 
trivalent model. We represent the exchange coupling by 
the usual artifice of a molecular field, and neglect the 
crystalline field since metallic europium is bedy-cen- 
tered cubic, and the lowest states /=0, J 


’ 


1 are conse- 
quently unsplit. The details of such a model are outlined 
at the beginning of the preceding paper, henceforth 


*P. G. de Gennes, Compt. rend. 247, 1836 (1958). 
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l'ic. 3. Lack of hysteresis in Eu, compared with its presence in 
ferromagnetic Ho. 


called |.c., by Wolf and Van Vleck,’ on europium iron 
garnet. If J;; denote the exchange integral connecting 
atoms 7 and j, the appropriate exchange field can be 
shown to be 


Hi. x (> j J 53 Np*)M Eu) (2) 


at low temperatures, where practically all of the mag- 
netic moment comes from matrix elements connecting 
J=0 with J=1. (At higher T the ratio of Hx to 
M yg 1s a slowly varying function of temperatures be- 
cause of the fact that the ratio of spin to total magnetic 
moment depends on the relative population of the vari- 
ous states.) In weak fields we can provisionally substi- 
tute (2) in Eq. (1) of l.c., and solve the resulting equa- 
tion for My, to determine the ratio Mp,/Ho. This 
procedure however, neglects saturation effects, and is 
obviously incapable of explaining the curvature ex- 
hibited in Fig. 2. To allow for saturation, we abandon 
the use of perturbation theory made under the assump- 
tion that the exchange field is small, and instead solve 
rigorously the secular problem for the pair of states J/=0, 
1 joined by an exchange plus applied field, which we 
suppose directed along the z axis. The exchange field 
acts only on the spins. If we neglect all matrix elements 
except those joining /=0 and J=1, as is appropriate at 
low temperature, we find 


28[ Ho + (2AM pu/ NB) ] 
M gu 23Nn( 
(LEP+48?(Ho+3AM gu/NB*)?}! 


w 
nani 


7W. Wolf and J. H. Van Vleck, preceding paper [Phys. Rev. 
118, 1490 (1960). 
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where 
F\=Eyei—Es.o; A 16 >> 5 J ;;. (4) 
A= (mo—10)/N. (5) 
Here mo, 2,0 are, respectively, the number of atoms in the 
states J/=0 and J=1, M,=0. Equation (3) must be 
solved for Mg, or, in other words, a consistent value of 
the magnetization must be used on the left-hand side of 
the equation and in the exchange field. This minor 
algebraic difficulty did not occur in the paper on the 
europium garnet, as the exchange field was considered as 
arising entirely from the iron rather than Eu, and so 
could be treated as impressed rather than self-consistent. 
The relation (3) can conveniently be expressed in the 
parametric form: 


2a° ky ky —rA 

BH a T . 8) 
1—a!' 1+’ 

M pu=4NdaB/(1+0°). 7 


3y means of (6) and (7) the magnetic field H can be 
computed as a function of Mp, and the saturation 
curves drawn. 

At very low temperatures the concentration in upper 
1 [see Eq. (5) |. Che best fit 


to experiment is obtained if one takes 


A) k 91°. (3) 


states is negligible and soA 


E, k 285 . (E\- 


The resulting saturation curve for T=0 is shown by 
broken lines in Fig. 2 and is in good accord with the ex- 
perimental results for T= 1.3° and 4.2°. The value of 
E,/k obtained in this fashion is forty percent lower than 
the spectroscopic value of 480° for the free ion. The 
discrepancy is not too alarming in view of the approxi- 
mations in the theory and especially the sensitivity of 
the experimental results to the sample. (Earlier, perhaps 
less accurate measurements on another specimen gave a 
value of £, only 20 percent lower than the spectroscopi 
one.) It is of interest to compare the size of the exchange 
integral obtained from (8) with that in metallic gado- 
linium. From (4) and (8) one finds for Eu, >; J;;/k 

18°. From the Curie point of gadolinium one deduces 
a value of 28° for this sum if one uses the standard 
expression 


T.=2S(S4N)Dj Jis/k (9) 


7 Ss 


of molecular field theory for the Curie point. (The more 
refined formulas of Brown and Luttinger, etc., are not 
applicable because the effect of non-nearest neighbors 
may be substantial.) The agreement is as close as one 
has any right to expect, for gadolinium and europium 
have entirely different dimensions and lattice structures, 
viz. hexagonal close-packed and body-centered cubic. In 
gadolinium there are six neighbors at 3.57 A and six 
more at 3.64, whereas in europium there are eight 
nearest neighbors at 3.99 A. Hence one would expect 
gadolinium to have a larger value of >>; Jj. 


AND J H 


VAN VLECK 


We now investigate the consequences of the trivalent 
theory at temperatures other than T=0. One can ex. 
plain the gradual fading out of the saturation. curvature 
as the temperature is raised or, in other words, one can 
obtain substantially the solid curves in Fig. 2 if ) jg 
treated as an empirical function of the temperature. The 
problem is to see if the ory will yield the proper relation 
between A and 7 


expres ion 


} 
! 
If one uses the usual Boltzman; 


A . 10 


for the quantity A defined in (5), the decrease of \ from 


its maximum value 1 does not set in rapidly enough 
However, an explanation of this fact is found in the 
blurring of the upper states / = 1 by the matrix elements 
of the exchange potenti il of the form (A/), —(AJ),; 

+1. One can make approximations analogous to those 
of the Holstein-Primakoff theory except that now one 
has excitation waves whereby an atom is excited to the 


state /=1 rather than turned over. The excitation wave 


is handed on from atom to atom analogously to the spin 
reversal in the H—P theory 
Since there are such grave doubts as to whether 


metallic europium is really trivalent, we will omit the 


mathematical theory. The technique 


shows considerable resemblance to that employed by 
Bogoliubov’ in infiltrating the crystalline field into spin 
wave theory or by Anderson’ in treating supercon- 
ductivity. We will simply give the final formulas, which, 
vhether they are applicable to 


quite irrespective of 


metallic europium, may be useful for materials (EuN? 
where trivalent ions are the only magnetic ingredient 
spaced so that the exchange field 


wave theory, tl 


and are ¢ lose ly ¢ noug! 


important. With the excitation ( 


formula for the quantity A to be used in (2) or (6-7) is 
IQ k7 nQ 
Ay—A > | (14+077 K, ) 
2r?AlK,! » Qn kT 
{ k7 nQ 


PE ( K (a 
Vn kT 


where A(x) is a Bessel function of imaginary argument 
defined and tabulated by Watson," Ao is the value of A 


at T=0, and 


6>°;J 
Q=| F£,(A£i—A ; 12 
Lo ilris/l)S i; 
with / the lattice constant. In deriving (11) the quantity 


NI interpreted a the expectation value of an operator, 


ind S. V. Tiablikov, Izvest. Akad. Nauk 
1, No. 6 (1957 
P. W. Anderson, P! Rev. 112, 1905 (1958) 
G. N. Watson, A Treatise on the Theory of Bessel Function 
Cambridge University Press, New York, 1952 
Eq. (4) and Table, p. 737 
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which is unity in the state J/=0, is 0 for J=1, My=+1, 
and is —1 for /=1, M,=0. A difficulty is that at T=0, 
the expectation value is not unity because exchange 
interaction blends in some states of higher J, and in 
applying (11) to (3) or (7), we somewhat arbitrarily 
replace A by 1+ (A—Ao). 

The excitation wave theory gives a specific heat 


323 NVQ! « 1 124T nQ 
EGG) 
4a? FIA n— T nvr kT 
3k nQ 
+ K( ) (13) 
Qn kT 


near 7=0O much larger than that obtained from the 
usual Schottky formula based on a Boltzmann distribu- 
tion among the multiplet components. 

The excitation wave theory has crude, qualitative 
success in explaining the trend of M gq with temperature 
at low temperatures : the susceptibility drops much more 
rapidly with increasing temperature than one would ex- 
pect on the basis of the Boltzmann formula (10). This 
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Ic. 4. The susceptibility in weak fields as a function of temper 
ature. The solid curve is experimental. The theoretical curve based 
on Eq. (10) assumes a Boltzmann distribution among the multiplet 
states of a Eu ion. The curve labeled Eq. (11) is also for a trivalent 
ion, but uses the excitation wave approximation which is appro 
priate for low temperatures 
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fact is shown in Fig. 4. The value of z used in obtaining 
the curve based on Eq. (11) is 30. The quantity z defined 
by (12) would be equal to the number of nearest neigh- 
bors (8 for a body-centered lattice) if they were the only 
ones coupled to the central atom, but with the Z-R-K-Y 
mechanism this is not the case, and atoms at different 
distances may make substantial contributions to the 
sums in (12). The dropoff of the susceptibility predicted 
by the excitation wave theory is much too rapid except 
in the low-temperature region, but this is not a cause for 
undue concern, as the excitation wave theory is only a 
low-temperature approximation. At higher tempera- 
tures one should shift over to a curve based on the 
Boltzmann distribution. The fact that even the latter 
yields too low a susceptibility at high temperature has 
been mentioned earlier, and is evidence that at high 
temperatures europium is divalent. 

As far as magnetic behavior is concerned, it would be 
convenient to have europium behave divalently at high 
temperatures, and trivalently at low temperatures. 
However, from a metallurgical standpoint, this is very 
unlikely. Barrett'' has measured the lattice parameters 
of metallic europium down to 5°K and finds only a 
minor change (<1%) in the lattice parameters as com- 
pared with ambient temperatures. In view of the diffi- 
culty of finding a simple magnetic theory with constant 
valence that works both at high and low temperature, 
it is perhaps not beyond the range of possibility that 
there is some kind of valence adjustment that does not 
affect the lattice parameters or elastic constants but this 
would be a freak situation. The other possibility is that 
the magnetic behavior of divalent, or nearly divalent 
europium is too recondite to be amenable to any simple 
theory. Conceivably, for instance, there is a mixture of 
states of different valency with the percentages de- 
pending little on temperature, but we have been unable 
to find a model of this character that will explain the 
observed magnetic behavior. 


ENIGMA OF THE MAGNETIC BEHAVIOR OF Eu 
IN PLATINUM COMPOUNDS 


We have seen that the magnetic behavior of pure 
metallic europium is difficult to interpret. That of 
europium in compounds with platinum metals is even 
stranger. It is generally accepted by metallurgists that 
in these metals the europium is trivalent. Bozorth, 
Matthias, Suhl, Corenzwit, and Davis” find that Eulr. 
is ferromagnetic, with a Curie point 70°K, only about 
20% lower than for GdIre. Such a behavior, however, 
cannot be obtained from trivalent ions with a value of 
the exchange integral at all in line with that for other 
rare earths in an iridium compound. To see why this is 
the case, we can at this point review why a trivalent 
mode! could explain the high saturation curvature of 


metallic europium at 7=0. The inclusion of exchange 


"C.S. Barrett, J. Chem. Phys. 25, 1123 (1956). 
2 R. M. Bozorth, B. T. Matthias, H. Suhl, E. Corenzwit, and 
D. D. Davis, Phys. Rev. 115, 1595 (1959) 
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effects via the molecular field has the effect of replacing 
the reciprocal 1/Z, of the natural multiplet width by 
1/(#£,—A) in the expression for the susceptibility in 
weak fields [see Eq. (3) with the approximation 3; for 
the radical ]. If A is nearly equal to £, the susceptibility 
at T=0 (where A= 1) is raised enormously compared to 
the free ion. Under these conditions, the saturation cor- 
rections are far more important than for the free ion. 
However, as the temperature is raised, and \ becomes 
less than unity because some atoms are promoted to the 
state J=1, the near-balance between the multiplet 
width and the exc hange term is destroyed, and there is a 
pronounced drop in the susceptibility and saturation 
curvature, in accord with experiment. Incidentally, be- 
cause this near-balance is such a delicate effect, the 
susceptibility of metallic Eu with a trivalent model 
should be tremendously sensitive to pressure or im- 
purities. If A exceeds £,, ferromagnetism can result, and 
this is how one would explain the ferromagnetism of 
Eulr, on the basis of a trivalent model. The Curie point 
would be zero if E;= A, and somewhat higher if A>). 
From Eq. (4) we thus see that the minimum value of 
> ; Ji;/k which can result in ferromagnetism is 30° if 
one uses the spectroscopic value £,/k=480°. However, 
if one uses this value of >>; J;;/k in (9) one finds that 
the Curie temperature of GdIr, should be about 300°K, 
over three times the experimental value. One is thus 
forced to abandon either the trivalent model or the 
conventional molecular field theory, in which it is 


assumed that the exchange integral is relatively in- 


AND 
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sensitive to the ion, and which accounts fairly well for 
the magnetic behavior of the platinum compounds of 
the other rare eart 

\ further difficulty is that the saturation magnet 


ization of Eulr is low as found by Bozorth 


collaborators. The saturation moment and Curie tem- 


perature vary roughly as mg and n,”. So it is hard to 


understand why the saturation magnetization is exper 
mentally only ibout a tenth as large for Eulrs as for th 
following compounds GdlIrz and TbIre although the 


Curie temperature of roughly the same size. The most 


] 


natural explal ition t U situation is that. th 
ferromagnetism comes from small inhomogeneous re- 
gions which contribute most of the moment, but 

proposal seems rather unre isonable pl \ ically Possil \ 
there is a mixture of ions of different valencies. In any 
case it appears that alt! ough the conventional molecular 


field t] eory W rks juite we for the right half of the rare 


earth sequence, it cannot be consistently employed for 


Eulr, and GdlIr. if one makes the usual assumption, 


explained at the beginning of l.c.,? that the exchange 
field acts only on the spin. This suggests that the actua 
behavior or the rare earth met s really much mo 


complicated than envisaged in the usual theory 
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The influence of photochemically produced F centers in LiF 
on the thermal conductivity is investigated, the density of the 
F centers being determined optically. The F centers decrease the 
thermal conductivity appreciably at low temperatures. Additive 
coloration of KCl has a similar effect. The experimental results 
are quite different from the results obtained in the case of the 
sotope effect in Ge. Callaway’s theory for the lattice thermal 
onductivity in the presence of point defects cannot explain the 
observations satisfactorily, 


present 


although it is superior to 


I. INTRODUCTION 


ie perfect crystal lattices the thermal conductivity 
is determined by intrinsic processes or in other 
language, phonon-phonon collisions. Peierls! showed 
that these processes become less frequent as the tem- 
This explained the observations 
first re ported by Eucken? that the thermal conduc tivity 


f 


of crystals increases with decreasing temperature. In 


perature decreases. 


practice, 


perturbation of the lattice periodicity constitutes a 


crystals always are of finite size, and this 


second scattering source: Phonons are scattered at the 
crystal surfaces. At low temperatures this scattering 
mechanism becomes dominant with a constant mean 
free path given by the crystal dimensions. The boundary 
effect is characterized by a T* dependence of the thermal 
conductivity. It was discovered by de Haas and Bier- 
masz’ and has been discussed in several papers.*~® 

In addition, crystals always contain imperfections. 
The thermal conductivity depends very sensitively on 
their presence. The phonon scattering by different 
lattice imperfections differs not only in magnitude, but 
ilso in its dependence on the phonon frequency and 
the temperature. As a result, measurements of the 
thermal conductivity should be a sensitive means of 
studying crystal imperfections once this method is 
sufficiently calibrated. It is therefore of interest to in- 
vestigate the lattice thermal conductivity of crystals 
containing various amounts of different known im- 


perfections. In 1951, Klemens worked out a detailed 


theory of thermal conductivity and the influence of 
lattice defects. He explained the existing experimental 
data and made quantitative predictions for the various 


* Work supported in part by the National Science Foundation 
and the U. S. Atomic Energy Commission 

'R. E. Peierls, Ann. Physik 3, 1055 (1929) 

? A. Eucken, Ann. Physik 34, 185 (1911). 

>W. J. de Haas and T. Biermasz, Physica 5, 47 (1938) 
B. Casimir, Physica 5, 495 (1938). 
R. E. B. Makinson, Proc. Cambridge Phil. Soc. 34, 474 (1938). 
6 R. Berman, E. L. Foster, and J. M. Ziman, Proc. Roy. Soc. 
London) A231, 130 (1955). 


Klemens’. Two explanations are proposed: (1) The F centers are 
not ramdomly distributed (but the presence of clusters of F 
centers can be excluded in the experiments). (2) The long-range 
strain field around the F center does not scatter like a point 
defect. In support of Callaway’s theory, it is shown that his 
model can explain an experimental observation (first reported by 
Toxen) about the influence of point defects on the thermal 
conductivity. 


lattice defects. We refer to his papers?” also for a 
careful collection of references. 

This paper considers “point” defects; “point” means 
here a lattice defect with a diameter which is small 
compared to the phonon wavelength. The second part 
of this section discusses what is known about the effect 
of point defects on the thermal conductivity and ex- 
plains why the system LiF containing F centers was 
chosen for this investigation. In Secs. II, III, and IV 
this experiment is described. Section V gives a brief 
review of the theory in which the differences between 
the two theoretical approaches, the one by Klemens, 
the other by Callaway," are compared. In Sec. VI a 
comparison between the experiment and the theory is 
made. It will also be pointed out that Callaway’s model 
explains an observation of the dependence of the 
thermal conductivity on the density of point defects, 
first reported by Toxen”; this observation could not be 
understood with Klemens’ model. In the concluding 
discussion (Sec. VII) several reasons for the disagree- 
ment between the experiment reported here and the 
theory are discussed. 

Point defects disturb the periodicity of the lattice in 
at least one of three different ways: (1) A point defect 
has a different mass; (2) it changes the force constants; 
and (3) as a particular case of (2), the impurity atom 
has a different volume which produces a strain field, 
thus changing the force constants through the anhar- 
monic parts of the lattice forces. If point defects are 
randomly distributed, they scatter phonons with a 
Rayleigh scattering law. The relaxation time for this 
process is given by 


‘ (1) 


Tot *W 


7P. G. Klemens, Proc. Roy. Soc. (London) A208, 108 (1951). 

5 P. G. Klemens, Proc. Phys. Soc. (London) A68, 1113 (1955). 

»P. G. Klemens, in //andbuch der Physik, edited by S. Fliigge 
Springer-Verlag, Berlin, 1956), 2nd ed., Vol. 14, p. 198. 

0 P. G. Klemens, in Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, p. 1. 

1 J. Callaway, Phys. Rev. 113, 1046 (1959). 

2 A. M. Toxen, Ph.D. thesis, Cornell University, 1958 (un- 
published); and Phys. Rev. 110, 585 (1958). 


1499 





1500 ROBERT 


The experiments on point defects can be divided 
into two distinctly different groups. The first group is 
characterized by the isotope effect, as first discussed 
by Pomeranchuk." In this case the lattice periodicity 
is disturbed by the difference AM in mass between the 
different isotopes. Slack" first presented experimental 
evidence for the isotope effect, and it was investigated 
experimentally by Geballe and Hull.'® They compared 
two germanium single crystals which differed (as far 
as possible) only in their isotope content. One was the 
natural isotopic mixture, the other contained 95.8% 
of Ge™. The crystal containing the normal isotopic 
mixture had a thermal conductivity which was lower 
than that of the isotopically pure specimen over the 
entire temperature region. The temperature at which 
the maximum conductivity was observed was almost 
the same in both crystals. Callaway" recently explained 
these results quantitatively. Evidence was given by 
two other experiments that the introduction of point 
defects had a similar result on the thermal conductivity, 
even though the point defects were not isotopes. One 
of these experiments was performed by Williams'® on 
mixed crystals of KCl and KBr; he varied the concen- 
tration of the KBr from zero to 50%. The other ex- 
periment was done on mixed crystals of germanium 
and silicon by Toxen,” who varied the concentration 
of Si from zero to 7 atomic percent. In both cases the 
mixing resulted in a large decrease of the thermal con- 
ductivity over the entire temperature range. Again the 
presence of point defects did not alter the temperature 
at which the maximum thermal conductivity occurred. 
So far no attempt has been made to explain these two 
experiments quantitatively, but they agree qualita- 
tively with the results Callaway obtained for the isotope 
effect. 

In the second group of experiments the introduction 
of a rather small concentration of point defects results 
in an unexpected large decrease of the thermal con- 
ductivity at the lower temperatures. Consequently, the 
temperature at which the maximum conductivity is 
observed increases with increasing concentration of 
point defects. These experiments were made on the 
following systems: (1) KCI doped with CaCl,; (2) neu- 
tron irradiated AloO;, also LiF irradiated with neutrons 
and 1.5-Mev y-rays; (3) Ge and Si doped with group 
III acceptors. The first of these experiments was done 
by Slack.!’ The concentration of CaCl, ranged from 
0-3.4X 10'8 cm™. The calcium ion is believed to replace 
two potassium ions, substituting for one and leaving 
the other site vacant. Slack found a small decrease of 
the thermal conductivity on the high-temperature side 
of his curves, but there was also a large decrease on the 
low-temperature side. This large decrease was explained 

13 J. Pomeranchuk, J. Tech. Phys. (U.S.S.R.) 6, 237 (1942) 

4G. A. Slack, Phys. Rev. 105, 829 (1957 

16 T. H. Geballe and G. W. Hull, Phys. Rev. 110, 773 (1958) 

16 W. S. Williams, Ph.D. thesis, Cornell University, 1956 (un- 


published); and Bull. inst. intern. froid, Annexe 1956-2, p. 119. 


17G. A. Slack, Phys. Rev. 105, 832 (1957 
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assuming that 20% of the CaCls was precipitated in 
the form of clusters approximately 75A in size. (Ray- 
leigh scattering requires partic le sizes small compared 
to the wavelength. With a particle size of 75A this was 
no longer the case in Slack’s experiment. He assumed 
that they would scatter phonons with a relaxation 
time 7.; independent on the phonon wavelength and 
temperature. ) 

The radiation damage was studied by Berman!® on 
Al,O3; and by Cohen” on LiF. Both investigators 
attributed the decrease of the low-temperature thermal! 
conductivity to the formation of clusters during the 
irradiation. The presence of clusters in these experi- 
As yet the in- 
fluence of clusters on the thermal conductivity has not 


ments was plausible, but not proved. 


been independently studied. 

The situation in the doped Ge and Si crystals in- 
vestigated by Carruthers” 
cated. The experimental results are similar to those 
just des« ribed, but the doping also produced mobile 
carriers. The decrease in thermal conductivity was be- 


and others is more compli- 


lieved to be caused by collisions of phonons with charge 
carriers in impurity bands 

In the present paper it will 
large decrease of the thermal conductivity on the low- 


be shown that the same 


temperature side of the maximum can be observed in 
a case where neither clusters nor charge carriers exist. 
For studies of point defects alkali halides with F 


centers have many advantages. Some of them are 
summarized below: The nature of the F center, an 
electron trapped in a halogen vacancy, is well estab- 


lished. The F center is a defect of the general type 


mentioned in the introduction, disturbing the lattice 
by a different mass, changed force constants, and in 
particular by a strain field. Irradiation with x-rays is 
a simple way of producing F centers. A crystal contain- 
ing F centers shows a characteristl absorption band 
which can be used to determine their density 2; 


(number of F centers per unit volume). The formation 


of clusters can be checked, again by means of optical 
absorption, and the crystal does not exhibit electrical 
conduc tiv ity in the absence of light. Succe ssive irradia- 
tions make it poss ble to investigate the thermal con- 
ductivity as a function of temperature and the density 
np of the F centers on the same specimen, thus reducing 

the error introduced by the geometry, 
the crystal urface, and the background imperfections 


Finally, annealing at moderate tem- 


to a minimum 


of the specimen 
peratures bleaches:the F centers, and thus the repro- 
ducibility can be checked. LiF has the advantage over 
most of the other alkali halides of having a high Debye 
§=122 KR 


temperature Therefore, its intrinsic ther- 





5 R. Berman, E. L. Foste ind H. M. Rosenberg, in the Report 
f the Bristol Conference on Defects in Crystalline Solids, 1954 (The 
Physical Society, London, 1955 

19 A. F. Cohen, Oak Ridge National Laboratory Report ORNL- 
2614, Phys.-Math, TID 4500, p. 39 (1958 

*” J. A. Carruthers, T. H. Geballe, H. M. Rosenberg, and J. M. 
Ziman, Proc. Roy. Soc. (London) A238, 502 (1956 
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F CENTERS AND LATTIC&E THERMAL CONDUCTIVITY IN Ger 1501 
n mal conductivity is high. Because of the small atomic OO Se eee eel eee oe a 
J. numbers a very uniform coloration can be produced by % § J 
| . ie Fic. 2. Optical ab- ° 
: sing soft x-rays. ; I Z 3 a 
d using s¢ 2 sorption spectrum of 7” 
LS LiF after irradiation - Ff , 
d II. CRYSTALS with 60 kv x-rays Dil, J 
a , through 2 mm alu- 2° 
n The crystals used were Harshaw LiF purchased in jpinium filter. mp % + 4 
d October, 1956. The crystals were 40 mm long. After the al = it Fo. 4 
: oes Kaen tee ee 3 OL radiated and meas- § 
cleaving, the —— were spe gp : rd at 1100 K ured at 300°K. z 4 
n ° be > > y ‘ ; dat a rate 1 : = 
, (40° below the melting point) and cooled at a rate of ahs =< = a 
, one degree/min to 500°K and then more slowly to PHOTON WAVENGTH MAL 
ul room temperature before their thermal conductivity 
was measured. The chief purpose of this treatment wa: thermocouples could not be cemented to the crystals. 


to provide the same thermal history for all crystals. 














- The crystals could be cleaved to a size of 0.75X0.75 
: x40 mm without apparent plastic deformation. 
- Ill. EXPERIMENTAL PROCEDURE 
- . ; 
The apparatus used was built and described by 
e ‘ ; eee 5 4 
Williams'® and is similar to the one designed by Slack." 
Cc ‘ et ° ° 
Gold-Cobalt®! vs constantan differential thermocouples 
were used to measure the temperature gradient in the 
C . 
crystal when a known heat flux (provided by an elec- 
tric heater) was established in the crystal. The sensi- 
C . . a 
tivity of these thermocouples is roughly 1 wv deg™ at 
1°K. Voltages were measured with a dc breaker am- 
n i Seige 2 
plifier which had a sensitivity of 10~* volt. Because of 
. the high thermal expansion of the alkali halides, the 
» 
T Tr T T T 
. 20 Y al Sy. 4 
2 «4 
As 
| OF A f i Wie = 
we ‘a // \% 
4 y /;, “e 
© / 5 
5 o 5} 3 8 7 4 
z ‘ * : 
3 /, jf . 
9 P {fe “ 
Ss 2r o t 4 
) id /j e 
Me ‘; \ 
| 5 OF / 4 
J ; ” 
; d / 
= ‘ / 
2 : 
+ 
I 02+ ° 4 
- / 
* 
/ 
. 
0.1 4 4 st 1 4 
2 5 10 20 50 100 


TEMPERATURE DEGREES K 


Fic. 1. Boundary effect. The thermal conductivity A defined 
by the equation Q= Kd? grad T (Q is the heat flow through the 
cross section d? causing the temperature gradient A7’/Ax) for two 
specimens of LiF. A, 6.7X7.3X40 mm; B, 0.74X0.79X40 mm, 
cleaved and annealed; C, B after sandblasting and 
annealing, milky surface 


Same as 


1G. Borelius, W. H. Keesom, C. H. Johansson, and J. O. Linde, 
Commun. Kamerlingh Onnes Lab. Univ. Leiden No. 217, c, d, ¢ 
1932); W. H. Keesom and C. J. Matthijs, Physica 2, 623 (1935 





Instead, two indium-faced clamps, made entirely of 
aluminum, were attached to the crystal 15 mm apart. 
Phosphor bronze springs provided sufficient pressure 
at all temperatures. The thermocouples were soldered 
to the clamps. For the photochemical production of 
F centers. the crystal was exposed to 60 kv X-rays 
filtered through 2 mm Al, without removing the alu- 
minum clamps. For one experiment at the highest 
density, me=2X10'S cm™, an additional exposure to 
1.5-Mev y-rays was used. The optical absorption was 
determined on thin slices of LiF which had been sub- 
jected to the same treatment as the pieces used to 
study the thermal conductivity. For the absorption 
measurements a Cary recording spectrophotometer was 
used, and the data were analyzed by Smakula’s for- 
mula” assuming that the oscillator strength f was 
equal to unity. From their experiments on the magnetic 
susceptibility, Bate and Heer deduced an oscillator 
strength f,=0.82 for a Lorentz band shape; such a 
departure from unity for f is not significant in the 
interpretation of our experiments. 


IV. EXPERIMENTAL DATA 


in Fig. 1 the thermal conductivity for two specimens 
of LiF is plotted vs temperature. The curves A and B 
were measured on two specimens which differed only 
in size. C is the same specimen as in B, but with rough- 
ened surfaces. These measurements are a verification 
of the boundary effect and show that except at high 
temperatures the conductivity depends strongly on the 
geometrical size and surface structure of the specimen 
measured. 

Irradiation with x-rays at room temperature produces 
the characteristic absorption spectrum shown in Fig. 2. 
The graph shows the F absorption at 2450A and a 
comparatively small absorption at 4500A, which is as- 
cribed to the M center. The introduction of F centers 
reduces the thermal conductivity quite markedly. Fig- 
ure 3 gives an example. Curve A is the same as the top 
curve in Fig. 1. Three successive irradiations reduce 
the thermal conductivity on the low-temperature side 
(curves B, C, and D in Fig. 3). After D was measured, 


2 A. Samakula, Z. Physik 59, 603 (1930). 
Bate and C. V. Heer, J. Phys. Chem. Solids 7, 14 (1958). 
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TEMPERATURE OEGREES K 
Fic. 3. Thermal conductivity of one crystal of LiF with succes 
sive irradiations at room temperature: A, same as in curve A of 
Fig. 1, 6.7X7.3X40 mm; B, x-rays, ne=4.2X10" cm; C, 
x-rays, mp=7.1K10" cm D, x-rays plus 1.5-Mev rays, 


np=2X10'* cm; EF, partly bleached 

the crystal was annealed for two hours at 570°K. This 
treatment bleached the F band, but a small band re- 
mains which peaks at around 2100A and is quite 
similar to the one described by Delbecq and Pring- 
sheim.** The nature and of the 
centers responsible for this band is unknown. The ther- 
mal conductivity is given by curve £. Finally, after 
the crystal is bleached completely, curve A is obtained 
again. The process is completely reversible. Figure 4 
shows the same effect of F centers on the thermal con- 
ductivity, but in this case of a thin crystal; again the 
presence of F centers is accompanied by a large de- 
crease of the thermal conductivity at low temperatures. 
The particular shape of the curve is different because 
of the different conductivity in the unirradiated speci- 
men (boundary effect). 

These experiments show that a rather small concen- 
tration of defects results in a very large decrease of the 
thermal conductivity on the low-temperature side. They 
therefore belong to the second group of experiments 
described in Sec. I. But before drawing conclusions 
from the present experiments, it must be shown that 
explanations like those given for these earlier experi- 


oscillator strength 


ments cannot apply to the present investigation. 

The F electron is very tightly bound. This excludes 
a phonon scattering by electrons. The formation of 
clusters with size comparable to the phonon wave- 
Chem. Phys. 21, 794 


*C, J. Delbecq and P. Pringsheim, J. 
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length—in this case colloidal Li metal—is a possibility 
that must be discussed in more detail. At temperatures pic’ 
much below the Debye temperature © the most ny. has 
merous phonons in a Debye distribution have thy wa 
wavelength A=a®T~'", in which a* is the molecular for 
volume. For LiF, ©=722°K, a*=(4A)?/4, a=2.5A by 
and therefore at 7°K, for example, \= 250 A. From th wit 
investigations by Miescher®® and by Scott and Smith irre 
it follows that neutral alkali metal in the lattic, aft 
absorbs light with practically the same _ oscillator cry 
strength, independent of whether it is atomically dis- sto 
persed or present 1n the form of clusters. A density of 
Ny 10'® cm can be ea ily detected by means of op- sce 
tical absorption. Since the irradiated crystals do not gal 
show absorption apart Irom the } and M band, it S abe 
assumed that a maximum of 10'® cm~* neutral Li atoms ins 
are present in form of clusters. For the present purpose tn 
their size would ve » be 250A in diameter. This ing 
means the dens ly yf the colloids is at most 210 tn 
cm The yeometr cro ection of the colloid Is ee 
5x 10 cm [ pon setting the geometrical CTOSS Sec- Un 
tion o ol ne <¢ ) | ¢ 1a to the phonon scattering DU 
cross section according to Slack, the phonon mean fre¢ ol 
patl Der Y 
1/) 10 er f 
This is 100 time e mean free path as giver - 
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Fic. 4, J I ict t Lil 1 ame as curve ( 1 
I 1, 0.740.79*% 40 mi i | annealed; B, afte 
irradiat it SOO°K, 2.210 
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KI. 34, 329 (1933 
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The foregoing calculations are based on one particular 
jicture of phonon scattering by clusters. This picture 
as not yet been proved experimentally. An attempt 
was made to obtain experimental evidence that the 
formation of clusters is unimportant in our experiments 
hy studying the effect of x-irradiation at 77°K on LiF, 
with the results shown in Fig. 5. Curve A is the un- 
irradiated crystal; curve B was measured immediately 


| 


after the x-irradiation at 77°K (without warming the 
crvstal up). A short warmup to room temperature re- 
stores the original conductivity, curve C. The formation 
of colloids in alkali halides at 77°K during x-irradiation 
seems very unlikely. Besides it is known from investi- 
gations of colloids that it takes temperatures well 
above room temperature to redissolve them (see, for 
instance, Miescher®® and Scott and Smith?*). The fact 
that the original thermal conductivity is restored dur- 
ing a short warmup to room temperature indicates 
that the defects produced during the x-irradiation at 
77°K anneal 

erefore assumed that these defects cannot be colloids 


at or even below room temperature. It is 


but are probably of atomic dimensions. A comparison 
of the data shown in Fig. 5 with those obtained with 
| which was irradiated at room 
in order to produce F centers (Fig. 4) 

hows that the irradiation results in both cases in 


of same size 


crysta 
temperature 
very similar decrease of the conductivity. It is there 
fore concluded that the defects which produce the 
hange in the conductivity after x-irradiation at room 


temperature 


also are of small size (or else the clusters 
would have to scatter in the same way as the small 


size defects produced at low temperatures). 
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Fic. 5 Thermal conductivity of Lil 0.94 0.92 40 mm, 
annealed and sandblasted. A, annealed, ‘pure’; B, after 60 kv 
rays at 77°K, measured without warming up after the irradia 
tion; C, measured after a short warmup to 300°K. To improve the 
clarity, the « xperimental points have been omitted in this figure 
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Fic. 6. Optical absorption of LiF after the same treatment as in 
Fig. 5. Measured and irradiated at 90°K. 


It should be noted parenthetically that the particular 
reaction products of photochemical processes at low 
temperatures depend appreciably on the state of purity 
of the crystal. Figure 6 gives one example. Here the 
effect of the low-temperature irradiation on the optical 
absorption was measured. Curve A is the “pure” crys- 
tal. Although transparent at 300°K, it shows some ab- 
sorption at 90°K. The absorption shown in B is pro- 
duced by x-irradiation. In addition to a broad band at 
3400A, three other bands whose nature is unknown are 
observed, but no F centers. A short warmup reduces B 
to almost the original value, curve C. These observa- 
tions do not agree with the experiments of Pringsheim 
and Yuster.”?’ They reported that irradiation with 
x-rays at 77°K produced the F band at 2429A and a 
broad band at 3400A. Warming to 138°K bleached 
this band, but not the F band. Warming to 300°K 
bleached half of the F centers. This discrepancy can 
probably be attributed to impurities in the specimen 
investigated here. Since this problem did not seem to 
be relevant to the questions investigated in this paper, 
no further attention was paid to it. 

It is interesting to compare the results obtained on 
additively colored crystals with those observed on 
photochemically colored crystals. It has not been found 
possible to color LiF additively. Deviatkova and 
Stilbans** studied the thermal conductivity of addi- 
tively colored KCI at 100°K, 200°K, and 300°K, using 
F center concentrations up to 5X 10'S cm~*. The changes 
in thermal conductivity which they found were small 
and showed appreciable scatter. Therefore, a study of 
the same substance was attempted, but extended to 


Yuster, Phys. Rev 
S. Stilbans, J 


P. Pringsheim and P 
E. D. Deviatkova and L 
22, 968 (1952). 


78, 293 (1950). 
Tech Phys. (US.3.R.) 
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TEMPERATURE DEGREES Kk 
Fic. 7, Thermal conductivity of Harshaw KCl, 4X4.5x401 
1, cleaved and annealed; B, after additive coloration, nx =8X 10 
cm™~*, Since the surface was damaged during the coloration, it is 
not known how much of the low temperature depression is Cause 
the change in specular reflection. Since the crystal is rather 
large, we expect this influence to be small 7 y 


lower temperature, where major changes were expected. 
The results of a preliminary investigation are shown 
in Fig. 7. 
outside the experimental error, and the 


The decrease below the maximum is well 
general be 
havior indicates that additive coloration reduces the 
thermal conductivity in the same way as does the 
photochemical coloration. The same density of / 
centers produces a smaller thermal resistivity (recipro- 
cal thermal conduc tivity) in the additively colored KCl 
than in the photochemically colored LiF. An experi 
mental investigation of both types of coloration in the 
same material is presently under way. 


V. THEORY 


In this section the theoretical expressions for the 
lattice thermal conductivity are briefly reviewed. In 
particular the difference between the models used by 
Klemens’ and Callaway" are discussed. As _ first 
suggested by Debye in 1914 the lattice thermal con 
ductivity K can be written as follows: 

K=4C,0l. (2 
C, is the specific heat per unit volume at constant 
volume, v is the velocity of sound, and / is an average 
phonon mean free path. A more detailed approach 
must take into account the fact that the phonon mean 


free path depends on the phonon circular frequency w 
Using the Debye expression for the specific heat on 
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F CENTERS AND LATTICE 
In this expression, M is the average total mass of the 
molecule, M; is the mass of the molecule containing the 
th impurity, a* is the molecular volume, v is the 
velocity of sound, and f; is the ratio of the number of 
molec ules with mass M; to the total number of mole- 
cules and equals n,;a* with ; the number density of the 
ith impurity. 

In order to compare his theory with experiments, in 
which several scattering mechanisms are always present, 
Klemens writes in the first approximation’: 

KO=3°:K>-. (11) 

2) Callaway uses the fact that the boundary effect 
can act as a cutoff mechanism for the low-frequency 
phonons and avoids the low-frequency divergence by 
simply using Eqs. (3) and (4). He considers four differ- 
ent scattering processes: (1) boundary scattering, de- 
scribed by a constant relaxation time rg= Lv, where 
» is the velocity of sound and L some length character- 
istic for the specimen investigated ; (2) “normal” three- 
nhonon processes ; their relaxation time ry is taken to 
be proportional to w *7~*; (3) impurity scattering, in- 
cluding isotope scattering, whose relaxation time 7,; is 
ndependent of temperature and proportional to w 
4) umklapp processes with a relaxation time r; 


portional to e?/*7w 


pro- 
*T~*, where © is the Debye tempera- 
ture and a is a constant characteristic of the vibrational 
spectrum of the material 

For the comparison with the isotope experiment of 
Geballe and Hull,'® Callaway writes: 

= a 

V Trt TI ) 
(ol ph B,T%w*+ Aw! BoT*a:*) 2 (12) 


[his expression for r contains two simplifications : 
1) The normal processes do not lead to a Planck dis- 
‘ribution of the phonon gas. Therefore the use of Eq. 
4) for the determination of a combined relaxation 
time introduces an error which Callaway discusses in 
his paper. (2) The exponential term e?/27 
neglected. This means a 


in TU is 
©. The justification for this 


is found by comparison with the experiment: Intro- 
duction of Eq. (12) into Eq. (3) yields 
I “D husk T~ ehwikt 
cof , 
dry = Aw'+ (Bi + By) T%a? +01 (eh /kT— J 
43) 


By choosing the parameters A and (B,+8B:2) properly, 
Callaway obtains a very good quantitative agreement 
between theory and the experiment in the temperature 
range from 2.5°K to 100°K. 


* The error introduced by using Eq. (11) instead of Eq. (3) 
plus Eq. (4) has been estimated by Slack" for the case of the 
ombination of point defect and umklapp scattering and the case 
4 combination of boundary and point-defect scattering. For the 
oint defects he used the cutoff mechanism by normal processes 


from Eq. (3 
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Fic. 8. Thermal conductivity of LiF. Comparison of theory 
with experiment. a and 8 are experimental curves, the same as 
curves A and B in Fig. 4. Curves 1 to 6 were computed, using 
Callaway’s model, for various concentrations of point defects. 
he factor A is proportional to T discussed by Klemens, reference 
10, and oxen, reference 12, and for small A is proportional to 
the concentration of point defects. The value of the parameter A 
for the different curves is: Curve 1, A=0; curve 2, A=5X10-* 
sec; curve 3, A =5X 107% sec’; curve 4, A=5X10™ sec’; curve 5, 
1=5X10-* sec®; curve 6, A=5X10-* sec’. 





VI. COMPARISON OF THEORY WITH EXPERIMENT 


The results of Callaway’s theory agree well with the 
data obtained in the isotope experiment. Therefore, 
the same theory will be applied in this section to LiF, 
assuming the presence of point-defects scattering with 
a relaxation time rp, «a4. The results will be used for 
the comparison with two experimental investigations: 
(1) They will be compared with the F center experiment 
reported in this paper. (2) They will be used to explain 
experimental results reported by Toxen,” and this 
comparison will furnish further support for Callaway’s 
model. 

Curve a@ in Fig. 8 is the thermal conductivity of 
“pure” LiF (curve A from Fig. 4). We assume that the 
thermal conductivity above 60°K is almost entirely 
intrinsic for our particular material. This conclusion is 
supported by many experiments on LiF from different 
sources and with different treatments. Berman and 
others,” for instance, investigated the thermal conduc- 
tivity of LiF with various isotopic compositions be- 


*®R. Berman, P. T. Nettley, F. W. Sheard, A. N. Spencer, 
R. W. H. Stevenson, and J. M. Ziman, Proc. Roy. Soc. (London) 
A253, 403 (1959). 
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tween 13°K and 80°K. The natural isotopic mixture 
contains 92.6% Li’ and 7.4% Li®. They varied the con- 
centration of Li® from 4.7% to 95.3%. Their specimens 
also seem to be of higher chemical purity. Nevertheless 
the thermal conductivity above 60°K is practically 
the same for all crystals and agrees with the data re- 
ported here. The theoretical curve for the pure LiF 
will be matched to the low-temperature data (boundary 
effect) and the high-temperature data (intrinsic effects) 
of the experimental curve @ of the unirradiated LiF. 

The constants needed for Eq. (13) are determined in 
the following way. The specific heat C, of LiF has been 
determined experimentally by Clusius and co-workers*! 
and by Scales* in the temperature range from 2°K to 
270°K. From these data © can be determined. Below 
T=25°K the Debye () is constant and equals Zz Kh. 
© is defined by the following equation: 


where .V is the total number of molecules per unit 
volume. From this, wp and v can be determined: 


WD 9.4K 10" sec 1. 5 105 cm Se 


According to Casimir,' Z for a crystal with a square 
cross section d@ is given by L=7'd. For the crystal 
measured in Fig. 4, d2=0.75 mm and L=1.33 mm. A 
better agreement with the experiment in the region 
where the T* dependence is found is obtained by writing 
d=0.88 mm and L=1.55 mm. A possible explanation 
for this small disagreement might be that a small 
fraction of the phonons is reflected spec ularly at the 
crystal surfaces, but the Casimir expression is probably 
not sufficiently accurate to warrant this conclusion 

Callaway’s method of determining (3;+ 8B.) in Eq 
(13) will now be briefly reviewed. The correct sum of 
the reciprocal relaxation times according to Callaw ly 
is given by 


tu +r t= (ByeP!47 + Bo) T*. 


Callaway points out that in the case of germanium a 
might be of-the-order-of 8, because of the extreme dis- 
persion in the vibrational spectrum. He then simplifies : 


tu i+ty (B, + Bs)urT?, 


in which (8,+ B,) is a constant and which implies that 
a=. He then gives an equation [his Eq. (36) 
permits calculation of (B,+B,). A rough estimate 
shows that in doing the same thing for LiF the tempera- 
ture dependence of the thermal conductivity above 
60°K does not come out correctly. Hence, we seek 
another expression for the combined intrinsic relaxation 


] which 


1K. Clusius, J. Goldmann, and A. Perlick, Z. Naturforsch 
4A, 424 (1949). 

%K. Clusius and W. Ejichenauer, Z. Naturforsch. LIA, 715 
(1956) 

3 W. W. Scales, Phys. Rev. 112, 49 (1958). 
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times. A better agreement with the experiment is ob. 

tained empirically by choosing 
TI tr, B,-4 B. exp ( 50°K T )?T?. 

\ more theoretical determination of (ry~!+ ry) wonlg 


be desirable, but seems premature at the present st 


r rin 


of the experi 


vent, where too little is known about the 
thermal conductivity of an ideal LiF crystal. 
At a given temperature (in this case 77°K), one 


write 


tion to determine (B,+B 


sec deg 


The computati f ] 13) for different concentr 
tions of po lefect e., different constants A, is not 
difficult if a high-speed electronic computer is availabk 
The results are shown in Fig. 8. One can draw 
following lu 

(1) The experimental urve a of the unirradiated 
LiF can be re presel ted reé | ibly vell by a theoretica 


3 interpolation, one determines A 10 se 


for tne isotope effect 





alone A = 1.110 I value Is smaller than t 
expe rimentally detern ed 1, whic! is reasonable since 
crystal used in the experiments also contained 
il impurit Their nature is unknown, but on 

( expr ¢ nd vacancies. These impurities 
or imperfect might » be the ‘re ison why tl 

pe of e curve loc conform exactly to tl 
( f 1 vi 

Curve @ is the thern conductivity for the crysta 
containing 2.210 I center curve B from 
Fig. 4). It bviot 3 »t be accurately repre- 
ented by parameter A. This means that the defects 
introduced during the x-irradiation do not scatter 
pho on | lefect ( relaxation time 
T Ht 1 Three po Die Teasol will be presented 
1 Sec. VII 

It should be mentioned in passing that the experi- 
mental resu it be explained with Klemens 
formulas at He predicts K T CEq. (9) ]. Wit! 
K x A P e obtall Irom the experiments (Figs 
3 and 4 pproy ely A 1 at low tempera- 
tures T<8°K nd A constant at high tem 
perature Thus the ¢ oway model is much closer t 
the experimental facts, especially at low temperatures. | 


2 Another interesting ipphication ol the calcula- 
tions is to the problen first pointed out by Toxen 


According to Klemer , point defects change the therma 
conductivity by ! ra thermal resistivity 
i 2r°vA /0.9h)7 9 
{ is the proportior ty factor in th expres ion for the 
point defect re on ( 
Trot {—"e (15 





enc 


be « 


IZEC 








ob- 


ble 


F CENTERS AND LATTICE 
\t constant temperature W,, should be proportional 
to A: 


Wye A. (16) 


oxen tried to verify Eq. (16) experimentally in the 
following way: Klemens gives an expression for the 
constant A used in Eq. (15). For mass difference only, 
on between differential materials, Toxen used Klemens’ 
expression : 

A (a, dort Ten. 
Then, (17) 
W t= (ral x,/1.8h0")T. 


According to Klemens these two I’’s should be equal. 
lhe subscripts indicate what Toxen did. Ty, was calcu- 
lated, using the expression given by Klemens. I.x, was 
letermined from the experiment in the temperature 
range where the thermal conductivity varies more or 
ess in inverse proportion to the temperature. A double 
logarithmic plot of T.x, vs Tu, should give a straight 
ine with unit slope. Figure 9 shows the results, taken 
from different investigators and materials. T.x, rises 

uch slower than Ty. In particular, the deviation for 
irge T’ is significant. Here the contribution from the in- 
trinsic scattering processes should be small, and there- 
fore the determination of W,, from the experiment 
should be reliable. This seemed to reveal an interesting 
experimental fact: In the concentration range where 
point defects outweigh all other scattering mechanisms, 
the resistivity does not change in the same way as the 
(16) is 


t-defect relaxation time: Eq. in disagree- 


with the experiment. 





away’s approach gives a very simple explanation 
is observation: In Fig. 8 the conductivity is plotted 
for several point-defect concentrations. A varies over 
four orders of magnitude. Using Eq. (17), I'm can be 
culated. At T=60°K=0.080©), W),, is determined by 
imply subtracting the resistivity of the pure case, 
{=0.I'.x, and I'y, are plotted in Fig. 9. The dependence 
is quite similar to what Toxen found by comparison 
vith the expt riment, and not linear as predicted by 
Klemens 

This means that the phenomena can be explained by 
simply using a combined relaxation time which auto- 
natically provides the boundary cutoff mechanism. 
This comparison of Ty, and Tx, is an example of the 
lifficulties one encounters by using Klemens’ cutoff 
mechanism and simply adding resistivities, and shows 
how the crystal boundary cutoff mechanism as worked 
out by Callaway gives far better agreement with 
expe riment. 


VII. DISCUSSION 


The present state of our knowledge about the influ- 
ence of point defects on the lattice thermal conduc tivity 
is summarized in the following: The experiments can 
be divided into two groups. The first group is character- 
ized by the isotope effect, 1.€., the periodicity is dis- 


THERMAL 


for instance, A is given in Eq. (10). To make a compari- 
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T THEORY 


Fic. 9. A plot of [exp versus ",. The materials shown are: B, 
Ge enriched germanium, reference 15; C, diamond [R. Berman, 
E. L. Foster, and J. M. Ziman, Proc. Roy. Soc. (London) A237, 
344 (1956)]; £, KCl, reference 17; F, Si, reference 20; G, Ge, 
reference 20. The open circles are for Ge-Si mixtures, reference 12. 
The Si contents in the order of increasing I’, are 0.5%, 3%, 6%, 
and 7%. The solid circles are for KCI-KBr mixtures, reference 16. 
he KBr contents in the order of increasing I, are 1.5%, 9.5%, 
49%, and 28.3%. The dashed line represents Klemens’ theory. 
The solid curve was determined using the computed curves in 
Fig. 8 as described in the text. It can be seen that Callaway’s 
approach for point scatterers yields results quite similar to those 
obtained experimentaliy. 


turbed by the difference in mass only. These experi- 
ments can be explained using Callaway’s model. The 
other group of experiments deals with point defects of 
the general type. The experiment reported here belongs 
to this second group and cannot be quantitatively 
understood with Callaway’s model and the assumption 
of point-defect scattering with a Rayleigh scattering 
mechanism. The nature of the defect, the F center, is 
reasonably well understood. There are no conduction 
electrons present which might scatter phonons. The 
influence of clusters can be ruled out. Therefore other 
explanations for the disagreement between theory and 
experiment must be considered. The following three 
will be discussed : 

(1) The F centers might not be randomly distrib- 
uted. As pointed out by Klemens,’ a nonrandom dis- 
tribution of point defects would cause a scattering 
with a different relaxation time 7. The model for the 
photochemical formation of F centers proposed by 
Seitz™ would support this assumption. He suggests 
that F centers are mainly produced near the path of 
a climbing dislocation jog. From the preliminary re- 
sults on additively colored KCl, the conclusion may be 
reached that both kinds of coloration affect the thermal 
conductivity in the same way. However it is possible 
that the F centers in the additively colored specimen 
are nonrandom just as in the irradiated specimens and 
thus cause the thermal conductivity to decrease the 
same way in the two cases. As shown by Cottrell,*® 
defects might migrate to dislocations to release the 

4 I. Seitz, Revs. Modern Phys. 26, 80 (1954). 


* A. H. Cottrell and B. A. Bilby, Proc. Phys. Soc. (London) 
A62, 49 (1948). 
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total strain in the crystal, which conceivably would 
affect the thermal conductivity in two ways: The re- 
lease of the strain would increase the thermal conduc- 
tivity, and the lining up of defects would decrease it by 
the introduction of coherent interference effects. The 
resulting change in thermal conductivity would have 
to be qualitatively the same as in the case of the 
x-irradiation. 

(2) The scattering power of the long-range strain 
field around crystal imperfections may not be negli- 
gible. Carruthers*® has pointed out that the effect of 
this strain field may be considerable. In particular, the 
strain field might be large enough in spatial extent so 
that only at very low temperatures—well below the 
conductivity maximum—a Rayleigh scattering mecha- 
nism can be expected. At higher temperatures, the de- 
fect would be large compared to the phonon wavelength, 
and the scattering power would be changed and perhaps 
strongly decreased. 

(3) So far the applicability of Callaway’s theory has 
been shown only in the case of point defects in Ge and 
Callaway makes only modest claims for his model. The 
phonon polarization, the fact that the normal processes 
do not lead to a Planck distribution, and the great 
importance of the normal processes for long wavelength 
phonons, as pointed out by Klemens, might have im- 
portant influences on the thermal conductivity in other 
materials. In view of the great qualitative difference 
between the two groups of experiments described in the 
first section however, it seems unlikely that the experi- 
ments of the second group can be accurately described 
by assuming point-defect scattering proportional to w', 
no matter what theory is used. This question could be 
answered experimentally by studying the isotope effect 
in Lil 


available extend down to 13°K” and are qualitatively 


over a wider temperature range. The data 


similar to those shown in Fig. 3, but the range which 
is important for this problem is the low-temperature 


region below the conductivity maximum. 


6 P. Carruthers, Bull. Am. Phys. Soc. 5, 48 (1960 


ROBERT 


O POHL 


VIII. CONCLUSION 
(1) The effect of / 


tivity is distinctly different from that found with other 


enters on the thermal condu 


point defects, such as isotope scatterers. 


(2) The theory for the 


thermal conductivity in ¢] 
presence of pol defects devel yped by Callaway Cal 


not explain the /’-center experiments. Chree possil 


explanations re uggested for the latter disparity 
a) the F centers are not randomly distributed. (b) Th, 
scattering power of the strain field connected with ar 


F center might account for the 


depression of the 


thermal conductivity. Tl juestion requires a better 


theoretical understanding of these strain fields. (c) The 
ii centers do ¢ ike po lefects with a relaxatior 
ime r {—'w-* but the theoretical model by ¢ allaway 
fails in materials like LiF. This question can be an- 
swered experimentally, for insta ( by studying th 
isotope effect in LiF down to te mperatures well below 
the conductiv 

(3) The high sensitivity of the thermal conductivity 
to the pres { / € ers dicates that the thermal 
conductivity become a useful tool for the investi- 
gation yf r e! 

4) Toxen presented experimental evidence that the 
influence of point defects on the thermal conductivity 
did not agree with the model proposed by Klemens 
The thermal conductivity was lowered much less than 
Klemens predicted. Evidence presented that Calla- 


way’s model explains Toxen’s observations 
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Optical Properties of Copper 
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Optical properties of solid copper have been measured in a wavelength range from 0.365 to 2.5 microns 
and at temperatures 90°, 300°, and 500°K. Annealed and electropolished specimens were used. Measure- 
ments were done in a vacuum of about 2X10~5 mm (Hg) and it was observed that the oxide film which 
normally forms on copper upon exposure to air could be removed by heating in vacuum to a temperature 
of 500°K. In the wavelength range below 0.6 micron the data confirm the well-known facts relating to a 
threshold for interband electronic transitions. At longer wavelengths the optical properties are determined 
almost entirely by free electrons. Deviations from simple theory are partly explained by the anomalous 


skin effect 


and it is concluded that the electronic collisions at the metal surface are diffuse. However, it is 


shown that the anomalous skin effect is not sufficient to explain the observed deviations and that a more 
complete interpretation ought to consider the nonspherical nature of the Fermi surface and variation of 


the relaxation time over this surface. 


I. INTRODUCTION 


HE three monovalent metals Ag, Au, and Cu are 

often thought to be “simple” in that a number 
{ their important physical properties are interpreted 
n terms of what is known as the “‘free electron model.” 
These metals are also easy to handle, in contrast to the 
kali metals, and for this reason many studies of their 
characteristics have been made. Their optical proper- 
ties, espe ially in the red and infrared wavelength 


range are of interest because they are almost entirely 
ittributed to the free electrons. 

Optical experiments include the measurement of two 
parameters 


real and 


at each wavelength. These consist of the 
and k, of the complex 
ndex of refraction, or the corresponding parts, A’ and 


imaginary parts, 


illed the complex dielectric 


mstant. Some of the behavior of free electrons in 
ese me iy be deduced directly from studies of 
ptical properties. In pat ar, the free electrons are 
ught to be chararterized by an average interval 
etween « ed the relaxation time. 
Relaxation times may determined, in principle, by 
studying the way the optical properties depend on 


vavelength. At sufficiently long wavelengths one should 
expect to be able to correlate optical properties with the 
conductivity, since both phenomena are 


attributed to the same free electrons. 


electrical (di 


Despite the large amount of work that has been done, 
there are unresolved differences in the experimental 
results reported for the metals Ag, Au, and Cu at 
room temperature, by different authors and there has 
been little or no work at other temperatures. Since a 


knowledge of the temperature dependence of optical 


properties is desirable in order to test theoretical 
predictions, the author has undertaken a thorough 
investigation of copper at the temperatures 90°K, 
300°K, and S500°K. Of the three metals mentioned 


above, copper was chosen because of the ease with 
which it may be elec tropolished. 


The simplest classical treatment of optical properties 


of metals, and the one most generally attributed to 

Drude, considers the free electrons to have .a single 

relaxation time. This leads to a simple formula for the 

complex dielectric constant of a metal versus wave- 
length. 

ooA\" 

K=K,— (1) 


2rceg| r ‘a ir ) 


\ is the given wavelength, oo is the electrical 
conductivity (in mks units), K, is the part of the 
dielectric constant not due to free electrons, ¢ is the 
velocity of light, and ¢€o is the permittivity of space 
0.01668). The Xo is a ant related to the 
relaxation time, 7, by the expression 


where 


(2arce const 


(2) 


case corresponding 
a spherical Fermi 
surface. As might be expected, this equation seldom if 
ever agrees precisely with experimental observations 


\o=2mcr. 


1) represents an ideal 
to perfectly free electrons having 


KE jual ion 


on solid metals. However, it does seem to be in accord 
with data on a number of liquid metals studied by 
Kent! and by Schulz.? There are three main reasons 
why Eq. (1) may fail to agree with experiment. 

One reason is the existence of electronic energy states 
admitting transitions which influence the optical prop- 
erties and yet do not pre vide any electrical conductivity. 
The electrons taking part in these transitions are called 
“bound” electrons and give rise to a different type of 
expression from that shown in Eq. (1). In paper IT the 
author’ made an analysis of the optical properties of 
nickel and tungsten which shows how the bound elec- 
tron terms do modify the dielectric constant in these 
metals. In the case of copper, the bound electron terms 
seem to be important at wavelengths below 0.6 uw but 
not at longer wavelengths. 

A second reason for not obtaining results in agreement 


: V. Kent, Phys. Rev (1919 


G. Schulz, Suppl. Phil. Mag. 6, 102 


3 14, 459 
L 
S. Roberts, Phys. Rev. 114, 104 (1959) 


1957). 
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with Eq. (1) is based on the phenomenon known as the 
“anomalous skin effect.’”’ In the “extreme relaxation”’ 
of wavelength, considered here, the standard 
treatment may be greatly simplified. Electrons near the 
surface have frequent collisions at the surface and 
therefore have a shorter mean free path and a smaller 
effective relaxation time than the electrons deeper in 
the metal which determine the bulk electrical conduc- 
tivity. Since the light waves penetrate but a very short 


range 


distance into the metal, they interact only with the 
electrons near the surface. Therefore the 
optical properties in some cases cannot be correlated 
with the electrical conductivity in the manner at- 
tempted in Eq. (1) unless explicit account is taken of 
the reduced conductivity near the surface. 

The third reason for this disagreement is that the 
relaxation for free electrons 
more than relaxation 
wavelength, indicated in Eq. 


observed 


often involve 


or 


processes 
relaxation 
(1). If the Fermi surface 
is nonspherical, then the effective electronic mass and 


the one time, 


relaxation time may be thought to vary from point to 
point on this surface. From a theoretical point of view 
lectric 
constant of such a metal may be described by a simpk 
equation with a finite number of terms when relaxation 
effects are taken into consideration. There is no doubt, 
however, that the experimental] data so far recorded are 
consistent with a formula involving a small, finite number 
of terms having different relaxation times. For example, 
the author® showed that the optical properties of nickel 
could be very closely approximated by such a formula 
with three relaxation times. 

This equation, having terms with different relaxation 
times, be approached in a qualitative way bi 
regarding the free electrons as occ upying different 


it remains to be decided whether or not the die 


can by 
overlapping energy bands related to the energy levels 
of the free atom. On certain portions of the Fermi 
surface certain of these atomic-like states are mort 
important than others. The electrons in different bands, 
or in different parts of t 
have different rel: 


ie 


hese bands, may be thought to 
ixation times giving rise to additiona 
terms like the last term in Eq. (1). Although recognized 
by Drude,‘ the importance of multiple relaxation times 
in relation to optical properties of metals seems to have 
been altogether disregarded by those who have written 
on this subject during the interval of about fifty years 
between Drude’s work and paper I of the present 
author.® 

When the opt ical propert ies of a metal do not conform 
(1). 


easy to prove which of the three reasons mentioned 


with the simple formula of Eq. it is not always 


above corre¢ tly accounts for the deviations from simple 
theory. It is hoped that the present work will help to 


( larify this proble m. 


‘P. Drude, Physik Z. 1, 161 (1900 


'S. Roberts, Phys Rev 


100, 1667 


1955) 





sERTS 
Il. THE ANOMALOUS SKIN EFFECT | 
na | 
A great deal has been written about the anomaloys | [he 
skin effect in different metals for various ranges of re § 
wavel ngth and ten perature. One should note, first of Note 
all, that all of this work is based on the assumption oj nd 
a single relaxation time or relaxation wavelength, « wth 
that Eq. (1) is the appropriate classical formula whj bigul 
serves as the starting point. The general treatment cu 
discussed recently by Pippard,® may be greatly simp}; rk 
fied if one restric oneself to the “extreme re laxation’ f th 
region of the spectrum, for wl] Ao/A(=w7)>1. Ty rang 
this case Eq. (1) reduce ppl 
d 
K=K \ \ 
2rceyr 2rcevd sul 
I} 
This equatio vb oug to give the classics r y dif 
“bulk” dielectr | t does not often ag th 
with the results of measurem« f light reflected fr n 
he surlace. Since r lree pa f electrons ne qui 
ne suriace f of deeper lying electr Kent 
owlng to sur é ad ct l is ius ere 
surface lav ( ( e and amplitud 
of reflected light, one may obtain the appropriate | dete! 
formula for the me red dielectric constant by re he | 
placing o dX | 5 er values, o, and Eq 
d tha ire el Irl t If is less tl mM} 
r on accou I I en A vil also be etel 
le than Xo for ré lL by the ime tactor, | lay 
] a Phe I ) \ rr vv De he ame tut 
av/X\o. Howev \ be greater than ny I 
the f ra. ( e lormt for the dielectr SEK 
rf may be writter I 
—_ 
[ A A t 
Tle Jr €,A ip 
I} 
A i cor one in eval i 
tl par I A l I he Opt il data if 5 
electri ] ly k wh. 
I mot! gor reatme by Dingl 
dielectr elle exp led into a series 
rm 
scending powers of A. 7 eries converges so rapid : 
; CKe 
I e extreme ! nr re 11 i.) V necessdal 
0 COT ider eTT \ the sq iré ind he cube 
x, The ¢ er! iT¢ l¢ ( I ne corre ponding A 
tern | b) it D 
1+ 3/(1 P , he 
where bou 
A A 
= ooo & mi 
Par aN } ne 
ave 
Ir Kx ~ | e ¢ i c mean iree Di : 
rt 
\\ 
\. B. I \ I Electr 
6, 1 (1954 wig 
1 (1052 , 
R. B. D | 19, 311 (19 I 
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| nd 6 is the skin depth for electromagnetic radiation 


ous | The parameter p denotes the fraction of electrons that 
= re specularly re flected from the surface of the metal. 
t of Note that the skin depth, 6, is the “true” skin depth 


nd not the “classical”? skin depth for which other 

yrs often use this same symbol. There is no am- 

iguity in st lecting the value of kK’ to be used in 
culating 5 because K’ is the same in either Eq. (3) 

1 r Eq. (4). According to Eq. (5) there is no anomaly 
‘the skin effect, i.e., a 1, 
if range when p 
ipply at the longer wavelengths, which are not being 

It is most often assumed that p=0 
nd the author’s experiments tend to confirm. this 


in the “extreme relaxation”’ 
1; however, a different conclusion would 


side re d here. 


sumption 
[he skin effect is anomalous only to the extent that 
: differs from unity. Hence, if / is too small compared 


ve th 6, it may not be possible to distinguish any 


maly. For example, the optical properties of the 
1 metals Bi, Cd, Ga, Hg, Pb, and Sn studied by 
Kent! and Scl ulz? are consistent with the value a=1, 
ereby implying that / is small. Whenever a is signifi 
different from unity one 


1 ntl 
al anuly 


may, in principle, 


r letermine the appropriate value of / by substituting 
rt he known values of @ and 6 and assuming p=0 in 
5). The resulting value of / may be tested by 


mparing it 


with the value of the mean free path 
letermined in other experiments. Similarly 2zcl/X 


: may be compared with the independently calculated 
ue of the Fermi velocity. 

I i ition 4) does have the limitation that it is 

seless at wavelengths comparable to or greater than 

However, whenever / is large enough to matter in 


irison with 6, one generally finds that Ao is very 


he infrared compared with the wavelengths 
mployed in the work reported here. 


rhe foregoing treatment is based on the assumption 


here is but a single relaxation wavelength. Sinc« 
s iwht not to be the case, it is necessary to 
nd the classical formula, Eq. (1), by adding terms 
h different relaxation wavelengths. The more general 
rmula is that used by the author’ in the analysis of 
f ckel and tungsten. 
Komd \ a 
K=1+>> S 6 


e terms in the first summation in Eq. (6) are called 


bound”’ electron terms, while those in the second 
immation are called ‘‘free’’ electron terms and it is 
he latter which correspond to the different relaxation 
ivelengths, A,,, referred to above. In order to account 
r the anomalous skin effect it may be supposed that 


in free electron term in Kq 0) 
that Eq. 1) is 


leading to Eas. 


may be modified -in 


he same way modified in the discussion 





PROPERTIES OF Cu 


1511 


Ill. EXPERIMENTAL PROCEDURE 


The apparatus shown in the Fig. 1 of paper II* has 
been modified somewhat for measurements on copper, 
to attain greater precision. The two main polarizing 
prisms P; and P, are the same; however, a new prism 
P; of the Glan-Thompson type is mounted near the 
light source between the collimating slit S; and the light 
chopper. The rotator of the G-T prism has two posi- 
tions, for transmitting parallel and perpendicular polari- 
zation, respectively. The new prism takes over the 
function of the calcite crystal indicated in the figure in 
a different place but omitted in the modification. 

The purpose of the measurement is to determine the 
ratio of the amplitudes, p or tany, and the phase 
difference, A, between the two components of the 
reflected beam corresponding to parallel and perpen- 
dicular polarization, respectively. This information may 
be derived from ratios of transmitted 
intensity when the middle prism, P, is rotated from 
one selected position to another. This method of doing 
this is shown in Appendix I. 


the observed 


The square of the complex index of refraction of the 
metal, or its optic al dielectric constant, may be deter- 
mined from yw and A and the angle of incidence, ¢1, by 


an exact formula which is derived from Fresnel’s 
equal ions for reflection. 
if cot2y—7 sinA\? 
A sin'by} 1 +tan-d, ; (7) 
La 2y T cosA 


In deriving Eq. (7) it is assumed that there is a simple 
interface between two homogeneous optical media. If 
this is not the case, then it may be said that the result 
obtained from Eq. (7) is an apparent or effective 

constant, Ker. The need to distinguish 
between Ars and the true value of A arises, for ex- 
ample, 


dic lect ric 


when the surface is covered by a thin layer of 
transparent dielectric. 

In studying the optical properties of copper one has 
to deal with two types of surface films. One of these 
consists of an amorphous layer of copper which is 
produced by mechanical polishing. This layer has a 
higher electrical resistivity and larger effective values 
of nm and K” than an undeformed copper surface, such 
as that produced by electropolishing. It is believed 
that the specimens used in these experiments are free 
of this deformed layer. 


However, the dielectric film, presumably of cuprous 
oxide, which forms readily on any exposed copper 
surface, has until now been a major deterrent to the 
accurate measurement of the optical properties of 
copper. Several authors’ have reported that this film 
forms either in a few minutes or gradually over a period 


‘ P. Drude, Ann 


Physik 39, 481 (1890); A. Q. Tool, Phys. Rev. 
31, 1 (1910); R 


Kretzmann, Ann. Physik 37, 303 (1940); J. F. 
and A. M. Taylor, Proc. Phys. Soc. (London) 


Archard, P. L 
B65, 758 


Clegg, 


1952). 
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of hours. Winter bottom’ has reported detailed studies 
of the surface films on copper in connection with the 
optical properties at 5461 A and 5780 A. He showed 
that the oxide films could be reduced by heating to 
above 460°K in hydrogen. It may be inferred from the 
author’s success in reducing these films in a moderate 
vacuum and maintaining the surfaces clean that the 
residual gas in his system must have been largely of a 
reducing nature. 

The method for removing the film was discovered 
inadvertently after the copper bar had been heated to 
500°K in order to make measurements at this tempera- 
ture. When cooled again to room temperature the bar 
seemed to have different optical constants from initial 
data at that temperature when its original film was 
intact. The reason for this change was not at first 
understood, but all accumulated experience since then 
shows conclusively that the procedure of heating to 
500°K in a vacuum of about 2X10~° mm (mercury) is 
just what is needed to get rid of the oxide film. A new 
film could be formed by admitting air or oxygen and 
the process could be repeated any number of times 
The corroborating evidence will be pre sented in the 
section dealing with observations on surface films. 

The copper samples were in the form of bars about 
85X50 mm in size. A bar was mounted inside a 
heavy copper receptacle attached under the base of a 
well built into the top of the vacuum chamber. The 
receptacle was heated by an electric heater inserted in 
the well and was cooled by pouring liquid nitrogen into 
the well. The receptacle was enclosed by a heavy copper 
shield with openings which could be fitted with glass 
windows in order to transmit the incident and reflected 
radiation but to exclude vapors which might become 
condensed on the sample at the low temperatures. The 
glass windows were found to introduce a significant 
polarization error because they were tilted 10° relative 
to the light path. In calculating the results a correction 
had to be made for the polarizing effect of the windows. 
When the appropriate correction was made, the results 
obtained using windows were in perfect agreement 
with those obtained without windows. 

The copper used in these experiments was obtained 
from two sources. Some of the samples were machined 
from -in. diameter rod, supposedly of 99.999% purity, 
supplied by American Smelting and Refining Company 
Other samples were prepared from zone-refined copper 
which was purified in this laboratory by F. H. Horn. 
In each case the machined copper bars were annealed 
in hydrogen at 930°C and were then electropolished in 
a phosphoric acid solution. No mechanical polishing 
was ever done. The crystal grains in the AS&R Com 
pany samples were of the order of 0.1 mm across, while 
the width of the crystals in the zone refined copper wa 
generally greater than 1 mm, and they were as long as 
the area under study. 
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continued long enough | | 


The electropolishing was 
remove the tool mark 


and produce a smooth, brigh; 


surface, though not perfectly flat. The angle of incideng, | 
used in these experiments, 80 was small enough » 
that no troub was ¢ ntered owing to lack 
flatnes of the I gy studied. 


IV. OBSERVATIONS OF SURFACE FILMS 


It seems cribe first the results of 
observatio! I 1 vth and reduction of Surface 
films on the copper samples. These studies were carried 
out at the single wave 1.0 micron and at room 
temperature Phe letailed results obtained on clear 
surfaces at other wavelengths and temperatures will } 
considered later. Tl is not the order in which tl 


experiments were done, but it seems logical to present 





them this way since the validity of the other data 
depends on an adequate control of the surface film 
On seven separate occasions measurements at 1{ 
micron were made s after cooling to room tempera- 
ure from 500°K. The resulting read and imaginary 
parts of the optical dielectric constant fall in the third 
juadrant of an Argand diagram and are so plotted 
in expande | Lie ll Fig l Three of these points 
show 1 by circles, ind te tests sample of the 
purl coppe by American Smelting a 
Refining Corpor ASR). The other four points 
ywn by triangles give the results of measurements 
1 sample of zone refined copper (ZRC). There is 1 
nificant difference results obtained on copper fror 
1@ tW »d ffe re é 
The average of the sev points is indicated in Fig, 1 
by as rt med represent the preferr 
value for the mplex dielectric constant of clea 
ypper. The dif ire observed among tI 
en D y be ¢ rely attributable t 
nitati f the me r equipment. The ability t 
repr duce rem ne degree of accur 
} } Y ‘ he ork to 
] 
reported 
K ; 
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OPTICAL 


Two other points, also shown by squares in Fig. 1, 
“effective” dielectric 


rrespond to the constants that 


enc vould be measured in the author’s apparatus on a 





h s pper surface covered by transparent dielectric films 
K of th an index of retraction 2.5 and thicknesses of 20 A 
d 40 A, respectively. These 

the basis of Drude’s' 


points were calculated 
“exact”? formulas, which are 
aymmarized in more modern notation in Appendix II. 

her points shown in Fig. 1 denote the initial measure- 





; rents on two ASR samples and on one ZRC sample. 
r. S 
, e initial film on the ZRC sample was evidently 
rri¢ si : 
wuch thicker than that on the ASR samples. 
When the clean ZRC sample was again exposed to 
rand oxygen, it developed another surface film. The 
tive dielectric constant after this treatment is 
presented by one more point in Fig. 1. It is evident 
m this figure that both the real and imaginary parts 
the observed dielectric constant varied in a manner 
‘ it is reasonably consistent with the calculated effect 
< lielectric f of varying thickness. 
Z The observed value of cosA is a sensitive indication 
ne surface fiim When the value of cosA f rT the 
points indicated by squares in Fig. 1 are plotted 
U . = : . ° ° . . 
sus film kness, one obtains a straight line which 
: rovides a me¢ of estimating film thickness directly 
3 sA without going throug long calculation 
method of determining film thickness assume 
the film 1s cuprous oxide \ I in estimated inde xX 
‘ fraction of 2.5 
fir eps preparatory idmitting air were to 
iT - J ae 
/ I diffusion pump and a low it to cool and to 
d nitrogen trap between the diffusion 
bi » and e vacuum chamber. While thawing out 
trap, a momentary pressure rise to about 200 
V ybserved, which was attributed to water 
According to the measured value of cosA, this 
ire deposited a film of average thickness 1.4 A 
r I 1. ¢ tardat ind infe 
Knes r var tions 
His uct cosA \ 
0.232 0 
r it 2K 10 He 0.217 3.3 
2 mo it 10 Hg 0.210 5.3 
itr ‘ awing t 
ehea 0 1 (0.232 0 
K iwing trap 0.225 1.4 
r 5 min in air 0.198 8.5 
35 n in air 0.190 10.7 
: er 1 hr in ai 0.185 11.6 
2 hr in air O.178 13.8 
3 hr in air 0.173 15.4 
r6hrina 0.167 17.0 
22 hr in air 0.153 20.4 
r 22 more hr in O 0.146 22.4 
handles ts Gece 0.234 0 
hawing ip aga 0.219 2.7 
5 min in O 0.170 16.2 
\ 11 icron, Trem erature wm K 
P. Drude, A *hysik 36, 865 (1889 





PROPERTIES OF Cu 1513 


TABLE IT. Optical properties of copper at 90°, 300°, and 500°K. 


, 90°K 300°K 500°K 

N kK’ K’ K gE” — K’ "ea 
0.365 3.35 4.36 3.14 4.44 2.01 3.88 
0.405 $.15 4.77 $08 4.93 3.12 4.42 
0.436 1.98 5.10 4.91 5.27 4.06 4.67 
0.50 6.05 5.78 6.09 5.74 5.77 5.32 
0.55 6.51 4.40 6.76 4.30 6.22 4.06 
0.578 8.06 1.20 8.26 1.88 7.48 2.28 
0.60 11.08 0.65 10.78 0.98 9.60 1.38 
0.65 15.52 0.62 15.28 0.84 14.00 1.00 
0.75 23.95 0.78 23.85 1.01 22.38 4.32 
1.0 48.19 1.48 48.05 2.04 46.10 2.68 
1.5 114.3 4.03 114.0 5.69 110.4 7.51 
2.0 205.7 8.75 205.2 12.38 198.4 16.29 
5 311.0 15.53 310.8 2.02 299.6 28.83 


uming an index of refrac- 
cosA would be 
produced by a film about 2.6 A thick having the index 
of refraction of water. 


on the copper surface, still a 


An equivalent cl 


; = . 
lion 2.0. lange 1n 


rhe next step was to admit air from the room for 
five minutes and then to pump it right out again. This 
during a period of rather high relative 
y. After this exposure the estimated film 
thickness was 8.5 A. Air was then readmitted and the 


Was done 


humidity. 


measurements were repeated from time to time. Table 


I shows the results of these measurements as well as 
other experiments on the same specimen of copper. 
The data tend to show that the clean copper surface 
had a special affinity for one or two molecular layers of 
water or oxygen. At the pressure 2X10~5 mm (Hg) it 
took about a day for the first molecular layer to form. 
It isi 


chamber but it is possible that 


1ot known what gases were present in the vacuum 
the partial pressure of 
oxygen may have been a very small fraction of the total. 
After the formation of one or two molecular layers the 
reaction proceeded at a much slower rate. In fact the 
reaction stopped completely at this point when the 
copper was just maintained in a rough vacuum of 
Hg). The rate at which the first 
layer formed is cited as evidence that the 
relatively clean to start with. 


10-2 mm faster 
molecular 


urlace Was 


V. OPTICAL CONSTANTS OF COPPER 


Phe results of measurements of A’ and K” at 90°, 
300°, and 500°K are given in Table II. The data at 
300°K obtained by averaging four 
measurements, using samples of copper from the two 
different sources with and without the internal windows. 


wert series of 


Before each series the « opper had been heated in vacuum 
to 500°K. However, the measurements were not always 
done immediately after returning to room temperature. 
Since there surface film to 

measurements at 1.0 
i2.05, did not quite agree with 
18.65 


was time for a detectable 


form, the of the four 


micron, A 


average 
- 48.05 


ie result, A (2.15, obtained by averaging 


the seven measurements quoted earlier. Although this 
difference is outside the experimental limits of repro- 











50, errr } in opti il prope rtic \ observed at these two temper 
| . , 2 ‘ : per- 
atures. Before and after each series of measurements 
heck ptical properties was made at 
( CK oO! Opti propertle was Made at room tempera. 
ture for the wavelength 1.0 micron. In this way it y 

201 ascertained that » irreversible cl inge had OCCUrT¢ 

during the temperature cycle. 
/ The data for A it the three temp ratures 
plotted in | g, 2 The differences in the values of k 
10 : ' : 
at the three temperature are sO SMall Over most 
500 °K ~= , ; . 1: , aaiKe 
the wavelength range that It 1s dithcult to disting 
Fic. 2. Imaginary part between them on a graph. However, the values obtained 
of dielectric constant of | by the author for A’ at room temperature are show 
copper at different ter ae ‘ 2s ate j na Jae “~ 
peratures l | lv CO p ) } e€ ea&lle . data report | 
by Ingerso = oe! terling and l'reedericksz,” Weiss 
ind Schulz." | ire 4 vi L similar comparisor 
data for K”. §S t thr rher authors agr 
l t ) eT t {! ) I rit 
re ] I t) ( reel lt W 
I OT | 7 I | l red Vavel 
100 
| i 
§———+- i i —— i 
05 10 1S 20 25 
WAVELENGTH IN MICRONS a 
ee : . : P ra 
ducibility, the author did not consider it sufficiently 
. a 4 c = ; p 
important to make a correction for it or to repeal the P 


measurements under better controlled conditions. 

The sets of data in Table II at 90°K and 500°K 
were each obtained by averaging two series of measure- Pi » of 
ments. The actual temperatures of the low temperature 






measurements were 85°K and 95°K, but no difference | 
. 9 
¢ of 354 
ete a | of Sin 310 
x t Ww OF 2} 
‘ oof A 48 
vw 
COPPER 300 °K 
0 
a N NM N 
100 }- cre , r creeme S 
et re it ed e need for 
, t | L\ O ay d 


| @ ROBERTS (1959) | VI. INTERPRETATION OF OPTICAL DATA 
| 4 SCHULZ (1954) | ; 
o INGERSOLL (1910) | The bound elect re considered to be domi 
| © FOERSTERLING & F (1913) | in copper at wavelens below 0.6 micron and account 
al o WEISS (1948) | for t idde ( K” between 0.55 and 0. 
f | I I \ rd ild ( ect to be ibli { 
[ ( ) qe le ri constan 
r tif I »a eries ot terms Ol 
| | e fil immation in Eq. (6 
L. I J. 32, 282 (1910 
l K \ \ 10, 201 
03 OS 10 2 5 1913 
WAVELENGTH IN MICRONS K.W Z. Nat 3A, 143 (1948). 
L. G. § ,, J. Opt Am. 44, 357 (1954); L. G. S 
Fic. 3. Real part of dielectric constant of copper at 300° K | | rher |. Opt ) \ 44. 362 (1954). 


h al 
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Ort TC AL 


h an expansion was actually carried out in the work 


nper- sul 2 : 
sue tungsten in paper II.’ In the present case there 
"ee es not seem to be enough detailed information on 

ich to base such an expansion. If evaluated, the 


iracteristic wavelengths A,,, appearing in these 
rms would presumably correspond to electron transi- 
states. The maximum 


determine a minimum 


; ns between specific energy 
tI ue of Asm Would, therefore, 
ergy or threshold for interband transitions. In copper 
; would be about 2.1 ev. Since this threshold is very 
that the bound electrons are 
ve in copper at wavelengths above 0.6 


brupt, il is evident 
ite ineffecti 
ron. There fore the desired analy sis of free electron 
rms can be made in the wavelength range 0.65 to 2.5 
the any bound 
tron terms in detail. 
Equation (4 
electric constant, x 


need to consider 


without 


crons 


the real part of the 


suggests that 


, may be made up of two terms; 


memos meee: Tani 





nf’ 
-200 
0 2 “4 6 
2 
d 
a, juare ive ngth in microns. 
r nstant term and a term proportional to \*. To show 
this is actually the case in the wavelength range 


65 to 2.5 microns, A’ is plotted versus ” in Fig. 5. 


the ¢ Xp rimental data do fall on straight 


each temperature with very good precision 


ept for points at the single wavelength of 2.5 microns. 


The deviation here of a few percent is believed to be 





().¢ e to the small amount of scattered light transmitted 

e€ monochromator, an amount which is greatly 
entuated at this wavelength. 

f In Fig. 6 there is shown a plot of K’’/X versus )?. 

( Here again the data fall precisely on straight lines with 

the ing exception noted above. However, these 

m ight lines do not pass through the origin, a fact 

: indicates that the expression for K” includes a 


term in A in addition to the cubic term which is 


near 
al 


according to Eq 1). The observed de- 


Li ipated 
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Fic. 6. K’’/X versus square of wavelength (A) in microns. 


pendence of AK’ and AK” on wavelength as indicated 

in Figs. 5 and 6 may be summed up in the following 

empirical formula. 
K=A—By 


-1(CA+Dh°*). (8) 


The values of the parameters 4, B, C, and D determined 
from the slopes and intercepts of the straight lines in 
5 and 6 are listed in Table III. Since for the most 
A is rather small in comparison with Bd’, one may 
neglect A in calculating the skin depth. If this is done, 
the skin depth is independent of wavelength and is 
equal to the calculated values shown in Table III. 
This table also shows values of the de conductivity, oo, 
based on the work of Meissner,! Holborn,!'® and 
Pawlek and Reichel.!” 

If one sets aside the term in Eq. (8) containing C, 
terms in this equation depend on 


igs. 
part 


then the remaining 


wavelength in the same manner as_ corresponding 
terms in Eq. (4). It seems natural to try to assign 


| 


ras_e III. Experimentally determined parameters for copper. 


00°K 300°K 500°K 
1 Ke=1+2m Kon 6 6 6 
B 52.8 52.8 51.2 102m-? 
( 0.50 0.65 0.80 1087! 
D 0.97 1.38 1.86 10!8m- 
\/2rry K 0.0219 0.0219 0.0222 10° 8m 
0 349 57.7 32.5 10° ohm yn"! 


W. Meissner, Ann. Physik 47, 1001 (1915) 
L. Holborn, Ann. Physik 59, 145 (1919 


I’. Pawlek and K. Reichel, Z. Metallk. 47, 347 (1956). 
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TABLE IV. Proposed alternative parameters for copper 


90°K 300°K 500°K 


o} 346.5 55.2 30.0 108 ohm™!m 
o2 ye 2.5 2.5 
O3 0.0083 0.0108 0.0133 
Art 470.6 76.3 42.2810 ®m 
Nr? 17.3 ae 17.3 
ie | 
l= 0.2241 0.0357 0.0194 10°» 
1546 10” 
3 1; 
am=1+4 4.837 1.611 1.328 
8 6 
values to the parameters in Eq. 4) so as to fit the 


experimental values of B and D as defined in Eq. (8 
It is certainly possible to find values of Xo and @ whic! 
satisfy this requirement at any one temperature. This 
may be done using the following relations. 


AwD/B. 9 


the values of A» and 
temperatures art 


h other data « 


Che question, then, is whether 
determined by Eq. (9) 
mutually consistent and in accord wit 


at different 
mean free path. 

The mean free path may be calculated from the 
known values of a and 6 by use of Eq. (5). The 
of oo// obtained from values of mean free path calcu 
lated in this way are: 143210" ohm™m™ at 500°K, 
1387 X 10" at 300°K, and 95110" at 90°K. The first 
two values seem in reasonably close agreement with 
1546 10" m~ 
Chambers and reported by Sondheimer. 
ment tends to support the choice p 
value of p would give a less favorable comparison. 

The results at 90°K, however, do not fit this inte rpre 


ratios 


the value ao/l ohm obtained by 


’ This 


Q, since any other 


tation at all, because it would seem absurd to Suppose 


that oo// 
pong, “Tisha calli sete ‘ogi Qari aa 
ature. There is no plausible variation of p with temper 


ature that would lead to a more satisfactory interpre 


low temper 


would be so much different at the 


tation, therefore it must be concluded that Eq. +) 

itself for the 

values of B and D at all temperatures. 
The next logical step is to show that t 


not sufficient by to account observed 


he particular 
form of Eq. (6) which includes two free-electron term 


he observed values of B 


is at least sufficient to explain 
and D. As a matter of fact 
sufficient, so there is a certain degree of arbitrariness 
i the 


the extra term is more than 
in procedure of choosing parameters to fit th 
experimental data. One possible interpretation, which 
also accounts for the term containing C, is that given 
below. 

It appears that a close parallel can be drawn between 
copper and nickel, the latter having been already studied 
detail in paper II.* In other both metals 
have the same number of free electron terms expressed 


in words 


in the form of Eq. (6). One of these terms contain 


H. Sondheimer, Suppl. Phil. Mag. 1, 1 (1952). 
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Ts 
most of the di ductivity and changes according 
with temperature [he mean free path in coppe, 


rt 


determined by Chambers would naturally be expect 


to apply only to t} me term. The other free electro 


terms have much shorter relaxation wavelengths 


likely the correspond. 


most g mean free paths wi 


hese other terms 
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be very short 





relatively independent of temperature. x] 

In copper both \,; and A,2, corresponding to the atter 
eading term et » be much longer than any y [abl 
length used in the experiments, so that extreme r 4X y Be 

ion ¢ d I prev for bot] these terms, These idalk 
ire the same ter LCCO for th values if Fviden 

d D. The term involving C would be interpreted pper 

¢ Vay Kel DY a ra iree electro ter th 
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fK’ and K” at 2.54 and 10 4 obtained by means of 


au 


steer Eq. (8) using the data compiled in Table III are shown 
Dect fter the heading “bare copper” in Table V. Note that 
ectron the values of K’ and K” at 2.5 wu are about 5% greater 
Sa absolute value than the observed values given in 
would Table I. The reason for this, as already pointed out, 
ns are is that there is believed to be a slight error in the 
xpe rimental values at this wavelength owing to 

et scattered light transmitted by the monochromator. 
wal Table V also shows data at 2.5 » and 10 yw as reported 
relax. by Beattie and Conn" and by Shkliarevskii and 
The Padalka”® or obtained from their data by interpolation. 
RB Evidently these authors have made measurements on 
ted ypper exposed to the atmosphere under the assumption 
ten at their results would not be affected much by an 
mar side film that was extremely thin compared with the 
en it ivelength. In order to check this hypothesis the 
le ar ues have been calculated for the effective optical 


tants that would be measured on a copper surface 
vered with a dielectric layer of refractive index 2.5 
f | ! only 40 A thick. The results of this calculation are 
ed shown in Table V just underneath the author’s values 
for bare copper. This calculation is carried out using 
formulas summarized in Appendix II. One finds 

the dielectric layer causes a very great difference 

at the longer wavelength for which the film 

cness is only 4X10~' times the wavelength. 

Ived irthermore, the effect of the surface layer is about the 
: order of magnitude to explain the differences 
ea tween the values calculated in the present work and 
older experimental data. It is clear from this that 

t as much care needs to be exercised in obtaining a 

in surface for measurements at long wavelengths as’ 

} 


nary is needed at short wavelengths. 


VII. CONCLUSIONS 


Mica The optical properties of copper, expressed in the 
nper- form of a complex dielectric constant, K’—ik”, have 
measured under conditions which approach as 

sely as possible to a clean, plane polycrystalline 


' rface free of mex hanical cold working. The de velop- 


of reasonably sized crystal grains free of cold- 
rking was ensured first of all, by using specimens of 
tal; secondly, by thoroughly annealing the 
imens in hydrogen; and thirdly, by electropolishing 
produce the finished surface. Measurements con- 
ied that specimens so prepared did possess surface 
presumably of cuprous oxide. Finally, it was 
imed that the above specimens could be made clean 
heating them to 227°C in a vacuum amounting to 


absolute pressure of about 10-5 mm (Hg). This 


v a sufficiently good vacuum to maintain the surfaces 
enough for the required measurements. Refine 

920; Ments in the measuring apparatus and_ technique 

es permitted highly reliable observations throughout 
‘J. R. Beattie and G. K. T. Conn, Phil. Mag. 46, 989 (195 

I. N. Shkliarevskii and V. G. Padalka, Optika i Spektro 


ya 6, 78 (1959 





most of the range from 0.365 to 2.5 microns. Complete 
sets of data were obtained and are reported at 90°, 
300°, and 500°K. 

In the wavelength range below 0.6 micron the 
author’s data confirm the known facts relating to a 
threshold for interband electronic transitions in copper. 
At longer wavelengths the observed values of K’ and 
K"’ may be expressed in powers of \. However, the 
resulting expression is not quite what one would expect 
in a metal having free electrons with a single relaxation 
time and, consequently, a spherical Fermi surface. The 
imaginary part of the dielectric constant, K’’, does have 
a term proportional to the cube of A, which would be 
expected on the basis of a single relaxation time, but it 
also has a term which is linear in A and which cannot 
be explained in this way. Furthermore, the coefficient 
of the cubic term is too large to be consistent with the 
other data and with the known values of mean free 
path. This is especially important at 90°K. All these 
inconsistencies may be resolved if it is assumed that 
the free electrons in copper have not one but several 
discrete relaxation times. The same is true for other 
metals which the author has considered previously. 

The complication involving several relaxation times 
instead of one is thought to be a consequence of the 
fact that in copper the Fermi surface is not spherical. 
Pippard*! and Cohen® have recently shown evidence 
that the Fermi surface of copper is not only non- 
spherical, but that it even touches the Brillouin zone 
boundary. Pippard’s work was based on the study of 
the anomalous skin effect in oriented crystals at micro- 
wave frequencies. Cohen’s treatment was based on a 
comparison of the thermal effective mass with the 
optical mass, the latter being derived from just the 
real part of the dielectric constant. The author’s work 
may therefore be regarded not only as a quantitative 
model for the observed relaxation effects in optical 
properties but also as independent support for what is 
already known about the nonsphericity of the Fermi 
surface of « opper. 


VIII. ACKNOWLEDGMENTS 


The author is indebted to B. Segall and H. Ehren- 
reich for critical comments and helpful suggestions for 
improving the manuscript. G. Richwell assisted in 
deriving some of the equations in the second appendix. 


APPENDIX I 


The relative intensities of the transmitted radiation 
corresponding to different combined settings of the two 
main polarizers, P,; and P2, were worked out by 
Jeattie® under the assumption that unpolarized radi- 
ation was incident on P;. His Eqs. (2), (3), and (5) 
are assembled here as Eq. (10) with a change in sign 


\. B. Pippard, Phil. Trans. Roy. Soc London) A250, 325 


M. H. Cohen, Phil. Mag. 3, 762 (1958) 
*3 J. R. Beattie, Phil. Mag. 46, 235 (1955) 


1518 S 


of angular notation. The need for the change arises 
because the author’s prisms are arranged symmetrically 
around the vacuum chamber so that the rotation of 
one scale is reversed relative to the direction of the 
light path. The Jo is a constant related to the incident 
intensity. 


2p cosA ° P, Fr 1: 


I, 1+p -2p cosA); (P, tr/4: P ta/4 


The intensity ratios measured by the author may bx 
defined in the following way: 
é.=3(14/h); o 

en S(I4 Is); Tp 


7 


4 (13/1). 


(11) 


Che additional factor of 3 in each case comes from the 


loss introduced by the third prism, P3. For example, 
suppose the settings are P};=7/2, Po=7/4, and P 

w/2. According to the above table the indicated 
intensity would be a measure of a Now, 


alone is shifted to 7/4. Then P, , 
of the light from P; and the indicated intensity would 


suppose P 
will transmit only half 
be a measure of J/,/2. The ratio of these two transmitted 
intensity readings would be equal to e, as it is defined 
above. The above expressions lead to the following 
formulas for tany and cosA. 


we ; 
p tan*y=;€;/Tp€p, COS*-A=(o,—e,)(o Cal 12 


The self-consistency of the observed intensity ratio 
may be checked by testing them in the 
identities 


followin y 


OC p/ T pf : 13 


APPENDIX II 


The treatment of the surface film is simplified by th 
assumption that the film is homogeneous and isotropi 
and of constant thickness, d. In the following expr 
sions the subscript 1 is used in reference to the vacuum, 

) 


the ubs« ript is used to refer to the metal, and the 


subscript 3 is used for the surface film. By this con- 
vention K, is unity, Ke is the complex dielectric con 
l, and A 


stant of the meta 


is the dielectric constant of 
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rs ar Specific Heat of Dilute Alloys 
V 
nnl, W. MARSHALL 
: Theoretical Physics Division, Atomic Energy Research Establishment, Harwell, Berks, England 
: (Received January 4, 1960; revised manuscript received March 1, 1960) 
Recently Zimmerman has observed that the addition of Mn to Cu produces a large contribution to the 
specific heat which, at low temperatures, is linear in temperature and independent of Mn concentration. 
It is shown that: (1) this remarkable result can be explained in terms of the well-known Ruderman-Kittel- 
Le Yosida spin-spin coupling via conduction electrons; (2) the specific heat results of Beck et al. on FeV and 
FeCr alloys are probably of essentially the same origin as those of Zimmerman on Cu Mn; (3) that there 
are serious objections to the mechanism of antiferromagnetism postulated by Overhauser and used by him to 
explain the specific heat results. In contrast to the Overhauser theory, no new concepts are involved and it 
is suggested that the large specific heat comes from a small fraction of Mn spins which, because of the 
random nature of the alloy, happen to be in small effective fields and therefore not strictly aligned. The 
theory depends on two plausible assumptions which have not, at present, been proved rigorously valid. 
ECENTLY Zimmerman! has observed that the Here the summation goes over all Mn spins, G is the 
addition of Mn to Cu produces a large contribution 4s—3d exchange interaction, Ho the Fermi energy and 
the specific heat which, at low temperatures, is linear &p the Fermi wavevector. For simplicity take S to be 
temperature and independent of Mn concentration. } (magnetic susceptibility measurements? show S is § or 
he experiments were performed over the range of 2 but this produces no qualitative difference) and 
ncentration 0.17 to 4.00%.) At a higher temperature assume the interaction may be replaced by an Ising 
yi the specific heat falls rapidly to the pure Cu value. term. This Ising approximation is reasonably good 
s fall-off temperature is proportional to the Mn con- provided that the spin arrangement in the ordered 
I tration so that the entropy associated with the extra state has a unique orientation axis which we call the Z 
pecific heat is proportional to concentration as it must axis; it would certainly fail if there were spiral spin 
be if it is to be attributed to the disordering of spins arrangements and of course, it cannot possibly give 
‘ n the Mn atoms. The same effect has been observed spin Wave effects. This Ising interaction produces an 
Th by De Noble and Du Chatenier? for Mn in Ag. To _ effective field H in the Z direction acting on each spin. 
xyplain Zimmerman’s remarkable results Overhauser’ In the presence of this field a spin makes a contribution 
postulated a new mechanism for antiferromagnetism — to the thermal energy of 
Ls; +} ryt ’ 1 step 17 4 
oking the concept of a spin density wave in the con- a 
braids. : : —pH tanhyH /kT. 
tion electrons. It is our purpose to point out: (1) 
Zimmerman’s results can be explained using the The total number of spins is .Vc, where c is the concen- 
known and established interaction derived by — tration, and if p(H,7) is the probability distribution of 
Ruderman and Kittel,* Kasuya,® Yosida,® and Blandin 77 at temperature 7 then an exact expression for the 
d Friedel 2) that the Spec ific heat results of Beck total the rmal energy is 
Son FeV and FeCr alloys are probably of essen- 
ly the same origin as those of Zimmerman on Cu Mn; ae - Ss . 
ff ne k(T) Ne dH p(H,T)yH tanhul/kT. (3) 
3) that there are serious objections to the Overhauser emia 
ry. 
We assume that in Cu—Mn the Mn spins interact Phe factor } has been introduced into this expression 
ording to the Ruderman-Kittel-Yosida Hamiltonian; | because otherwise in constructing the thermal energy 
“i from the effective field we would have included each 
9 H=> f(n—m)S,-Sn, 1 pair interaction twice. Differentiating to get the specific 
heat gives 
ert 
r 
R 9nG?/2Eo) (2koR Cu(7 +N f dH p(H,T) (wl? /kT 
X (2koR cos2kyR—sin2koR). 2) aoe 
Xsech*uH/kT—3.Nc(0/0T)h(T 
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1 
Regular lattice, Weiss molecular field; (b) Regular lattice, Bethe 


Peierls method; (c) Dilute alloy 
where h(7) is the mean magnitude of 7 


x 


f dH (HH p(T). . 


D 


h(T) 


« 


In order to estimate p(H,7) for this problem. it is 
necessary to consider first the simpler problem of a 
regular cubic array of spins with antiferromagnetic 
Ising interaction of strength J between nearest neigh- 
bors only. The simplest order-disorder approximation 
for this latter problem is given by the Weiss molecular 
field method which determines self-consistently an 
effective field which acts on all the spins and no allow- 
ance whatever is made for fluctuations in this field; 
hence the molecular field approximation gives 

p(H,T) = }6LH—h(T) ]+36L1+h(7)], 


(Q)) 


where (7) is defined by (5) and determined by th« 
well known self-consisten y ¢ quation. Above the critical 
temperature 4(7) is zero and (4) gives zero specific 
heat. This is a direct result of having no fluctuations 
in H. 

A better order disorder approximation, which does 
for fluctuations in H, is given by the Bethe- 

} 


method which considers a central spin and thi 


allow 
Peierls 


surrounding r nearest neighbors. The effective field 
acting on the central spin is 

inti " 

H=(Ng—N,)J/ 2p, 


and Vg, and ., are the number of 8 and a spins in the 
shell of r nearest ne¢ ighbors. The difference .\ a— .Vq can 
take all integer values from —r to r and the probability 
for each value is easily calculated using standard Bethe- 
Peierls theory. Hence p(H/,7) is obtained as a sum of 
6 functions at the discrete field values given by (7). 
Schematically we can replace this by the continuous 
curve 6 of Fig. 1. Notice that p(//,7) has sharp maxima 


and in particular p(H,7) is exponentially small 
[~exp(—T./T)] for small H and for temperatures 


below the critical temperature 7. As a result (4) gives 


an exponentially small specific heat at low 7. 

Now consider the form of p(//,7) for the more diffi 
cult dilute alloy problem where we must extend this 
discussion to take account of the random distribution 
of Mn atoms and of the dependence of the interaction 


coming from all ot 
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they happen to lie in a small field ~k7T/p and each 
gives a Shottky-like contribution to Cy. 


ated Setting p(0,0) equal to 1/4\’/4 where ’ is a number 
nee f order unity, and using (8) gives 
Q Cu(T)~LNckT/2xX' f(R) if dx x* sech?x. (10) 
r 
dis Now for dilute alloys the dominant term in the inter- 
r} action constant (2) is that of order ~ R-’, hence 
f(R)|—~(99G?/ 2) (2Rol?) 
. ~ (99G?/2Eo)(2dko)-*c, (11) 
y vhere d is the nearest neighbor distance and c the 


concentration. Substituting into (10) and remembering 
Idko)’ is 24V22 for Cu, gives 


Cyl(T) (NRT Eo/G*) (82v2 aN’) f dx x7 sech*x, (12) 


£ 


hich is linear in T and independent of ¢ in agreement 
xperiment. The integral 


der unity. 


n (12) is a number of 
This expression for Cy is remarkably 
nilar to that given by Overhauser: both are inversely 
proportional to G* and proportional to T EK 





and 


Overhauser’s constant C is of the order of Zo). But the 
rte derivation given here has not introduced any new 
ncepts as Overhauser’s theory does. 

At higher temperatures (7 ~7,) the approximation 
eading from (4) to (9) is no longer valid and Cy 
leviates from (12). It is not possible at present to 
estimate in detail the depend nce of Cy on T in this 
igher temperature region but it is obvious that the 


ific heat will begin to deviate from the linear law 
ta temperature proportional to uh/k. This temperature 
ir in the 


r 





concentration. At very high temperatures 
, Cy falls like T-?. 

fore conclude that 
the results of Zimmerman 
in be qualitatively explained in terms of the Ruder- 
man-Kittel-Yosida spin spin interaction. The other 
‘u 
origin of 


:> 
, Subject to certain simple 


1 sumptions, spec ific heat 


properties of ¢ Mn alloys are not sensitive to the 
the 
yt seem necessary to invoke any new mechanisms to 


explain them 


precise antiferromagnetism and it does 
The most serious weakness of the theory 
described here is probably the use of the Ising model. 
We must expect an additional specific heat coming 
from the spin waves and we have assumed this addi- 
tional term is small at low temperatures without giving 
any proot. 

Equation (8) deserves further discussion because it is 
essential for the theory that h be proportional to ¢ as 
8) indicates. Kittel has brought to the author’s atten- 
tion the close analogy between this problem and that of 
computing the line shape for nuclear magnetic resonance 
on a dilute sample of nuclear spins distributed randomly 


OF 
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in a crystal and coupled only by their magnetic dipole 
interactions. The latter problem has been discussed by 
Anderson” and by Kittel and Abrahams" and it was 
concluded that for very dilute samples the line shape 
is a cut-off Lorentzian with width proportional to con- 
centration (whereas if the line shape were Gaussian a 
width proportional to the square root of the concentra- 
tion would be expected). A similar treatment to that of 
Kittel and Abrahams demonstrates immediately that 
p(H,T) also has a width proportional to the concentra- 
tion for dilute alloys. This justifies (8) which is the only 
assumption it is essential to make about p(H,7). I am 
grateful to Dr. Kittel for suggesting this argument. 

The foregoing argument is sufficient to fix the width 
of the p(#7,T) curve but not sufficient to determine its 
precise shape. But it is worthwhile to consider why the 
cut-off Lorentzian of the nuclear problem is distorted 
into the shape of curve c in Fig. 1 for this electron spin 
problem. Using the Ising approximation to the Hamil- 
tonian (1) we can write the effective field acting on 
spin S, as 


H, 


=(1/2u) >> f(n—m)Sn’, (13) 


m 


and hence we can write the moments of the distribution 


p(H,1 


as 


CH. 1/4y7)>> f(n—l) f(a—m) (S)7Sm? (14) 
l,m 
H 1/16u*) > f(n—I) f(n—m) f(n—p)/(n—q) 
Impq 
x (Si7Sm?Sp*Sq?), (15) 


where the sums go over the lattice points occupied by 
Mn. These may be written in terms of sums over all 


lattice points as 


tu (FI c/4) + S i 1)+c?2 = TDs m)(Si7S m?), 
f m (16) 
16u4(H*) = (c/16) > ft()+(32/8) & PDP (m) 
l i<m 
92/2) SX f(D) f(m) f(n)(S m27Sn?) 
tc124 Sf (l) f(m) f(n) f(p) 
l<m 
X (S7Sim?@Sn2Sp?). (17) 


The first term of (16) is proportional to ¢ and inde- 
pendent of temperature; the second term of (16) is 
temperature dependent and vanishes at high tempera- 
tures. At low enough concentrations the first term will 
dominate (16). The first two terms of (17) are tempera- 
ture independent and at low enough concentration the 


10 P. W. Anderson, Phys. Rev. 82, 342 (1951). 
11 C, Kittel and E. Abrahams, Phys. Rev. 96, 238 (1953). 
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first term will dominate because it is linear in c. We now 
recognize that if we retained only the temperature inde- 
pendent terms of (16) and (17) then we sould have the 
exact analogy of the nuclear line width problem and we 
could therefore, by analogy, assume p(H,T) to be a 
cut-off Lorentzian, i.e., 


p(H,T) for H| <a 
x H?+A? 
=() for |H|>a 18) 
where A and a are determined by 
(HT? 2Aa T, 
H*)=2Aa®/3x, 19) 
and we have assumed aA. From (16), (17), and (19 


we deduce that A is proportional to ¢ and a is inde- 


pendent of c at low concentrations. From (18) we find 

h=(A/m) Inf 1+ (a@/A)*], 20 
which, ignoring the weak dependence of the logarithm 
on ¢, is proportional to concentration. 

The temperature dependent “correlation terms” 
(16) and (17) approach zero at high temperatures and 
therefore we may assume that at high temperatures 
p(H,T) is a cut-off Lorentzian. We now have to consider 
how ~(H,T) is modified at low temperatures. We notice 
from (16) that H? is increased by an amount ~c? above 
the value it has at high temperatures and one way of 
doing this is to decrease (7,7) near H=0 and increase 
it the corresponding amount near |H| ~h, by 
distorting (18) into the shape of curve c in Fig. 1. We 
also recognize this is reasonable on physical grounds 
to reduce the 


In 


1.€., 


because the effect of correlation must be 
energy and this can only be done by arranging for spins 
to sit in fields of larger magnitude. We therefore con 
clude that this approach using the moments of p(//,7) 
is quite consistent with the postulate that p(//,7) is as 
shown in Fig. 1(c) at low temperatures and as given 
by (18) at high temperatures. However it should be 
emphasized again that for our immediate purposes the 
prec ise shape of p(H,T) is of no importance. 

It is possible to define an “effective magnetic field” 
without making the Ising approximation and the sub 
sequent analysis is exactly as we have given in this 
paper. But the concept of an effective magnetic field 
as used here is strictly valid only in the Ising approxi- 
mation and so at low temperatures it is doubtful if this 
alternative approach would be of value (but at high 
temperatures it is certainly better than the theory 
based on the Ising approximation). 

It seems very likely that the explanation given here 
for the Cu— Mn alloys may also be used in connection 


with the unusual specific heat results of Beck ef al.° for 


V—Fe and Cr—Fe alloys. Beck observed that the term 
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in the specific heat linear in T was extremely sensitjy In 
to alloy concentration and had very sharp maxima q vO 
certain concentratiot It very hard to believe 4) nam 
these could be explained by any conventional electr y of 
band theory and it seems more natural to explain th, re 
results by the same kind of qualitative argument 
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Spin-Lattice Relaxation of Shallow Donor States in Ge and Si 
through a Direct Phonon Process* 
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(Received January 22, 1960 


rhe many-valley character of the conduction band edge of germanium and silicon causes an anisotropy 
of the g shift and of the deformation potential for the conduction electrons. It is shown that the combination 


these two effects provides a mechanism for spin-lattice relaxations of the donor spins in germanium and 
ilicon that yields 1/7, proportional to the temperature T and to the fourth power of the static magnetic 
field 77. Using known data about the deformation potential constant, the g shift, the energy of the inter 


valley splitting, and the elastic constants, the magnitude of 7, is found to be approximately 2 10™ sec for 
phosphorus donors in germanium, and 1X10‘ sec for phosphorus donors in silicon. These values refer to 
[=1.25°K, 1H =3000 gauss, with the field applied along the [111] axis. Our mechanism fails to give a 


) 
nite 7, for donors in silicon, when the field is applied along the [100] axis. 


1. INTRODUCTION ae ee 
, . ‘ ‘ . SS”. O(a)e'a'! 2) 
. ( , . ail 
HE present investigation is concerned with a Q(r) = 24 A(aye (1 
mechanism which may be responsible for spin- then, using Eq. (1.1), the corresponding Fourier 
ittice relaxations of shallow donor spins in Ge and Si. component of the energy shift is given by 
We restrict our considerations to direct phonon proc- éq =.(iQ,:q)+=.(iQ,:K)(K®-q). (1.3) 
esses, i.e., to processes which involve the absorption or 


rhe first and the second terms in the right-hand side of 
Eq. (1.3) represent the interaction of the electron with 
the lattice wave of a wave vector q through the volume 


emission of only one phonon 


rhe interaction of an electron with lattice vibrations 
such a nonpolar crystal has been treated by many 
uthors from the deformation-potential point of view.! 


In particular, a generalized theory of the deformation 


dilation, and the shearing strain, respectively. 
In the present paper, we wish to show the importance 
of the second term of the expression (1.3) in the 


potential for many-valley semiconductors has been : ee : ; ; : 
: : mechanism of spin-lattice relaxations of shallow donor 


leveloped by Herring and Vogt.?* According to these 


states in Ge and Si. The effect of shearing strains on 
the ground state of donors has been discussed by 
Pricet and by Kohn.® One interesting feature of these 
™ — ‘: sneer ® is ¢ 

s TY UeilE Bes tZ. KOK 9). 11 states, first pointed out by Kohn and Luttinger,® is a 
oF splitting of the degenerate ground state through the 


valley due to a strain U is given by 


intervalley interaction due to the impurity potential. 

here Ua is the (a3) component of the strain tensor The recent experiments on acoustoelectric effect (Ge),’ 

u, K°° is the unit vector pointing from the origin to piezoresistance (Ge),* Hall effect (Si),? and spin reso- 
the bottom of the ith valley in the first Brillouin zone, nance (Si,Ge)"’"! have confirmed this feature, and have 
ind =, and =, are energy constants whose magnitudes ‘P. J. Price, Phys. Rev. 104, 1223 (1956 
ire several ev. If one writes the displacement of the 5W. Kohn, in Solid-State Physics, edited by F. Seitz and D. 


ice at a position r due to the lattice vibration as a lurnbull (Academic Press, Inc., New York, 1957), Vol. 5, p. 257. 
®W. Kohn and J. M. Luttinger, Phys. Rev. 98, 915 (1955). 
7G. Weinreich, T. M. Sanders, Jr., and H. G. White, Phys. 


* This work was supported by the Office of Naval Research Rev. 114, 33 (1959). 
TOn leave of absence from the Department of Physics, the * H. Fritzsche, Phys. Rev. 115, 336 (1959) 
University of Tokyo, Tokyo, Japar +1). Long and J. Myers, Phys. Rev. 115, 1119 (1959). 
']. Bardeen and W. Sho klev, Phvs. Rev. 80, 72 (1950) G. Feher, Phys. Rev. 114, 1219 (1959) 
*C. Herring, Bell System Tech. J. 3-4, 237 (1955), Appendix C G. Feher, D. K. Wilson, and E. A. Gere, Phys. Rev. Letters 
*C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956) 3, 25 (1959 
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provided some numerical data on the energy interval 
between the ground state and the split-off excited 
states. Since any kind of static strain mixes 
excited states with the ground state, we may expect a 
similar mixing effect from the electron-lattice inter- 
action given by Eq. (1.3). 

The mathematical procedure used here is a simple 
perturbation treatment which assumes that the inter- 
valley splitting is large enough for the interaction with 
lattice vibrations to be regarded as a small perturbation. 
This treatment may not be legitimate in the case of 
very shallow donors such as Li in Si or Sb in Ge, for 
which the simple picture of a singlet ground state 
might not be appropriate. 

The present mechanism interprets the resulting 
interaction between electron spins and lattice vibrations 
as a modulation of the g shift by lattice vibrations. 
Although we are concerned with the particular cases of 
donor states in Ge and Si, the present mechanism may 
also apply to the spin-lattice relaxations through direct 
phonon processes in other cases, €.g., paramagnetic 
salts, provided that the electronic state under con- 
sideration is orbitally nondegenerate. 

Calculations of the spin-lattice relaxation time 7, of 
donors in Si due to direct phonon processes have been 
made by several authors,” and a large discrepancy 
has been found between the experimental values'*:!® 
and the theoretical predictions. The essential difference 
between the previous calculations and the present one 
consists in the following two points: 

The only part of the electron-phonon interaction 
previously taken into account was that due to the 
isotropic dilation; i.e., the interaction corresponding to 
the first term of the expression (1.3). 

2. The amplitude of the excited states with reversed 
spin which is mixed into the ground state by a static 
magnetic field H is given approximately by gusH/AE 
XAg/g. The quantity AE was taken previously to be 
the difference between the energies of the conduction 
band and an adjacent band, in order of magnitude 1 ev. 
In our treatment, however, AE is the energy of the 
intervalley splitting whose order of magnitude is 
10*~ 10 ev. 

This second point results in a rather large difference 
in the numerical estimate of 7,, and modifies greatly 
the previous results. Section 2 and Sec. 3 together with 
Appendix are devoted to explaining this point. The 
explicit formula for the spin-lattice relaxation rate 1/7, 
is presented in Sec. 4. Discussions concerning its field 


these 


dependence and grder of magnitudes are given in Sec. 5. 
One interesting prediction of the theory is that 1/7, 


will be anisotropic, i.e., 1/7, will depend on the direc- 


2D. Pines, J. Bardeen, and C. P. Slichter, Phys. Rev. 106, 489 
(1957). 

3 FE. Abrahams, Phys. Rev. 107, 491 (1957). 

4 A. Honig and E. Stupp, Phys. Rev. Letters 1, 275 (1958); 


(1959). 
114, 1245 (1959). 
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A. Gere, Phys. Rev. 


see also Phys. Rev. 
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tion of the static magnetic field with respect to the 
crystallographic axes, especially in the case of §j, ]; 
fact, for Si, our mechanism gives 1/T,=0, when the 
field is applied along (100) directions. This is essential) 
due to the geometrical structure of the conduction band 
edge in Si. The question of what mechanism is fp. 
sponsible for relaxation in this special case remains open 

After this work was completed, 
abstract'® by L. M. Roth 
conclusion as that obtained 


there appeared ay 
stating almost the sam 


in the present paper. 


2. PERTURBATION FORMULA 


Let Y,,(r) be set of normalized wave 
functions for a donor electron in a Ge or Si crystal, and 
write the ground state as V(r), dropping the subscript 

-0. The function Y,(r) the Schrédinger 
equation 


a complete 


Satishes 


ta a; (2.1 


the Hamiltonian 3, for the donor electron 1s 


given by 


where 


Ke= p?/2m+ V (r) +H, (2.2 

The pote ntial V(r) is the sum of the periodic potentia 
V period ANd the impuri potential V inp, ond X, 

represents the spin hit a. raction given by 

Ho fh /2m?c?)(sX gradV)-p. (2.3 

We shall consider the interactions of the electron 

ith a static magn field and with lattice vibrations 

as small perturbations. The Hamiltonians of these 

interactions will be denoted by IC. amd 50. «. respec- 


tively. The Zeeman energy 35C., up to first order in the 
static magnetic field H, can be written as 

i, =usH- (¢+-¢,8), (2.4 
where uz is the Bohr magnetron, g,= 2.0023, the free- 
electron g-value, and ¢ and s are the orbital and spl 
angular-momentum vectors, respectively. The three 


components of $ ar Pauli spin matrices, and fis 


defined by 


}; ) 


(=(1/h)rX2, z= pt+(h/2mc*)(sXgradV). (25 


Kram rs’ theorem that every donor 
y degenerate in the absence of the 
ows the symbol V,(r 


and ®,(r) with a 


It follows from 
level is at least doul 
field, ony in what foll 
functions W(t 


magne tic 


repre sents two elgel 


Paste I. Classifica ke donor states in Ge and Si 
iccordi le represe ition of Ta and Tq. 
1 T 
Ground state Ge, Si Tr; 1,)* reXri=ls 
Ist excited states Ge, S r,s (21) reXly=l74+1 
2nd excited states Si r; (-)" reXV3=Fs 
« The { ] brack ised by Kohn and 
I t ge 
L. M. Roth, B Am. Phys. Soc. 5, 60 (1960). 
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SPIN-LATTICE RELAXATION 
common energy En. Accordingly, the matrix element 
of an operator X between two functions ,(r) and 
J,(r) is represented by a 2X2 matrix, which we write 
simply as (¥,,X¥.). Therefore, assuming that the 
sround state is orbitally nondegenerate, the shift of 
the energy of the ground state to the lowest order in 
x, and H,-1 can be expressed by a 2X2 matrix as 
follows : 


A= (V5, V) +-(V.5C, LV ) 


+ py [( a n )( Y, He LY) 


" E—E, 


+ (P50. 1V,)(,,5,¥)]. (2.6) 


As was pointed out by Abrahams," the first-order 
effect of the electron-lattice interaction given by the 
second term (¥,30._1.¥) of the above expression does 
not yield any spin-lattice interaction, because the 
relations 

(W5C, LV)= (P,5C, LP), 
(P57. Vv) =0 


-_— 
bho 
~J 
— 


(W350. 1P) 


are satisfied (Van Vleck cancellation). Thus the spin- 
lattice interaction responsible for the relaxation effects 
is represented by the third term in Eq. (2.6). In this 
term the summation runs over all excited states, but 
we shall consider only those low-lying excited states 
which are split off from the ground state by the inter- 
valley interaction due to the impurity potential. A 
liscussion of this point will be given in Sec. 5. 

It has been shown by Kohn and Luttinger® that the 
wave functions of the ground state and of these excited 
states can be written as 


V(r) > aOP(r), 
in¢ (2.8) 


V,(r) > i) Ay P(r), 


respectively, where the superscript i represents the 
location of an energy valley in the conduction band, 
and runs from 1 to 4 for Ge and from 1 to 6 for Si. In 
the absence of spin these wave functions belong to 
irreducible representations of the full tetrahedral group 
IT, and the corresponding sets of amplitudes a,” are 
determined by symmetry alone. The classification of 
these states according to irreducible representations of 
Ty is given in Kohn and Luttinger’s paper.® In the 
presence of spin the wave functions belong to irreducible 
representations of the tetrahedral double-group T 4. 
Table I gives a classification of the states according to 
these irreducible representations. 

Since the angular momentum vector f¢ and the spin s 
are axial vectors and transform like T’s,!’ the only states 


The notations I of irreducible representations of Ta and Ta 
are same as those given by H. Bethe, Ann. Physik 3, 133 (1929), 
and by R. J. Elliott, Phys. Rev. 96, 280 (1954). See also G. 


Dresselhaus, Phys. Rev. 100, 580 (1955), 
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which have nonvanishing matrix elements of ¢ and s 
with the ground state, whose symmetry is 'sXI'1=Ts, 
are those which appear in the decomposition of 'sXT's. 
The latter is equal to '¢+I’s. As is seen from Table I, 
the representation I's occurs among the relevant low- 
lying excited states of donors in both Ge and Si. In the 
following section we shall derive explicit expressions for 
the matrix elements of ¢ between the ground state and 
some of these excited states. 

The spin-orbit interaction may both shift levels and 
also remove the degeneracy of the states I'y. However, 
these changes are generally small compared to the 
intervalley splitting, and may be neglected. Making 
this assumption, we attribute the admixture of spin 
functions entirely to the effect of the spin-orbit inter- 
action on the conduction band, and write 


a b dk 
H(t) fa »()bx()—, (2.9) 
(2r)8 
where A ‘®(k) satisfies 
A®(k)=0, |k—k;|>>1/a*, (2.10) 


a* being the effective Bohr radius of the ground state 
of the donor, and a measure of the size of the orbit. 
Since 1/a* is generally small compared to the length 
of a reciprocal lattice vector, ¥ (r) is usually approxi- 
mated by a product of ¥xi(r), the Bloch function at the 
bottom of the ith valley, and the envelope function 


dk 
FO (r) fa ) (k)e(k-kd) -r—__. 
(27)3 


We shall use Yx(r) to denote the pair of Bloch 
functions 


(2.11) 


vx (rr) =e'* ty, (rr), ¢x(r) =e™ Ty, (r), (2.12) 


which forms Kramers’ doublet. These functions satisfy 
the Schrédinger equation for the perfect crystal: 


, p h 
Kery stal k + V per od tT { ox grad V period) ° p| 
2m 2m 
= E(k) Py. (2.13) 
They are normalized as follows: 
(Wu, Pre )erystat= (27)*5(K—k’), (Va Wu)cen=2. (2.14) 


where Q is the volume of the unit cell. Under these 
conditions, a donor function 


; dk 
vin= f A(k)Yx(r) 
ist zone (27r)8 


is then normalized if A (k) satisfies the equation 


dk 
f A*(k)A(k) =1. (2.15) 
1 


(27r)8 


bho 


st zone 
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Finally, we note that the matrix element of an operator 
X between two donor states V(r) and W.(r) can be 
expressed in terms of the matrix elements of Y between 
Bloch states. The relation is 


(Vv, XY.) J faded xbe)aack 


3. MATRIX ELEMENTS OF PERTURBING 
INTERACTIONS 


up: (l+¢,s 


dkdk’ 
a < 2.16 


(2x 


A. Zeeman Energy: 


The matrix elements of 3, between the Bloch 
functions ¥,(r) and yy: (r) are 
Vu, IC Vy) 
(Wu, (C+ gs8)Pur) Wu, (C+ 2.8) bx’) 


upgH- 3.1 


(dx, (C+ 258) Wu) (x, (C+ 268) bx’) 


Since the spin-orbit interaction is present in the periodic 
potential, the electronic spin s is not a constant of 
motion and its Y, representation will not in general bi 


identical with the Pauli spin matrices, but of the form 
(Wu, SW’) = Sx (2r)*5(k—k’), 3.2 


where each component of the vector S, is a 22 matrix 


$ x 
Ok Yk 
S ~ th Ou» real, 9.9 
Yk -§ k 
in which the constants 6, and y, are even functions of 
k, so that 
o.+= 6. (3.4 


However, when the conduction band under consider- 
ation is orbitally nondegenerate, so that the spin-orbit 
interaction 3s. may be treated as a perturbation in 
determining ¥x(r) and E(k), the spin representation 
(3.3) is identical with the Pauli matrices up to first 

x. Deviations from the Pauli matrices ar 
f second order in 3, Rigorous arguments 


order in 


at least « 


concerning this are presented in the Appendix. 
It is shown in the Appendix that the matrix (3.1 
can be written in the following simple form: 


27)*6 k—k’ ae © % 


Jt 


B 


Vk, 


: . «= 
Hx) = wo -[1+8x- si 

provided that the conduction band is orbitally non 

degenerate and the crystal has a center of inversion. 
The first term of this expression is ugH-¢, times the 
2X2 unit matrix 1, and is spin independent. Here ¢, 
is the angular momentum vector in k space defined by 
(= (m/h)C iV eK Ve E(k) |, (3.6 


| 
= L 


V, being a gradient operator operating on a function 
of k in the first Brillouin zone. The second term of thi 
{ 


expression \ 3.5) 


‘“‘Pauli-like” matrices 8S, (S_%, a 


is a linear combination of the three 
=x, Y,2), and is spin 
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dependent The qual tity € is a 5x5 tensor w 


connects the compon 1e magnetic field H 


the component pin sx. This 


interpre ted as the g tensor of the conduction ele 


tensor $, ma 


hick 


vy be 


tro 


ty $x°S, can be expressed in terms of thy 


matrix eler s ol operators x p> (h 2m 6 
X grad V pe; d iV, between Bloch functions of 1 
conduction band and those of other bands. Writing 
£,°S g.1+Ay+Ajx) Sx 37 
tne ensor A 1 Anz re cde 1 by the following 
equations 
7 
l 1 
Ax:s Zz Vay Wns 
mQ E(k)—E,(k 
if any! 
Wnk,s Yk +4 
Aix's mi/n-Q)(V pty, XV.E(k 3 
[1 the ¢ pl , & y r pik-l a (Kr 
Bloch fu be e 7 band, and 
nmatio rut Ver | Cd except the condu 
hy d ul ler r righnt-! ind sides of EF 
3.8) and (3.9 re ZX Zz rices, which are discus 
in the Appet Wx Oo I t ol Kramers’ theorem 
shown to he of the form given in Ea. (3.3). Sinc 
matt e for 3.3) can be written as a linear 
comb ) ) it thy dene ce tm trices of the S 
fort he rigl of | 3.8) and (3.9) mu 
be ir { ) the three matrice 8, 
ed by using the not 


av of ¢ Xam] 


by u 
10 
yf 
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irying 


t ear 


Ar 


114, 91 


u de f Ax: S,. We have 
1 | 
Ax'S 3 
” E(k E(k 
Ty 1/Q) (W,37¥ . 
T ! \2 y Tr "OD eu 
The ig ii element oft t matrix multiplied 
equal to Roth, Lax, and Zwerdling’s expressio 
for the effe ctive Bohr magneton [when Eq 3 
applied to k=O The off-diagonal elements « 
matrix will vanish at k=0, but will not vanish 
general points in the first Brillouin zone. 

The tensors Ay, and Aj, are generally slowly vi 
lfunctio ol k, ind are replaced by their values a 
point of the conduction band minima, where 

| M } B. La LT > Z erding, Phys Rev 
1951 Appe \ 





SPIN-LATTICE 


RELAXATION 





whic vanishes because Ay, is proportional to V,.(k). Thus, 
I y near the point k=k,, the ith minimum of the conduction 
lay | band, the Zeeman energy is represented by 
eCtro 4 c 
Py dC Wie’) ke, ke’ ki: upll- ¢;, (23)*5(k—k’) 
of th 4+ugH- (g.1 +A) -sx;(27)%5(kK—k’), (3.12) 
" , where 
ol A= Ax,, (3.13) 
ng 
ind, up to first order in the spin-orbit interaction 3,_., 
j sx; may be replaced by the Pauli matrices s. The first 
correction to the expression (3.12) is 
Ves We’ dic, ke’ es” 
upH- A, (k—k,)-s(27)36(k—k’), (3.14) 
ere 
A)? (k—k,)-s 
— (mi/hPQ (Vyu,Vuu ) cent (Kk - k;) XV,£(k). (3.15) 
7 Since A; and Aj, are even functions, the tensors for a 
particular valley (7) and its inverse (—7) are related by 
A A®, A )(—k+k,)=A@(k—k,). (3.16) 
Eas [hese relations simplify the calculation in Si. 
us We now write the matrix element of 1, between two 
lonor functions. 
neat (faseabs)= wo: ff Ato Cet tes] 
Same Y ict ne 
must 
s dkdk’ 
XK Ao(k’)6(k—k 
(rr) 
. mi 
aol | A,*(k)] —T XT E(W) 
Wh ct hi? 
dk 
1+ Axyt Aix): Sx [42(k) 3.17 
(27) 
3.10 
For the ith valley donor function W(r) with the 
property indicated by Eq. (2.10), we may use the 
ipproximate expressions (3.12) and (3.14), and write 
3.11 (PO 50a)) =ppH- (¢,.14 A+ A,™)-s, (3.18) 
where 
yo dk 
A, f A©(k)|?A© (k—k,) (3.19) 
(27)? 
We note that the expectation value of the angular 


momentum f, must vanish, since the envelope function 
ving F(r) can be taken to be real. 
-. The anisotropy of the 


the conduction 


g tensor at 
band edge of Ge has been discussed by Roth and Lax. 
lhe crystal symmetry requires that the tensor has the 


“L. M. Roth and B. Lax, Phys. Rev. Letters 3, 217 (1959) 





OF SHALLOW DONOR STATES 1527 
following form: 
ge | 
¢ gltAM+A,%=| Rt ny (3.20) 
£1 


where the principal axes of this tensor coincide with 
those of the effective mass tensor for the valley. For 
convenience we rewrite this equation in the form 


g )= gil+g’3 J (3.21) 


where 


g=4(gi—g.), U'=| 0 (3.22) 


The expectation value of 5C, in the ground state and 
the off-diagonal element of 3, between the ground 
state and a low-lying excited state defined by Eq. (2.8) 
are given by 


(PK) 


usp -> a 2(g/1 +2/3U" )-s 


gunH-s, g=4(2¢:+¢2,), (3.23) 
(W,5C.V,) psa ->- a‘”’a,\* (g:1+2'3U a 
g’unH-D,-s, (3.24) 
respec tively. The tensor fax is defined by 
D,=3 ¥ wy aa, OU. (3.25) 


We note that in Eq. (3.24) the unit tensor 1 does not 
contribute to the summation because of the orthogo- 
nality condition yi i) QQ, 0. The tensor D, depends 
only on the geometrical structure of the conduction 
band edge. 


B. Electron-Lattice Interaction: 
a Q(r) -gradV,... 


For the displacement Q(r) decomposed into modes of 
the lattice vibrations, we shail only consider the contri- 
bution of acoustic modes of vibration to the displace- 
ment Q(r), so'that 

Q(r) (3.26) 


oF - 1-r \ *,—iaq-r ] 
DLe:(q)aqe"* (q)aq:*e~'4"* ], 


t 


+e; 


where 


e.(q)=e.*(—q), ¢=1,2,3 


(3.27) 


is a polarization vector, and the amplitudes aq, and 
dqt* satisfy 


i *] , if 
LQqt,2aqt | hi 2N Modqt. 


(3.28) 


Here M is the mass of the unit cell, and .V is the number 
of unit cells in the crystal. Neglecting umklapp proc- 
find that the matrix element of the inter- 
action 53C._1 fora process involving the phonon (q,/) is 


esses, we 


(WuFCo1We-) gt: ie, k’ ~k 
gil ie:(q)- (Zal+Z,,U 


)- q(2)*6(k—k’—q) ] 


T dqe*Lsame term as above ex ept q 


being replaced by —q ]. 


(3.29) 
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In the above expression, 1 is the unit tensor, U“ is the 
tensor defined in Eq. (3.22), and Za and 2, are Herring’s 
deformation-potential constants with the dimension of 
energy, which measure the strength of the interaction 
with isotropic dilations and uniaxial strains, respec- 
tively. If we make use of the Sommerfeld-Bethe 
approximation,” then 


(Zal+2.U™)as 


nh 
f (gradu, ,*)a(graduy adr. (3.30) 
MQ SL cell 


C 


It will be noted that this type of coupling is spin 
independent, and that there must be another term 
depending on spin, whose magnitude will be approxi- 
mately Ag times smaller than the term given in Eq. 
(3.30). However, the corresponding term of the effective 
spin-lattice interaction turns out to be at least of 
second order in 3C,_o, so that it may be neglected here. 

For the ith valley donor function ¥(r) given in 
Eq. (2.10), we have 


( ) We Lv qt 
dkdk’ 
f fe k) Vx,3Ce LV )A k’) 
(Ir)? 
Qqi[ ie.(q)- (Z41+2=,U)-q q)t+e.c., (3.31) 


where 


f‘(@) fa k)A k’)(k—k’—q)— 7 
. (2 
dk 
fa (k+q)A“ (k) 
(2) 


Fics 
yf 


We see that in the limit of long-wave phonons, i.e., 


reader, fO*(q)=f(—q). (3.32 


q—0, f™(q)—1. (3.33) 
The function f‘” (q) may be set equal to 1 when a*g<1. 
In that case the expression (3.31) reduces to Eq. (1.3) 
of the Introduction. A rough approximation to f°” (q) 
can be obtained as follows. If we assume an envelope 
function of the form F“ (r) = (7a*b)— exp— {[(a2+y" 
: a® |+2?/b?}!, then, f(q)= real =1/{1+-4[(¢2+4/)e@? 
+ qb" |}?. We now make further approximation of 
replacing the constants a and 6 by a single effective 
Bohr radius a* in a proper way,° so that 
1/[1+40*g? P= f(g). 3.34 
We now have approximate expressions for the matrix 
Bethe, //andbuch der Physik 


\. Sommerfeld and H 


Verlag 


Julius Springer, Berlin, 1933), Vol. 24, Part 2, p. 509 
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elements (¥,5C._1V), and (¥,5¢._LY,): 
(V5.1 Das 
(Zat+$=u) f(q)q(@qitaa (3.35 
for longitudinal phonons, ¢=1, 
0 for transverse phonons, f=2.3 (3% 


( VK ; I a 


{[ ie.(q)-D,-q Jaget+c.c.}, 


I] 
a 


where the tensor D, is that defined by Eqs. (3.23) and 


(3.20). 
Thus the off-diagonal elements of the interactions xX, 
and 3C._1 can both be expressed in terms of a common 


tensor D,. The tensors D, for different substances and 
for different states are tabulated in Table II. We label 
there the sta y representations of the single group 
Ta, since the small splitting between the levels corre- 
sponding to the extra representations I'7 and I's of the 
double group T., is consistently neglected in this 
calculation. For Ge, r 1, 2, 3) denotes the three states 
belonging to I'y, and for Si, r(=1, 
states belonging to IT’ 
Si are discarded, since in 


2) denotes the two 
rhe states belonging to I’, in 
that case U U » Oy 
tly D.=0. 


—a,'”, and consequet 


C. Perturbation Energy 


For discussing the Zeen (3.24), it is 


convenient to specify the tensor D, in a 


in energy, Eq. 
Cartesian 
coordinate system with axes parallel and perpendicular 
to the static magnetic field H. If H 
of H referred to the 
100) axes in the cryst |, 6 being the angle between H 
f +} ; * “tn } 


sin8 cos, siné sind, 


cos?) are the polar ordinates 


and one of these ax hen a suitable set of orthogonal 
axes are defined by the vector 
u in# co o, sing sind, cosé), 
nu SA om, COS? sing, sin@), (3.38 
{ o sod, VU 
In this representation the expression (3.24) becomes 
De ‘urH(D 
upH (D + D,so+ D,s3), (3.39 
PABI Il. Expres tensors D, in the Cartesian coordinate 
tem with orthogonal a 100 r de r states I’, in Ge and 
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I 3.25) a K Luttinger,* which 
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TABLE III. Expressions for the components of D, in the Cartesian coordinate system with orthogonal axes 
u™, uw, uw’, defined in Eq. (3.38). 


, 
r D,“ 
Ge 1 (1/v2) sin26(cos@+sing) 
I, 
2 (—1/v2) sin20(cos@—sind) 
3 sin’é sin2dd 
Si 1 (1/V2) sin*?—2 cos*@) 
r; 
2 (3)! sin*# cos2o 


where S}, Se, and ss are the components of the spin 
parallel and perpendicular to H, respectively. The 
coeficients D,‘*? as functions of @ and ¢ are also given 
in Table III. 

Similarly, for discussing the electron-lattice inter- 
action, Eq. (3.37), it is convenient to introduce another 
Cartesian coordinate system with axes parallel and 
perpendicular to the wave vector q. Three polarization 
vectors ie;(q), (¢=1, 2, 3), form a suitable set of the 
axes if the spectrum of the lattice vibration is character- 
zed by pure longitudinal and transverse modes. In 
this case we have 


(V,5Ce-L V+) q= (Eu/3) f(q)q(DMaqite.c.). (3.40) 


If the polar coordinates of q with respect to the (100) 
, then the coefficients D,‘ 
in Eq. (3.40) may be obtained by replacing (0,6) by 
3) in the corresponding term in Table III. 

Finally, inserting the expressions (3.39) and (3.40) 
into the third term of Eq. (2.6), we obtain an effective 
oupling between a donor spin and the lattice wave of 
wave vector q: 


axes In the crystal are (dy 


2g'usHE 


Al G)q\Qaqt De 


D,D,? 


Lt 


3A 
+c.c.)sy, (3.41) 
where 


AE E(T 4) —K(T};) 
AE= E(T3)— E(1}) 


for Ge, 
for Si. 


4. CALCULATION OF SPIN-LATTICE 
RELAXATION RATE 


The transition probabilities W_4, and W4 . — per 
unit time that the donor spin be flipped from down to 
up and from up to down due to the effective interaction 
in Eq. (3.41 


are given by 


" x seusHE.\? 2 
si 4 3AE =. 
ee 


qt Wat 


P(g) [(X,DOD,2Y 


+ (So, DD)? |nqtd (guald —twgt), (4.1) 
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(—1/v2) cos26(cosp— sind) (1/v2) cos (cos@+sing) 


sin@ cos@ sind sin@ cos2@ 


(1/v2)3 sin@ cosé 0 


3 


= te )t sin? cosé cos2@ 


(= 2h 
W,..=—(—_ ) 
h 3AE 2NM 


9 
Q 


PigL( DDO 


(3) sind sind¢ 


Xd 


qt Wat 


+ (30>, D,-D,)* (tg: +1)8 (gual — hugs), (4.2) 
respectively, where n,.=1/Lexp(ftw,-/kT)—1] repre- 
sents the number of (q,/) phonons in thermal equi- 
librium. The corresponding spin-lattice relaxation time 
is obtained from the relation 


1/T,=W_.4+W4. (4.3) 


Because of energy conservation, the frequency of the 
relevant phonons absorbed and emitted in these proc- 
esses is gusH/h which is quite low compared to the 
Debye frequency. It is even lower than the frequency 
corresponding to the energy kT in typical relaxation 
experiments (for T=2°K, H=3000 gauss: tw/kT 

0.1), so that we may approximate the number of 
phonons by 

Not=Ngit1=kT/hwat, (4.4) 
and take 


f( q)=1. (4.5) 


The theory of elastic waves in lattices provides a 
relation between wa: and q in terms of the elastic 
constants. For Ge or Si, the three frequencies wg, 
(¢=1, 2, 3), are obtained by solving a secular equation 
of the Shockley type,”' and are of the form 


(4.6) 


) 2,(9 a 
Wat Vi(UW)q, 


where v;(3,Y) contains four constants, namely p=M/Q, 
the density, and three elastic constants ¢y1, C12, and C44. 
The velocity generally depends on the direction of the 
wave vector q, but not on its magnitude. If, however, 
the relation 


(4.7) 


c*=C1— C12— 2¢45=0 
is satisfied, the frequency spectrum of the lattice 
vibration is completely isotropic, and is characterized 
exactly by one longitudinal and two transverse modes. 


21 W Shockley, Phys Rey 


Smith, Phil. Trans. Roy. Soc 


78, 173 (1950). See also Helen M. 
(London) A241, 105 (1948). 
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PaBie IV. Mean values (2, D;‘D,“??)3y as functions of the orientation of the magnetic field H sce 
effect 
7 . const 
Longitudinal mode t= 1 lransvers« ules (=2, 3 r+} 
t' 2, D,YD,)? 2, D,®D, +((2 DD, ep of tn 
ht 2 Soe . og? : are | 
1 4/15)(sin*20+sin‘@ sin?2¢ 2/5) (sin?26+sin‘@ sin?2@ 

Ge 2 (1/15) (4 cos?20+sin?20 sin?2¢ 1/10) (4 cos?20+-sin?2@ sin?2¢ expe! 
3 4/15)(cos*é+sin¥ cos?2¢ 2/5 os*6+ sin’? cos?2¢ Fo 
e . P TT. , -/4 . ve — expe: 

1 1/5)| (3 cos@—1)?+-3 sin? cos*2o 3/10 3 cos? — 1)?+3 sin'@ cos?2@ I 
Si 2 3/5) sin’? cos’0(3+cos?2¢ )/10) sin?@ cos?0(3-+-cos?2¢ reve 
3 3/5) sin”? sin?26 9/10) sin*é sin?2 f tl 
[hes 
anis¢ 


The corresponding eigenvectors of the secular equation, The mean valu 
i.e., the polarization vectors, are identical with those 


defined in Eqs. (3.36), with (0,6) replaced by (3y). (2 Dr°DAO) og neh 
Up to the first order in c*, the frequency w,: of the _ ne 
longitudinal mode is calculated based on the first-order sinddddy (>, DD," 1.14 expe 
perturbation treatment, obtaining tr on i 
pv7(3,W) is calculated by making use of the explicit form of D, voy 
; , , , , aires 
cute*[—1+sin'd (cosy+sin'y)+cos?], (4.8) given in Tables If and II. The results are shown h 

- Table IV as functio yf the polar coordinates (64 ss 

together with Eq. (4.6). the directior I ( magneti field H refe rred t “= 
Inserting Eq. (4.6) into Eqs. (4.1), (4.2), and (4.3), _ the crystallograpl 100 |. For Ge, we have F 
we have . . g' ol 


XRT foe(6,b), (4.13) | give 
1 ai ' 
x > Op 4t(y DOD ) 1.9 | 
prs y Ad / a 5S ¢ 
/ ) ™ 1 g-Vi 
: : ’ | . , n-@ S-6 sin-26+-cos*Z¢ ( 
In this expression G;(w) denotes the de nsity of states i pea | . vali 
in the spectrum of the /th vibrational mode, d for S valt 
Q) sinddiddy I 8) g’= 1 2 Pu »H , I 
Gi(w aw, $.10 t the 
2n)? Js voy T, Sa\3gAEJ \pr.5 3p087\ th val 
, , , . LbhT f(A d " 
and the (F)i3y denotes the mean value of a functior ; l ), (4A 
I dy of the angles (dy ), 1.€., = 
: Re) ; 51n°8(4 cos*6+sin’6 sin?2¢ $.18 
sinddddy sinddddy 
F ) 19 1 Fidy 1.11 
¥ » (9p)  3(al Ws 5. DISCUSSION 
- Ue Ys Ue (Uy 
he predicted dependence of 1/7, on the temperature , 
where the range of the integration is the surface of th Z’ and on the field strength H een readily in the Ar 
unit sphere. We do not, however, attempt to carry out €Xpressiol 1.9 r (4.12 The linear dependence 
the integration exac tly. For the purpose of an order T and the fourth-power de pendence on H are due t Eu 
of-magnitude estimate it is sufficient to replace 07 (d,y¥ the facts that, (1) the square of the matrix element 
by its mean value, obtaining A3._1, is proportio . H2. (2) the main term in the ?: 
; density of states G for acoustical phonons is propor- 
Ll 1/ ge. \* /eusl\‘ 1 2 taf ee Ba — i 
LTS, tional to , and (09 e€ mean value ol the square . 


T, w\3ghE h pi, the dynamical strair proportional to k7, and 


x 2 D, D, r ~ D D a7) 4.12 To ev late 1/7, numer ally, it is necessary to know 

the magnitudes of the constants entering the formulas 
where For P and As donor n Ge and Si, most of these | 
pi Cu—gc*, (=1 co I re now known from experiments on donor- | Fe 
Cast Ec*, i=2, 3. (4.13) pin resonance, L.coustoelectric effect, piezoelectric | pu 
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efect, Hall effect, and the velocity of sound.” These 
constants are summarized in Tables V and VI. Some 
of the values are not quite certain, since discrepancies 
are found between the data from different types of 
experiment. 

For P and As donors in Ge, the spin-resonance 
experiments made by Feher, Wilson, and Gere" have 
revealed a large g shift, and also a marked anisotropy 
f the linewidth with respect to the direction of H. 
These authors have proposed a mechanism for this 
anisotropic linewidth assuming a modulation of the g 
shift due to local strains. The mechanism proposed in 
the present paper is essentially the same as theirs, 
except that here the origin of the strain is a dynamical 
ne due to the electron-lattice interaction. A further 
experiment has been carried out® by the same authors 
to investigate the change in the g shift due to an 
external strain, and they have succeeded in measuring 
directly g’ and the ratio Z,/AE. The numerical values 
they obtained are included in Table V, and used in the 
estimation of 1/7,."* 

For donors in Si, no data from direct measurement of 
?’ or =,,/AE is available at present. However, the recent 
experiment on the Hall effect in P-doped Si made by 
Long and Myers® has provided a value of AE=9~12 
10-* ev. Also an estimate made by Herring and Vogt* 
gives the value =,=—7 ev. The mean anisotropy g’ is 
still unknown. Here, we assume tentatively that | g:— ge 
Ag &— 8: 
p-value defined in Eq. (3.23) and the free electron g- 


is equal to , the difference between the 


value, the latter being equal to 2.0023. Using these 


] 
values 


raBLe V. Experimental values of the g shift, the anisotropy of 
the g shift, the deformation-potential constants, and the inter 
valley splitting for P and As donors in Ge and Si. 


Ge Donor Si Donor 
1.5631 +0.00034 P 1.99850 +0.00015 P 
b(2g:+8 
1.5701 +0.0003" As 1.99837 +0.0001 As 
0.37 Pp 
| 0.36° As 
my 164.¢, 19! = Je 
AE ev 4.10 +0.15) K1073 As 110728 P 
6.1+0.9) K108 P 
Eu/ AE —7 X10? P 
4.5+4+0.9) X108 \ 
2.3 K105 P 
g=u/3gAl (2 X107?) P 
1.2 «105 As 


* See reference 11 

nee 10, 11 
See reference 24 

1 See reference 7. 


See reference 3 
{ See reference 8 
® See reference 9, 


See refere 


2H. J. McSkimin, J. Appl. Phys. 24, 988 (1953). 

*7 1D. K. Wilson and G. Feher, Bull. Am. Phys. Soc. 5, 60 (1960). 

* The author would like to thank D. K. Wilson and Dr. G. 
Feher for making their experimental data available to him before 
publication, 
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TaBLeE VI. Experimental values of the density and the elastic 
constants from McSkimin.* For definitions of c*, 0;, and 62, see 
Eqs. (4.7) and (4.13). 


Ge Si 
pgcem $.35 2.33 
C1 10" d cm™ 1.316 1.675 
Ci2 0.495 0.650 
C44 0.684 0.800 
c* —0.547 —0.575 
0, cm sec! 5.37 X 10° 9.33 X 105 
Be 3.28X 10° 5.42 X 105 
® See reference 22. 
1/T,=1.3X10H"T fae(9,6) sec 

for P in Ge, (5.1) 

=7.2H'T fce(0,6) sec"! for As in Ge, and _ (5.2) 
9.3X10~H'T fi (0,6) sec 
for P in Si, (5.3) 


where #/ is in kilogauss and T in degrees K. 

We now consider the angular factors fge(6,¢) and 
fsi(0,¢). When the field H is applied in (110) plane, 
these factors reduce to 


fae(0) =cos0+3 sin’#, 


? ae an (5.4) 
fsi(@)=% sin’*0(1+3 cos*6). 


The values of fa. and fs; in three important cases, 

corresponding to H in [100], [111], and [110] direc- 

tions, are shown in Table VII. Using these values our 

estimates of 1/7, for H in the [111] directions under 
the conditions H=3 kilogauss and T=1.25°K are 

1/T,=4.4X10 sec 

= 2.4 10? sec 

=910-> 


for P in Ge 
for As in Ge, and 
for P in Si. (; 


on 


scc 


5) 
In the case of Ge, these are the minimum values of 
1/7, with respect to field direction. The maximum 
value of 1/7, in Ge occurs when the field is in the [100] 
directions, and then 1/7,=1.3X10* sec~! (P), and 7.3 
X10? sec (As). In the case of Si, on the other hand, 
the above value corresponds to the maximum of 1/T7,. 
Our mechanism gives 1/7,=0 in Si when the field is 
in the [100] direction. These anisotropic properties are 
essentially due to the geometrical structures of the 
conduction band edges. 

The angular dependence expressed by the factors fae 
and fs; in Eqs. (4.16) and (4.17) must be regarded as 
only qualitatively correct, since we have used a simple 
model of the frequency spectrum of lattice vibrations, 
and neglected elastic anisotropy in the integration in 
Eq. (4.11). However, the conclusion that 1/7,=0 for 
H in the [100] direction in Si would not be modified 
by any refinement of that integration. Since this is a 
crucial feature of the present theory, we will note here 
the approximations which have been made in deriving 
this result. 
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TABLE VII. Values of the angular factors fae, and fsi. 


[100] [111] [110] 
fae(0,o) 1 


1 
3 
13\(0,0) 0 1 


ee te 


1. We have made use of Kohn and Luttinger’s 
effective-mass functions W,(r) =F a, OP %(r). In Si 
when the field is in the [100] direction the matrix 
element of H-1 between two such approximate functions 
with different spins vanishes, leading to 1/7,=0. 

2. We have neglected the spin-orbit interactions due 
to the impurity potential which, if included, might 
yield an additional splitting and admixture of different 
spins, although the effect would be small. 

3. We have neglected the contribution from excited 
states other than the low-lying intervalley excited 
States. 


We wish to discuss briefly the contribution from 
higher excited states mentioned in the item 3. Using 
Kohn and Luttinger’s approach, every donor wave 
function V,(r) may be written as a single (or linear 
combination of) ith valley donor function (s), 


: : dk 
P(r f.. k)vy(r) , 
2r)8 


similar in form to the lowest few states [see Eq. (2.11) ]. 
We can write the matrix elements of 3C0,._, with these 
states in the form given in Eq. (3.31), obtaining 


1) - 
(@) I-C.c., (0.0) 


~J 


ut 


fe (r)F,, (r)e' dr. 


Kohn and Luttinger show that every A,‘ (k) satisfies, 
to the first approximation, a common effective mass 
equation, so that A‘ (k) and A,‘ (k) are orthogonal to 
each other. Therefore, the factor f,”(q), in contrast to 
the factor f'(q) in Eq. (3.32), tends to zero at the 
limit of long wave phonons, and in fact 


Fin (q O(a*q), q > 0. (5.8) 


Accordingly, the contribution to the transition proba- 
bilities W_.4,, and W,.- from these states must 
involve a higher power of g than the contribution 
already treated, so that the corresponding rate 1/7, 
will be proportional to a power of H higher than the 
fourth. 

This argument leads us to the conclusion that of all 
the excited states of shallow donors only the low-lying 
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intervalley excited 
dependence of 1/T, 
strength H. 


states can be responsible for the 
on the fourth power of the field 


CONCLUSION 


We have calculated the spin-lattice relaxation rate 
certain donors in Ge and Si due to the modulation of 
the g shift by lattice vibrations. The characterist; 
features of the rate obtained are that (1) it is propor- 
tional to kT, and to H‘, and that (2) it is anisotrop 
with respect to the field direction. These properties 
make it feasible to check the theory against experi- 


mental results. 


Che spin-lattice relaxation time of P donors in Si 
has been measured by several authors. Although the 
results obtained are quite complicated, depending on 


both the donor concentration and the temperature, the 


first feature has been confirmed at very low tempera- 
tures in the case of very low donor concentrations. The 
experimental study of the relaxation properties of 


donors in Ge is also 


romising. In the circumstances it 
would be desirable to carry out experiments on the 


anisotropy of 1/7 
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APPENDIX. DERIVATION OF EQS. (3.3)—(3.9 


We use the symbol | to denote an operator acting on 
he two spin functions a, and 8, which satisfies the 
re 7 

ja dy 12) a (Al 
Starting with a Bloch function ¥,(r)=e'*''u,(r) with 
wave vector k, we may define another Bloch function 
o_,(r) =e '0_,(r) with wave vector —k by the 
relation 

Ox Win, We - Jo_,™. (A2 

Kramers’ theort for these Bloch functions can be 
stated as f \ If Wy r) satisfies the Schrédinger 
equation for the cryst th energy E k), then ¢-4(r 
itisfies the same equation with energy #(—k), and 

E(—k)= E(k). (A3 
When the crystal has a center of inve rsion, it is possible 
to choose the phase of oy (r) so that 

oO, (Tr QO__t r (A4 


two Bloch functions Y,(r) and ¢x(r) 
hogonal to each other, and belong 


Proc. Acad. Sci. Amsterdam 33, 959 (1930 
m. Solids 1, 82 (1956). 


to | 
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to a common energy band £(k), so that 
E(k) = E(--k)= E(k). 
We now consider the matrix of the spin s, 
—— (Wx,SWk) (Wx,Sbx) 
Sx= (Wx, Sx) : (A6) 
(dx,8Wx) (x, Sbx) 


Symmetry relations between the four elements of this 


(AS) 


matrix can be stated as follows: 


I (Wu, SP), (x, Sx) = real, (A7) 
(Wu, Su) = (Px, SPx)*, (A8) 

because the operator s is Hermitian. 
Il (dx, SOx) = — (Y_x,SY_x), (A9) 
(Wx, Shu) = (b_x,S¥_x)*. (A10) 


These equations can be proved by using Eqs. (A2), 
ind the relation 


js* jg" s (A11) 


III Combining Eqs. (A8) and (A10), we see that the 
off-diagonal elements (Wx,Sdx) and (@x,8¥%) are even 
functions of k. Furthermore, if the crystal has a center 
diagonal elements (Wx,8S¥x) and 
y,8¢%) must also be even, since Eq. (A4) is satisfied, 
and consequently S_, = Sx. 

Next we consider the matrix elements of the angular 
momentum 


(=(1/a)rXx, z=p 


Vi lV } f: k Tii,* r) fe k Tay. (r)dr 


r)xe'* a, (r)dr 


of inversion, the 


h/2mc*)(sX grad V period). 


i 
f: t-U a,* (1) X nei’ thy (r)dr. (A12) 
hi 


The first and the second terms represent the non- 
periodic and the periodic parts of the angular momen- 
tum, respectively. For further reduction we shall use 
the explicit form of the matrix elements of the operator 
=, and a sum rule. In the case of crystals with a center 
of inversion, we have 


Vist’) = (bu, Rx’) 
(m/h)V E(k) (2)*5(k—k’), (A113) 
(Warn) = (bu, Wx) =0. (A14) 
The sum rule is 
ee an eV eco 
h 1 
Sg (Wi, 2Wnk) cet (Wnks We) cell 


m2" E(k)—E,(k) 
+ (mm/h) (Vitix, te )eonVae2® (A115) 


*° J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). It is 
stated there that the term (V,iix,0,) vanishes, when the crystal 
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Inserting Eqs. (A13), (A14), and (A15) into Eq. (A12), 


we obtain 


(Wu, Yu) = (m/h?)iVeX VE (k) 


+ Ax: Sk+ Ark: Sx ](27)*5(k—k’), (A16) 
where 
1 ‘ 1 £ x 
Ax Sx : = (Wu, 2Wnk)cell 
imQ? ® E(k)—E,(k) 
X (Wan, )ecetl 
Ai: Sk=— (mt, h?Q) (Vt, Acer X V.£(k). (A17) 


The right-hand sides of these equations are represented 
by 2X2 matrices, and it can be proved that they satisfy 
the same symmetry relations as the matrix of the spin, 
Sx, except that the diagonal components of Aix*S do 
not necessarily satisfy the relation III. The matrix 
Aix’ 8, satisfy the relations I, and II, so that it is of the 
form 


5 * 


Ok Yk 2 
Aike Sx , Oy, d-.=real, 
Ye Oy 


and y-x=7Yx- (A18) 


However, the change of the phase of ¥x(r) and ¢x(r) 
will generally cause an additiona! term of the form 
} (6x—6_x)1, which cannot be determined by symmetry 
alone. It is noted that this term is spin independent, 
and antisymmetric with respect to k. The expectation 
value of this quantity in a donor wave function must 
vanish, and therefore would not modify the results. 

Finally, we present a perturbation treatment of the 
spin-orbit interaction 5C,_, for the Bioch functions. Let 
{e'*-'u,,°(r)} be a complete set of the Bloch functions 
unperturbed by 35C,_., and construct the Bloch func- 
tions, up to first order in 5Cs_., 


Yx(r) =e ik Tax (r)at+ by (r)8 |, 


(A19) 
od, (1) = e'k —b «* (rhata k (r)p | 
for a particular band n=0. 
_ (na Senne (Gt) 
ay(r)=u,°(r) +>.’ Unx(F), 
" E(k)—E,(k) 
(NB | Ke—o| a) 
6, (r)=)>,’ tay (Pr), 
n E(k)—E,(k) 
_ (na| Hs} B) 
—b w*(r) = + By - Un’ (4), 
n E(k)—E,(k) 
__ (mB|K,-0| 8) 
a_,*(r)=1,°(r)+>-’ un(r). (A20) 


n E(k)—E,(k) 


has a center of inversion. This is not necessarily the case when 
spin-orbit interactions are present. This fact was pointed out by 
(private communication). 


Y. Yafet 
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Let us consider the z component of the spin representation s, 


(dx,2x) — (bx,bx) ay 
Sk? 
(b «*, ay) (dad «Ox ) b 
Using the perturbed functions in Eqs. (A20), we see that sx’ is 


up to first order in 3, 
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» factors of electrons in Ge and Si are calculate 


gy less than gy. This anisotropy introduces a strong int 
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spin-lattice time 7, for donor electrons in Si at low te 


waves, for the singlet donor ground state 


a two-phonon Raman-type process. The temperatur 
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INTRODUCTION 


HE g factors of electrons in semiconductors differ act 
from two because of spin-orbit interaction. The  appal 
effect « be calculated using the effective ma 
approximation, and can become large when there is a cu 


an 


nearby band connected by momentum matrix element Botl 
and split by spin-orbit interaction. This is often th nd 
effective masses are small. Results for and 
indium antimonide and the k=0 electrons in germanium 

have been reported by Roth, Lax, and Zwerdling.' The 

effect large in bismuth by The 
Blount and Cohen.’ In the present paper estimates of 
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g factors for the conduction electrons in germanium and 
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An interesting feature of the calculation is that the — fjeld 
effect is anisotropic with Zit (parallel to the axis of the 
electron’s ellipsoid) differing from 
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wo by conside rably 
Since spin resonance experime nts are 
usually carried out for electrons on donors, in the singlet 


state,’ the obse rved g factor is isotropic. However, the 
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g FACTOR 


AND 


electron spin between band edge wave functions. In 
the third term =z is the modified momentum operator, 


m=pt (Asx VV)/2mc*, (3) 


and the matrix elements are between band edge wave 
functions, the prime on the sum indicating that the 
bands i, j are to be omitted. This term contributes both 
to the effective mass and the g factor. This can be seen 
by breaking up the expansion into two parts, one in- 
volving the vector components of P in a symmetric 
combination, and the other in an antisymmetric con- 
tribution. Using the relationship for the antisymmetric 
term, 


Px P= (eh/ic)H, (4) 


we have for the last term in Eq. (1), 
1 P-{x,,,2.}°P 1 eh  RinX Ray 
> Nl HS’ (5 


wm Son m 21 n 5» 


where the curly bracket indicates the symmetric 
produc & 

The 2X2 effective mass Hamiltonian, Eq. (1), can 
be expressed in terms of the 2X2 unit matrix and the 
hree components of the Pauli spin vector ¢. The most 
general form which is Hermitian and is invariant under 
the combined operations of time reversal and reversal 
of the magnetic fie ld is 


H ;=4P-[m* }"'- P6,;+ (6/2)e,;-9-H, (6) 


where |m* is a real symmetric dyadic given from 
Eqs. (1 and (5 by 
) _ -_- 
|m* I 2 . i) 
” m* » Son 
and g is a real dyadic, not necessarily symmetric, given 
by 
2 RinX Raj 
0; g=4(s ». d 
; Cc 
a Con 
In Eq. (8) the first term is equal to 2e,; for the case of 


no spin-orbit interaction. This is not necessarily so 


otherwise. The second term vanishes in the absence of 
spin-orbit interaction. That the right-hand side 1s 
proportional to @,; follows from its time reversal 
properties: o changes sign under the time reversal 


operator —io/C, where C is the complex conjugation 
operator. $, x, and 7 also change sign, while the Hamil 
tonian corresponding to the energy denominator is 
invariant under this operation. The argument involving 
time reversal actually holds only for a band edge at the 
center of the Brillouin zone. Away from the center of the 
zone, a band edge of this type can occur if there is also 
inversion invariance, in which case the appropriate 
operator is —i¢/C/, with / the inversion operator. The 
effect of time reversal is discussed in detail by Blount 
and Cohen.* 
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In evaluating Eq. (8) it is often the case that the 
band edge is s-like, with a nearby p-like band which 
makes the dominant contribution to the effective mass, 
Eq. (7). If the p-like band has a large spin-orbit 
splitting, the dominant contribution to the g factor is 
also from this band edge, and comes from the difference 
in energy denominators between the two split com- 
ponents. This was found to be the case for the direct 
electron in germanium, and for electrons in InSb, as 
calculated by Roth, Lax, and Zwerdling!' in which the 
actual wave functions used were of zero order in the 
spin-orbit operator. The g factor in InSb was found to 
be very large (—50) because of the small band gap and 
large spin-orbit splitting. Even larger g values were 
found by Blount and Cohen? for Bi, again due to the 
combination of a small band gap and large spin-orbit 
splitting. Another interesting case is that of the split-off 
valence band in Ge or Si, in which the g factor was 
obtained by Luttinger® and can be related to what is 
esse ntially a g factor for the fourfold degenerate band. 

For electrons in Ge or Si it is a good approximation 
to treat the spin-orbit interaction, 


H o= (h/2m?c?)s- (VV XP)=2s-h, (9) 
as small, and introduce it to first order. We shall not 
restrict ourselves to a single connecting band edge, al- 
though we shall find that for both cases the dominant 
contribution to g is from one band edge. In Eq. (3) we 
shall neglect the second term; i.e., replace by p, as 
this can be shown to contribute a term of order 
(p’/2m)/mc* to the g factor, which is small compared 
to one. Through the use of perturbation theory, we can 
rewrite Eq. (8), factoring out o=2s from Eq. (9), to 
obtain 


g=21-+4 } ey — {ho Pu» X pro 


thy Pou X ProthyopouX Pu}. (10) 


T 
the center of the zone but lie on symmetry axes so that 
the constant energy surfaces are ellipsoidal. From 


1e conduction band edges for Ge and Si are away from 


symmetry the g tensor has only the components 
Qe2= Sit) Kez = Syy= B1, Where ¢ is the axis of the ellipsoid. 
To find what terms contribute to Eq. (10), we specialize 


to the two cases. 


Germanium 


The conduction band edges in Ge are at the points L 
at the center of the hexagonal faces of the Brillouin 
zone, and according te Herman’ belong to the repre- 


8 J. M. Luttinger, Phys. Rey. 102, 1030 (1956); Equation (b.9) 
is in error; the spin term should be (e/6mc)(2Km—1)e-H. 


*F. Herman, Phys. Rev. 93, 1214 (1954); Revs. Modern Phys. 
30, 102 


1958). 
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Fe. sat 
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mI Sy, So, 
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} 1 
a IR¢ > Ly Py l ” 
= . & 6 ‘ 
> di 
c 
2 K (L34¥| p2| 1 9 hz\L,), (12 ol 
rs ) 
a Ci 
ha where Re is “real part of.”’ Here we have labeled the i, 
i band edges by the re prese ntation to which they belong, m 
= and in addition the superscripts x and y distinguish the cl 
iw basis functions for the two-dimensional representations DI 
T he se ¢ xpre ssions can be compared with tho e for the SI 
effective mass 
”) f. l 
l y Li\ pz\l 
m1 ” ¢ 
13 
’ m1 J 1 
be 1 ." Lilet 
” ” o 
r 
° ! 
In g;, the major contribution comes from the first 
000 ve term in Eq. (11) as in the second term Le» appears, 
Pe vhicl far aw If we assume that the major con- 
Fic. 1. Schematic diagram of the energy bands for Ge along a ; ; 7 is 
[111] axis of the Brillouin zone. After Herman (see reference 9 ribution to the mand to mm, comes trom ¢ 
and Phillips (see reference 14 band edge (Fig. 1), we find 


\ j & m/m,—1), 14 


sentation LZ, of the group of the wave vector.' 


sketch of the energy bands along the [111] direction where §=2i(/ h,\1 is the spin orbit splitting of 
in germanium is shown in Fig. 1, showing nearby band the /. band. We can estimate 6 by using the basis 
edges which may contribute to the sums. To find which functions at the center of the zone, giving 6~ (2/3)A 
band edges are connected to L, by the perturbation p, where A=0.3 ev is the splitting of the valence band at 
we use the'fact that p., p, transform as Z;’, and 28S k=O. The value of &,., the energy separation between 
L,’, where z is along the axis of the ellipsoid. Further- the 7, and L» bands, can be estimated from the 


more Mas hy transform as L3 and h, as >. From Eq. (10 experiments ol P} p and Taft who found a strong 


we see that A, appears in gy, and hz in gzz=gi. Using absorption at ~2 ev which is probably the vertical 
group theory and Eq. (10), we find then that transition of electrons from the ZL» band to the L 
\ band.*:3 Using these and the value of m/m, of 12 from 
lesan 1 Ls| pel Ly**) cyclotron resonance e find 
mi uv Eo Sov © 


~0.9. (15 


x (Ly#*| hg| La”) (Ly | py| L1) 


For g1, the first term of Eq. (12) can be estimated ina 


Q 1 similar way, if we assume that all the momentum 
-ie— Li \he| Lo” matrix elemé¢ ire the same, and that these and the 
mi uv Soo, matrix elements of hare the same as Eq. (11). This gives 


(Le | p2| Le) (La™| py| La), (11 g,—2— (5/813) (m/mi—1) + Ag. (16 


1 L,, Bouckaert, R. Smoluchowski, and E. Wigner, Phys. Rev. From m/m,=0.6, the first term of Eq. (16) is 0.04. 
50, 58 (1936) 

1G. F. Koster, Solid-State Physics, edited by F. Seitz and D. 2H. R. Philipp and E. A. Taft, Phys. Rev. 113, 1002 (1959 
Turnbull (Academic Press, Inc., New York, 1957), Vol. 5, p. 173 13 J. C. Phillips, J. Che Phys. Solids 12, 208 (1960) 
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This result is somewhat unreliable since there is some 
cancellation in the expression for m/m,. The second 
term of Eq. (12) is small but the last term may con- 
tribute since the band edges L; and Ly appear. This is 
given in Eq. (16) as Ag,’. If the matrix elements are the 
came order of magnitude as in the first term of Eq. (11) 
and the I's edge is 5 ev away," this contributes 0.4 to 
g,, with the sign uncertain. However, we expect the 
matrix element of 4, to be reduced since the I’; band 
edge is s-like. An argument that can be used to estimate 
the reduction is to take as a measure of overlap con- 
tribution to A (in a tight binding approximation) the 
difference between A and the atomic spin-orbit splitting 
of 0.2 ev. Since the only contribution to our matrix 
element would be from overlap we would multiply by 
1 giving Ag,’|~0.1. Phillips,'® however, argues the 
matrix element of #4, depends on the amount of p 
character in the ZL; band obtained by projecting the 
plane waves on core functions, and that this is very 
small, making Ag,’ almost negligible. 

In any case we see that there should be considerable 


isotropy in the g factor. The effective g factor for 


25+ SILICON 











Fic. 2. Schematic diagram of the energy bands for Si along a 
[100] axis of the Brillouin zone. After Herman (see reference 9) 
and Phillips (see reference 14). 


4] Cc 
Cc 


a 


Phillips, Phys. Rev. 112, 685 (1958). 
Phillip: (private communication). 
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conduction electrons on a particular ellipsoid is given 


by 


£ = gi? cos’é +g,? sin’6, (17) 


where @ is the angle of the magnetic field with the axis 
of the ellipsoid. However, the spin resonance experi- 


ments are generally carried out on donors, and in this 
case the ellipsoids are mixed. For the donor singlet 
state* (see part 2) the effective g factor is given by 


(18) 


This is estimated to be g~1.7 in good agreement with 
the result of 1.57 obtained by Feher, Wilson, and Gere.!® 
One can also calculate the g values for the triplet donor 
state, using the Hamiltonian of Eq. (21) below.® 


. shut 3g. 


Silicon 


Similar expressions can be obtained for Si, for which 
the conduction band minima are along the 100 axes in 
the Brillouin zone, as sketched in Fig. 2. Here we have: 


1 i 
gy—-2=Re— > 
mi_uvy Soudor 


(Ay p: As**) 


K (As h, As E (As”4 Py Ai) 


, 4 
(Ay h, Ai ) 


—~ ., 
: c £ 
MIL BY OoyCdy 


XK (Ary | pz| As”) (As#”| py] Ai), (19) 
4 1 
gi-—2=Re hi (Ai| py| As*”) 
mi ur So, Soy 
XK (As*"| hz Ay”) ( Ay’ pz\ Ai) 
4 1 . 
+Re— >> (Ai|h,| Asg#) 
mi uv So, So, 
X (Ast | py| Ar”) (Ar? | pz] Ai) 
A ..4 
+Re p2 (Ay| py| As*”) 
mi uv Souor 
< (As#”| p,| As”) (As | z| Ar). (20) 


For gi, if we estimate the first term in Eq. (19) ina 
similar way as for Ge, and use A=0.04 ev, m/m=S, 
&\5=4 ev,® we obtain —0.03 for this term. Assuming 
that this is the only term of importance the donor spin 
resonance would have g—2=—0.01, as compared with 
the experimental! value of —0.003. However, Elliot," 
who has made a similar calculation, has pointed out 
that the spin-orbit splitting of the A; band vanishes at 

16 G. Feher, D. K. Wilson, and E. A. Gere, Phys. Rev. Letters 
3, 25 (1959). Recent spin resonance experiments with strained 
samples by Wilson and Feher [Bull. Am. Phys. Soc. Ser. II, 5, 
60 (1960) ] give gu =0.87+0.05, gi=1.92+0.05. 

17 R, J. Elliot (private communication). 
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the zone edge (the point X, Fig. 2) and is therefore  { 
probably smaller than (})A at the band edge, which is  becau 
85% of the way from [' to X. A reduction by a tactor EXcite 
of three would be reasonable and give agreement witl 
expe riment. 

Another term which may be important is the third 


term in Eq. (20) for g;. Here the matrix element of 


g 1. Ge or 
p vanishes at YX, and is of the order of ”(k ky Dil 
0.15% (22/a) where ky and ky are the wave vectors for ) 

the band minimum and the point XY, and a is the lattice 

spacing. The matrix element of p, is the same as in the 

first term of Eq. (19), as are the energy denominator 

If the matrix element of Az is the same as that of kz in Jy ] 
Eq. (19), one finds that this term would be about ? of fa 


19) with the sign uncertain. The spin orbit matrix 
nt is again reduced below an atomic spin orbit 
splitting, in this case because the wave function at A is “igo 
mainly s-like. According to Phillips,!® the amount of The 
p-character is about 20%, giving a reduction by a factor 


of 5. 


} 


\lternatively, a tight binding argument such a ad 
was employed in 
redu [ fac 


that g,—2 is something like ¢ of g 


i 


estimating g, for Ge would give 
Thus, we can estimate 
. 2 T his indicate 


g-tensor in Si as we 


tor of three. 


anisotropy in the 


as in Ge 
I 
SPIN-LATTICE INTERACTION 
Phe nteraction of electron spins on donor 
purit with lattice waves has been found to be much, : 
larger than expected on the basis of calculations up to | 
this time ’ The following calculation, which i imilar — 


counts for the 


to the work of Van Vleck,” 


magnetic-field dependent part of the spin-lattice timer, 7 


appare ntly ac 


observed by Honig and Stupp in phosphorus-doped 
silicon.® In addition a Raman-type process is considered 
. e ° 2 . > . () HT 
The result for the direct process is also applicable to 
acoustic spin resonance 
Of primary importance in the calculation is the { 
that the ground donor level plit into a singlet 


ind triplet for Si, and a singlet 


and triplet for nike 
| Oli tne 
We ar 


ne various ellipsoids 
We shall ca 


s other than the singlet arising in this manner 


double 1 
Ge, 


due to the mixing of 


( 
donor, with the inglet usually lowest. 


the State 
presence of a magnet 
an electron on a given ellipsoid 

than g,. For a 


tensor, 
og H 


have found that 


al inl otropi with g less 
1: 


lirection 


of the magnetic field, the 
interaction is different for different ellipsoids, and « 


par 


general « 


therefore mix singlet and excited states, and, in 


ticular, different spin states. There is therefore an ellin 
interaction with lattice waves involving a spin flip. .y), 
The usual “‘Van Vleck cancellation’’’ does not apply bent, 
here the latter is due to time reversal invariance which n | 


does not apply in an interaction involving a magneti 


H 
nd C. P. Slichter, Phys. Rev. 106, 489 
Phys. Rev. 107, 491 


, Phys. Rev. 57, 426 
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Direct Spin-Lattice Interaction 


det donor electron in the singlet State 


he interaction of the electr 


magnetic field in the foll 


owing form, 
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g FACTOR AND DONOR 
rhe only spatial dependence of ¢ is in the plane wave 
pict, for a phonon of wave vector q. If we assume that 
is the radius of the donor state, we can 
take ©« to be 
This is valid for phonons up to 15° in Si and 


r <1, where r 
replace the exponential by 1; Le., we 
ons stant. 
5° in Ge. Further, since the singlet involves a symmetric 
combination of wave functions from all the ellipsoids, 
the summation in Eq. (28) is just the average of the 
angular factors. Carrying out the averages, we find for 


he two Cases, 


21) ( E./6)X ilo HT ¢22+o,H ye vas 
+oH,¢.,—0:HA/3 |, (29) 


Si: H’=B(g 
B(gir— g1) (E2/6 
x (2/9 [ (o.11, t o,l1 2) €zy4 ( p-], (30) 


here c.p. stands for “cyclic permutations.” 


Calculation of <, 
The relaxation time rf, is given by 


T (2x/h Lia Al (Vas 
+1(N, H'(q,t 


H'(q,)| Nqc#1, —)[? 
Vq 5 ‘, ss ) |?) 
d(ttwa—g8H), (31) 


ere the sum is over the phonon wave vector q and 
he polarization ¢. .V refers to the occupation number 
refer to up and down 


(29) or (30) with the 


for the phonons, and + and 
spins. H’(q,f) i 


train give n by 


gy en by Eq 


£(g,t) = (t/ 2pagt)*(dqi t+ aqtt )i{g,nar}- (32) 


here a and a* are annihilation and creation operators, 
y is the polarization vector, and p is the density. Since 
expect transverse and longitudinal waves to give 
mewhat different results, we average Eq. (31) over 
e two types of modes, using an isotropic mode} for 


elastic This give 


Waves. 


( 2 } a Bo cp.) 
\-— . (34 
Sc) 15¢ )st> Hi 


Phe factor 1/¢ 
ongitudinal than for transverse waves, so the latter 


dominate. We shall assume g,=2, so that 
a ) 7 
g—2=Ag, 


can then be 


an order of magnitude smaller for 


(£11— £1) 2 
with g given by Eq. (18). This quantity 
obtained from experiment. The only 


unknown is then 6, which we shall take as 107? ev 
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for Si. Using Ag/g=1.5X10-*, F,=11 ev, co~5X 108 
cgs, we find for 1.2°K, 9000 Mc and an average di- 
rection for H, r,~1000 sec. The result obtained by 
Honig and Stupp® was 420 minutes, so that our result 
represents an embarrassment of riches, but is certainly 

than the 10° sec obtained by 
Abrahams.'® For Ge, with c2~3X 10°" cgs, Ag/g~0.3, 
E,= 15 ev, and 6~4X 10 ev, we find similarly 7,~ 10~* 
sec. 

It is interesting that 7,-! is predicted to depend on 
the direction of the magnetic field, and in particular to 
vanish for H||[100] in Si. Such an anisotropy has not 
been observed thus far; however in Ge, there is ani- 
sotropy in the inhomogeneous broadening!® which is 
evidently due to residual strains. It is evident from 
Eq. (30) that the change in g due to shear 
[ = (+|H'| +) ] vanishes in the [100 ] direction, which 
is consistent with the narrowing observed by Feher, 
Wilson, and Gere'® in this direction. 


in better agreement 


Raman-Type Process 


We consider a two-step process in which a phonon 
of wave vector q is absorbed and a phonon of wave 
vector q’ is emitted, the spin flipping in either step. In 
the intermediate state the electron is raised from the 
singlet to an excited state. The expression for the 
relaxation rate is 


re t= (2a/h) Sag ted |(+| A’ (a,a',t,t')| —) P 


+] {— | H'(q',q,t',0) | +) 2236 (ttwg—tiwg—ftw), (35) 


where 
H’(q,q/ t,t 0’, Nge| Hala, | 2’, Nqe—1) 
1 
x nN Hilq,t)\0 Vqre +1) 
Pe re : T jj q 
1 
() \ 1 H q’, i’ ” Ne +1) 
S:'— ,'— ay 


X (n’, Noe| Haq, 1)|0’', Na—1), (36) 


with 4 given by Eq. (24), in which ¢ is given by Eq. 
(32). Here the primed electron states include H,, Eq. 
(21) and we have assumed for simplicity that n’ is 
diagonal in this interaction. We now evaluate this to 
first order in H/,, considering enly the contribution due 
to Es, Eq. (25), since we shall include only transverse 
waves. If we assume that k7<6, we can neglect the 
energy of the phonon in the denominators. The result 
is then 


a3 (O!7)\? 


{ 


H' (q,q/, t,t’) = (6/8) (gu — gi) E 
« (o-,4;-H—4e-H) 

4A(q,t) | Nqi—1) (Nqi| 4 e(q'/) >A, 
—4A(q’,t')|Nqgvt1). (37) 


Vat! Mi: 8(G,0) 2; 


We now substitute this in Eq. (35). Averaging over 
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transverse waves only, and neglecting fw compared to 
kT, we finally obtain for Si, 


On (E2\' (Agy? (kT)? (H2H 2 +e.p. 


g 
Fy Ta) 


175\ 6 y h®p*c,'° i 

For the same parameters used with Eq. (33), and 
for 4.2°K, this gives 60 sec, as compared with Feher 
and Gere’s® result of 25 sec for P-Si under the same 
conditions. The 77 dependence agrees with their ex 
perimental results; however, Eq. (38) predicts a quad 
ratic magnetic field dependence, whereas Feher and 
Gere® observed no field dependence between 3000 and 
SOOO gauss. 


Discussion of < 


It is evident that the effects considered here can 
account in order of magnitude for the observed spin- 
lattice relaxation rate in -Si as observed by Honig and 
Stupp and by Feher and Gere. This represents an 
improvement by a factor of 10° over previous calcu 
lations for the direct process, the factor being due to 
the appearance of the singlet-doublet or singlet-triplet 
splitting in an energy denominator, rather than an 
energy gap. In the details of the results, however, there 
are still some discrepancies. For the direct process, 
tr, !«x H'T, and while the quartic field depe ndence was 
observed by Honig and Stupp for sufficiently hig! 
magnetic fields, at lower fields (below 9000 gauss 
there was an additional contribution independent of 
the magnetic field. In the calculation, one factor of H 
arose from the H, perturbation, and the other from the 
number of phonons ‘‘on speaking terms” with the spins 
It is difficult to see how either factor could be elim 
nated; thus our method fails to explain the magneti 


pill 


field dependen e OI fT, 
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Determination of the Effective Scattering Mechanism Parameter 
of Electron Transport Theory* 
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For Corbino disk geometry, the variation of thermoelectric power a with magnetic-field strength H/ is a 
. £ o 


} 


strong function of the scattering and a weak function of the Fermi level. The zero magnetic-field thermo- 
electric power is a strong function of the Fermi level and a weak function of the scattering. Thus, measure- 
ments of Aa/a(0) versus H and a(0) at a particular impurity concentration and temperature should yield 
a scattering parameter and a Fermi level separately. The transport equation for Aa/a(0) has been derived 
for the case of a simple spherically symmetric energy band, arbitrary scattering, exact statistics, and Corbino 
disk geometry. The thermoelectric power increased 55°, as the magnetic field increased to 22 kgauss for 


mercuric selenide. 


Although there is some evidence which indicates that the simple band form does not 


occur in HgSe, a preliminary comparison of theory and experiment showed satisfactory agreement. 


NEW and sensitive method for determining the 
effective scattering mechanism parameter, 7, of 
electron transport theory has been found. We assume 
that the combined effects 
acting on the charge carriers can be described by a 


of all scattering processes 


relaxation time,'? 7, 
T= 7 9E" ? (1 


Lattice scattering by acoustical phonons? corresponds 
to r=0 and the extreme case of Conwell-Weisskopf 
scattering’ by ionized impurities corresponds to r=2. 
By using Corbino disk geometry,*® we have found that 
the magneto-Seebeck effect, Aa/a(Q), is a strong func- 
tion of r and a weak function of the reduced Fermi 
level S kT 7. 
or Seebeck coefficient at zero magnetic field, a(O), is a 


By contrast, the thermoelectric power 


strong function of 7 and a weak function of r. Meas- 
urements of Aa@/a(O) versus magnetic-field strength 
and of a(0 
Se parately. 

The electrical resistivity and thermoelectric power 
for Corbino disk geometry have been formulated below 
in terms of arbitrary scattering, exact statistics, for all 


should enable one to determine r and 7 


magnetic fields below the quantum region,® and for one 
type of conduction carrier. If the plane of the disk is 
normal to the magnetic field which is in the gs direction, 
then it can be shown for cylindrical coordinates that 


P=fP, and ¢& PP .r/[1+ (wer)? ], (2) 


where the notation of Blatt? has been employed except 


* The work reported in this paper was performed by Lincoln 
Laboratory, a center for research operated by Massachusetts 
Institute of Technology with the joint support of the U. S. Army, 
Navy, and Air Force 

'R. W. Wright, Proc. Phys. Soc. (London) A64, 984 (1951) 

?C. Herring, Phys. Rev. 96, 1163 (1954). 

> E. Conwell and V. F. Weisskopf, Phys. Rev. 77, 388 (1950); 
H. Brooks, Phys. Rev. 83, 879 (1951). ~ 

*O. M. Corbino, Physik. Z. 12, 561 (1911). 

* A. C. Beer, J. A. Armstrong, and I. N. Greenberg, Phys. Rev 
107, 1506 (1957) ; 

*P. N. Argyres, Phys. Rev.109, 115 (1958) 

_'F. J. Blatt, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull Academic Press, Inc ‘ New York, 1957), Vol 4. 


that y here refers to the reduced Fermi level; w, is the 
cyclotron frequency. 

Solving for the electrical and thermai current densities 
in the radial directions, the following simple expressions 
are obtained: 


J,=LyE,+L,4T/dr, (3) 
0,= Ly E,— L3dT/dr, (4) 


where the coefficients are integrals of the form 
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lic. 1. Theoretical values for the Corbino magneto-Seebeck 


effect for various values of the scattering mechanism parameter, 
r, and for various values of the reduced Fermi energy parameter, 
n, and for a parabolic spherically symmetric electronic energy 
band 
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Che equation for the thermoelectric power ina magnet 


field, a(/7), and the electrical magnetoresistance, Ap, | 


are obtained as 
a(i R/¢ ¥, H)/1,(H n |, 0 
Ap/po=1,(0)/1,(H)—1, 
where 
T(H d . 
. 1+. l-+-e*—" 
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Che magnet »-Seebeck effect for Corbino disk CeO! 


a(O [ 7. H)/T\(H n 


0) L/2(0)/T,(0)—n 


11 , 


integral, J,, h ted numerically by 
IBM 709 computer for various values of 7, n, 8, and 
Aa/a(0), when expre ssed as a function of uli, de pend 
ly values of Aa ‘a 
are plotted versus wH for various values of r, n. It 
that magneto-Seebeck effect 


t 
positive and for r>0.5 the effect 


as been evalua 


on on rand 7. In Fig. 1, theoretical 
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Measurements made from 1.3 to 300°K, in fields up to 12 000 oe, show that thulium becomes antiferro- 
magnetic on cooling to 60°K and is ferromagnetic below 22°K. In agreement with earlier work the suscepti- 
bility between 70 and 300°K obeys the Curie-Weiss law and the effective Bohr magneton number is 7.6, 
equal to the theoretical value for the trivalent ion core having two holes in the 4/ shell. The highest observed 
ferromagnetic moment is only 0.5 Bohr magneton whereas the theoretical value is gJ =7. Large hysteresis 
and crystal anisotropy are observed at the lowest temperatures. It is suggested that the anisotropy is so 
large that the magnetization cannot be deviated appreciably from the hexagonal axis even in the higher 
fields (70 000 oe) used by Henry; he observed 3.4 Bohr magnetons whereas the highest expected for poly- 


crystalline material on this assumption is 3.5. 


INTRODUCTION 


LEMM and Bommer' found thulium to obey the 
Curie-Weiss law from 90 to 300°K with pors=7.6 
Bohr magnetons per atom, the theoretical value for 
I'm?** - 0, Z 


ll 


7/6). This was confirmed by Rhodes, 
Legvold, and Spedding,’ whose measurements to lower 
temperatures indicated also an antiferromagnetic trans- 
ition at 51°K and an additional transition at some 
temperature between 20 and 4°K, where ferromagnetic 
behavior was indicated. The present work was under- 
taken espec ially to clarify the behavior between 4 and 


20°K. 
MATERIALS AND PROCEDURE 


rhe material used in these experiments was described 
tne supplic - Resear h Chemicals Incorporated, as 
mtaining 0.3% Ta, 0.2% O, 0.1% Ca, and 0.1% Meg, 
nd to be spectroscopically free from other rare earths. 
Measurements were made with the pendulum mag 
netometer previously described.’ For measurement of 
temperature a copper-constantan couple was used 
ibove 80°K, a carbon resistor from 4 to 80°K, and 
vapor pressure from 1.3 to 4.2° when the specimen was 
mmersed in liquid helium. The carbon resistor was 
calibrated at the boiling points of He, He, and N 
and the tripl points of He and No. 
Che magnetic field was produced with a Varian 12-in. 
magnet. Hysteresis loops were measured after careful 
libration of the magnet with a Hall-effect gaussmeter, 
taking account of the hysteresis and nonlinearity of the 
magnet in low and high fields. The sensitivity of the 


method reduces to zero in zero field, but measurements 


could be made with sufficient accuracy in fields of 50 
to 100 oersteds. The sensitivity in fields of 12 000 oe 


as about 0.004 egs unit. 


'W. Klemm and H. Bommer, Z. anorg. u. allgem. Chem. 231, 
138 (1937 

B. L. Rhodes, S. Legvold, and F. H. Spedding, Phys. Rev 
109, 1547 (1958 


R. M. Bozorth, H. J. Williams, and D. E. Walsh, Phys. Rey 
103, 572 (1956 


In view of the hysteresis of the specimen at low tem- 
peratures, measurements of moment were made at a 
given field strength when the previously applied field 
had been alternatively +12 000 or — 12 000 oe. 


RESULTS 


Figure 1 shows the reciprocal susceptibility per gram 
measured in fields of 8000 oe. The straight line is drawn 
with the slope corresponding to the theoretical value of 
werp= 7.56 for a 4f" core (J=6, g=7/6). The intercept 
at T=20 agrees with previous measurements’ and 
corresponds to the Curie-Weiss expression for suscepti- 
bility per gram atom: x4=C./(T-20), the theoretical 
value of C4 being 7.14. 

A maximum in the susceptibility vs temperature 
curve occurs at 60°K (see Fig. 2), whereas Rhodes 
el al.2 observed it at 51° in their specimen. (It should 
be noted that 60° is near the triple point of Ne, 63.2°K, 
at which the resistor was calibrated.) There seems to 
be little doubt that this is the Néel temperature of 
antiferromagnetic ordering, since a similar point in 
erbium has been investigated by Koehler and Wollan‘ 
with neutron diffraction, and superlattice reflections 
have been found below the critical temperature. 














Below 20°K the existence ef ferromagnetism has 
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lic. 1. Reciprocal susceptibility per gram vs temperature. Straight 
line has theoretical slope for ‘Tm** ion core. 


‘W. Koehler and E. O. Wollan, Phys. Rev. 97, 1177 (1955). 
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been confirmed by the existence of hysteresis, which is molecular field model in which the exchange interact 


readily detected by measuring the moment g, at a given 
field strength when this has been approached from 
+12 000 or —12 000 oersteds, as shown in Fig. 2. We 
he standard Weiss-Forrer method of de- 
termining the ferromagnetic Curie point, 0;; this con- 
sists in extrapolating H vs T at constant o, to H7=0 to 
and plotting oo vs T to give T=0,; 
The Curie point so determined was 22°K, as shown in 


have used t 


obtain ao, at op=0 
Fig. 2. This is close to the paramagnetic Curie point, 


6,=20°, and is just that predicted by Néel® using a 
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Fic. 3. Hysteresis loop of thulium. 


5 L. Néel, Z. Elektrochem. 45, 379 (1939 


iS proportional to moment (set 


Appendi 


\ hysteresis loop for a second specimen of the san 
material is shown | 3. Evidence for the existe 
of ferromagnet emper! ires has also be 
reported by Jo 

Our highest observed moment corresponds to al 


ing the much hig 
erved 3 } Bol r mag 
he f - state 
adily be explained 


o bea dire tion of eas 


magnetization, and the crystal anisotropy to be so larg 
that t highest f | ed do not make the magnetiza 


netons, where the ituration for t 


Jg=7. Such a discrepancy may re 


ae elds used do not make ( 

tion deviate very much from the axis. In that case t to th 
magnetizatior n a randomly oriented poly rystalli tion 
material will be half of true saturation, or 3.5, in g effec 
greement with Henr measurements. Such difficult men 
n the saturation | dy been obsetved® in de | oom 
prosium, in whi h, however, the direction of eas of L 
magnetization is perpendicular to the hexagonal axis ban 
An incré mag of about 10%, measur thos 

t 4.2°K, s eff oling Tm from 78° in ow 
magnetic field of 8000 o¢ ou 
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N é€¢ i u for e Curl Pp suit 
A@=— 482S2(J7+1)J—'n/ 3h = 


in which 7 is the molecular field constant, applies to t 


rare earths Gd to Lu. A more general formula, applying 

6G. Joos, Proceedin f the Fifth Conference on Low-Tempera 1 
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to all the rare earths, has been derived by de Gennes? 
and by Brout and Suhl’*: 
0= 43°) (J +1) (g—-1)?n/3k; 


»p. G. de Gennes, Compt. rend. 247, 1836 (1958). 
R. Brout and H. Suhl, Phys. Rev. Letters 2, 387 (1959). 
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Tm 


this reduces to Néel’s formula when J= 1+, appro- 
priate to the elements Gd to Lu, and to the formula 
0= 48°S?7J (J+1)—n/3k, 


when J = L—S, appropriate to the rare earths La to Gd. 
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4 


Elastic constant measurements have been made on a single crystal of palladium in the temperature range 
2-300°K. Extrapolation of the data to absolute zero gives 


€1.=2.341+0.027 X10" dyne cm™, 
C12= 1.761+0.027 X10" dyne cm™, 
C44=0.712+0.003 X 10" dyne cm™. 


The corresponding value of Debye temperature is @)= 


275+8°K, which compares well with the calorimetric 


figure of 6)>=274+3°K. Both shear constants show an anomalous temperature dependence. This dependence 
can be correlated with the temperature variation of the contribution to C=cq4 and C’ =43(¢11—¢12), resulting 


from the presence of holes in the d band of palladium. 


I. INTRODUCTION 


HE elastic properties of the transition metals are 

of considerable interest. If there is a contribution 

) the bulk modulus of a metal arising from the conduc- 

tion electrons, as has been suggested by DeLaunay,' the 
effect should be most pronounced in the transition ele- 
ments, which have narrow unfilled d bands containing a 
onsiderable number of electrons. Again from the work 
of Leigh,’ it might be anticipated that the holes in the d 
bands should contribute to the shear constants. For 
those metals having almost filled d bands, and hence a 
ow degeneracy temperature, this contribution 
would vary significantly with temperature, thereby 
causing an anomalous temperature dependence of the 


hole 


shear constants. 

[hus far, the only transition metal to be studied in 
letail has been nickel,’ which has the added complica- 
tion of being ferromagnetic. Of the nonferromagnetic 
ubic transition metals, palladium is especially well 
suited to an investigation of the above effects, since it 
1as an almost filled d band and the grosser features of its 
band structure are reasonably well understood from 
susceptibility and specific heat measurements*® on 


1J. DeLaunay, in Solid-State Physics, edited by F. Seitz and D 
urnbull (Academic Press, Inc., New York, 1956), Vol. 2, p. 277. 
*R.S. Leigh, Phil. Mag. 42, 139 (1951). 

*G. A. Alers, J. R. Neighbours, and H. Sato, J 
Solids 9, 21 (1959) 

‘F.SE. Hoare, J. C. Matthews, and ) = 
oc, (London) A216, 502 (1953) 

°F. E. Hoare and B. Yates, Proc. Roy. Soc. 
1957). 


Phys. Chem 


Walling, Proc. Roy 


S 


(London) A240, 42 


silver-palladium alloys. In addition, elastic data would 
be of use in providing a reliable value for the Debye 
temperature of palladium, since the accuracy of that 
obtained from calorimetric data®:* is quite low owing to 
the high electronic heat capacity of the metal. In this 
paper the results of elastic constant measurements on 
palladium from 4.2-300°K will be presented. 


Il. EXPERIMENTAL 


The specimen of palladium used in these experiments 
was prepared from a single crystal ingot having a purity 
of 99.8%, the principal contaminants being iron and 
platinum. This ingot was prepared, using the Czochralski 
technique, by Dr. James Kirn of the Virginia Institute 
for Scientific Research. When etched electrolytically in 
solution of sulfuric acid and glycerin, it revealed no ap- 
preciable mosaic structure. The ingot was oriented by 
the usual Laue back reflection technique and a cylinder, 
approximately 3 in. in length and 3 in. in diameter with 
its axis along the [110] direction, was then cut from it. 
Che cylinder ends were lapped for parallelism to within 
0.0001 in., after which they were lightly etched using the 
same solution as used previously. 

The ultrasonic measurements were made using an 
Arenberg’ ultrasonic pulse generator and wide band 
amplifier together with a Tektronix type 545 oscillo- 
graph. Details of the measuring techniques have been 


6 J. A. Rayne, Phys. Rev. 107, 669 (1957) 
7 Arenberg Ultrasonic Laboratory, Boston, Massachusetts. 
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described previously®’ and need no further elaboration, 
except as regards the bonding used between the crystal 
and transducer. Thus, in these experiments it was found 
that glycerin gave satisfactory echoes from slightly 
below room temperature down to 4.2°K. Salol was used 
to obtain values of the elastic 
constants. 

To obtain the temperature variation of the elastic 
constants for palladium, it is necessary to know the 


room-temperature 


corresponding variation of its lattice parameter. Meas- 
urements of the latter were made at 300°K, 77°K, and 
4.2°K, in a cryostat to be described in a later paper, 
using a counter spectrometer and crystal monochro- 
mated molybdenum radiation. For the measurements a 
slice of the crystal, cut adjacent to the ultrasonic speci- 
men as to expose a (110) face, was employed. This slice 
was electropolished and oriented in the cryostat so that 
the [001] axis was vertical. Room-temperature data 
were obtained for the unsymmetrical reflections (10,4,0) 
and (10,2,0), using the Ka, and Ka: lines. Extrapolation 
against cos’@ gave a mean lattice parameter at 300°K of 
a=3.8896+0.0002 A, corresponding to a density of 
12.038 gram cm~*. Values in the literature for the lattice 
parameter of palladium differ considerably. According 
to Pearson,” the most reliable figure is that due to 
Coles," who gives a=3.8907+0.0001 A at 295°K for a 
specimen having a purity of 99.95%. After correcting 
for the difference in temperature between the measure- 
ments, there is still a residual discrepancy outside the 
combined limits of error. This could, however, be due to 
the differences in purity between the samples, and hence 
our value of lattice parameter has been used in obtaining 
the elastic constants. 

For the low-temperature measurements, the (10,4,0) 
reflections alone were used to obtain the changes in 
lattice parameter. On combining this data with the 
mean value of the lattice parameter at 300°K, we obtain 
the results in Table I. It is of interest that the present 
work gives a total expansion coefficient between 300°K 
and 77°K of a 


with the valuea 


23.5X10~', which figure agrees well 
23.4 10-4 given by Nix and McNair.” 
The changes in density at intermediate temperatures 


were obtained graphically, assuming that the variation 
TABLE I. Values of the lattice parameter of palladium 


Temperature Lattice parameter 


K) \) 
300 3.8818 
77 3.8727 

4.2 3.8718 


8 J. A. Rayne, Phys. Rev. 112, 1125 (1958) 
9 J. A. Rayne, Phys. Rev. 115, 63 (1959) 
” W. B. Pearson, A Handbook of Lattice Spacings and Structures 
of Metals and Alloys (Pergamon Press, London, 1958). 

1B. R. Coles, J. Inst. Metals 84, 346 (1956) 


2 F.C. Nix and D. McNair, Phys. Rev. 61, 74 (1942) 


RAYNE 


was linear above 77°K and that the curve of density ys 
temperature had zero slope near absolute Zero. ; 


III. RESULTS 


The results of the present experiments are giver 
graphically in Figs. 1, 2, 
values of the elastic 


from © to 300°K. As may be seen from the figures, t¢} 


and 3. Table II gives smoothed 


constants, obtained from the graphs 


Lit 
internal consisteé ncy of the data is considerably better 
than one percent However, the over-all acc uracy of the 
data, as a result of transit time errors, is somewhat 
he error estimates given in the 


a 0.01 pss 


poore a 
table, it 


In computing 


there is 


} } , WT 1 that 
las Det l umed Nat 


transit time error, although it is believed that this may 
overestimate the effect ; 
IV. DISCUSSION 


a) Magnitude of Bulk Modulus 





lhe bulk modulus of palladium at 0°K is (¢,;+2¢ 3 
1.95410" dyne cn whi figure is much higher 
Pasie II. Sr sta illa 
rempe 
at i 
0 2.763+0.023 0.7117+0.0030 0.2899 +0.0005 
20 2.763 0.7112 0.2891 
10) 2.761 0.7084 0.2860 
op 2.757 0.7050 0.2825 i 
RQ) » 751 0.7023 0.2792 
100 2.744 0.7008 0.2760 
\ 
120 2.735 0.7005 0.2730 
140 Fe OY 0.7011 0.2701 
160 0.7022 0.2677 
180 0.7038 0.2655 
200 0.7056 0.2635 
220 0.7077 0.2618 
240 0.7100 0.2601 
260 0.7125 0).2585 
280 0.7148 0.2569 
300 0.7173 0.2553 
than that for silver,” viz., (¢),;+2 3= 1.087 10" 
dyne cm~’, even though these elements occupy adjacent 


similar lattice 
increase is due to the 
d band of palladium 
bulk modulus of the 


and h ive 


positions in t 
parameters. It is believed that thi 


he periodic table 


IS 
trons in the 


it the 


bulk modulus of the ele 
DeLaunay! has show 


electron gas in a metal contributes to c,; and cy by an 
amount 

K VeU/dV?, (1) 
where V is the volume and U is the internal energy of 


the electron gas. At absolute zero, the latter is given by 


U=l HV N(E)EAE, 2 


\. Alers, Ph 111, 707 (1958 
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vhen Uy takes into account all the contributions from = 
fled bands, etc. For the case of overlapping s and d 
hands, (2) may be written as xorel 
' — 
t f § sai 
U=l Vf V,(E)EdE-+ vf Na(E)EdE, (3) & i aa 
> ™ ee 
Es Ed are ~~ 
4 ~~ 
, , — oe ce ie * 
vhere E, and Ea are the energies of the origin of the s = | q ee 
. . . . ° | % ~ 
ind d bands, respectively. Equation (3) may further be 30.68} | rg 
~ 
yritten as | ~~ 
Me, 
0.661 be 
0 Ol 300 


5 
Ut VE un, t+naEat f V.(elede OIE ae 
J 
Fic. 2. Variation with temperature of c44 for palladium. The 
; dashed curve represents the expected behavior for a temperature 
+ | Naleede }, +) independent overlap contribution to the shear constant. 
“ 


0 


Kd 


: .. Where we have used the fact that 
vhere n, und mq are the number of electrons per unit 


ume in the s and d bands and N, and Ny are the re- O(¢—E,)/dV =—n,/VN, 
sa, : as Differentiation of (7) then gives 
Vi2U,/dV?= —Vn,0(¢—E,)/0V, 


} that is, 
© 28 V@2U,/dV2=n,2/N,. (8) 


a . | A similar expression holds for the contribution from the 
“ae tae | d band. In the case of a parabolic band, where 





+. reg V,=3n,/2(¢—E,), Eq. (8) reduces to 
: V@U,/dV?=3n,(§—E,), (9) 
ake : which is identical with Eq. (11.18) of DeLaunay.' Thus, 


if we assume that the s band in palladium is parabolic 
FIG iation v emperatu f C114+-€12)/24 oO . . eon 
Fic. 1. Variation vith temperature of (cuter2)/2+cu for with a density of 0.6 electrons/atom,'® we have {—E, 
idium. The dashed curve represents the expected behavior for ’ oe he 3 ? 
mperature independent d-band contribution to the elastic 4.3 ev, n,=6.5X 10" cm, so that 
stants 
VaU,/dV?=0.3 X10" dyne cm~. (10) 
spective densities of states. We thus have, assuming" 
that the number of electrons in each band remains 
unchanged on deformation, 


For the d band, ng=6.1X 10" cm~*, Na= 1.6 10 cm=3 
erg-', hence from Eq. (5) 


V@?U4/dV?=2.3X 10" dyne cm. (11) 





l d*l rer d°} 
| +n, h +a) ’ ; —* 
IV dV dV dV If we suppose that the first three terms in (5) do not 
oe alter appreciably in going from palladium to silver, they 
d l dl 1 
4 1 ; S 
? 4 ee 7 
‘ dj dj | 
ere ~ Se 
oe f-E¢ : . “ttle, 
U,=V V,(ejede and l V Nalejede. (6 . ~d “th 
- alt > ~~ 
SN 
, a — " = | 7a = 
If we neglect the explicit dependence of V, on V, we 0.26} es las 
have 3 | Th on 
lid a“ 
« | _ 
| ~ 
T P > E s | ~ 
\ t wo | _ 
[ N,(ejede— (f{—E,)-n,(f—E,) / 24 : i 
dl © { kK ; 
“Strictly speaking this assumption is not correct, since we Fic. 3. Variation with temperature of (¢::—¢12)/2 for palladium. 
hould also take into account electron transfer between bands. For Ihe dashed curve represents the expected behavior for a tempera- 
the present purposes, however, the latter effect can be neglected ture independent overlap contribution to the shear constant. 








1548 | ae 
may be disregarded and hence for palladium" 


fU, &#U4 
K = v( r 2.6X10" dynecm™. (12 
dV? dV? 


Since silver has a filled d band, there will be no term in 
K, analogous to (11). Hence again assuming a parabolic 
s band with (—E,=5.5 ev, n,=5.9X 10” cm-, 


K,.=V@U,/dV?=0.3X 10" dyne cm~, (13) 


The difference (K.) patiadium— (K..) sitver= 2.3 10" dyne 
cm~ is considerably larger than the difference between 
their bulk moduli, viz., Bpattadium— Bsitver= 0.97 X 10” 
dyne cm~*. It seems reasonable to suppose, however, 
that our neglect of the first three terms in (5), together 
with the neglect of the explicit dependence of V on the 
volume, is responsible for this overestimate. 


(b) Temperature Dependence of Elastic Constants 


Reference to Figs. 2 and 3 shows that both cq, and 
(C11—C2)/2 have an anomalous temperature variation. 
For most metals, both shear constants increase almost 
linearly with decreasing temperature down to about 
100°K. For palladium, c4 initially decreases with de- 
creasing temperature, while (¢i1:—¢12)/2 has a pro- 
nounced concavity toward the abscissa. It is believed 
that this behavior is due to the change with temperature 
of the contribution to the shear constants, resulting from 
the holes in the 4d band of palladium. This change is 
quite marked owing to the low degeneracy temperature 
of the holes. The dashed lines in Figs. 2 and 3 are the 
estimated behavior of the shear constants, if the hole 
contribution did not alter with temperature. As may be 
seen, the difference is much more pronounced in cq, than 
in (C11— C12) 2 

A more quantitative understanding of the above 
effects may be obtained if we apply the theory of Leigh, 
which was originally developed to explain the magnitude 
of the shear constants of aluminum. Accordingly, let us 
consider the five Brillouin zones associated with the d 
electrons of palladium. If we denote by V;(£;—f) the 
contribution to the density of states per atom arising 
from one particular set of holes at an energy £; relative 
to the zone center and n,; the corresponding number 
density of holes, then it may be shown that the contribu- 
tions to the shear constants are given by expressions of 
the type 

PU/de =>) [—AmE—wN(E:—-HEZ), (14 
where Aj, u; are numerical coefficients and x is the ap- 
propriate strain parameter. In deriving this expression, 
it has been assumed that the energy at a point on the 
zone is proportional to its distance from the zone center. 

Now, assuming that the holes have a parabolic de- 
pendence on £;—f, it is easily shown that!® 

18 This value has been derived from the electronic heat capacit 
of palladium®® after subtracting off the contribution to the 
density-of-states arising from the s band. 


16N. F. Mott and H. Jones, The Theory of the Propertie 
Metals and Alloys (Clarendon Press, Oxford, 1936), p. 178 


AYNE 


E;-—¢=(E;-¢ 
where k7)=E 


temperature and a steep density-of-states curve, th 


L 


[1—(#°/12)(T/To)*], (45 


fo. For metals with a low degeneracy 


second term will thus vary quite appreciably with 
temperature. Thus from (14) we have 
APU ;/dx -wE?LN (Ei—$) —Ni(Ei— fo) ] 
~wiEB ZN (Ei;—fo)-A(E;—$) 
(9?/12)(T/T0)*wiE?2N i (Ei—bo)-(Ej-t 
(4?/24) (T/T o)*uiN iE? 
1.€., 
A(@U ;/da T ( ] 
ae 
ui. EF; 24X7 
lo estimate the increase, let us assume the exister 


of only one type of hole and take n= 1, V=1 level/ey 


atom. We then have 


pi E2~0.9X 10" dyne cm. 17 
Since 7>~1500°K for palladium,' Eq. (16) then gives 
for T7=300°K 


A(@U ,/dx*)~2X 10" dyne cm, 18 


in order-of-magnitude agreement wit! 


lly, Leigh’ 


which is at lea 
experiment. Actual 


calculations give u=0 for 
yrners and hole s 


holes at the zone « over the square faces, 


and u= 16/9 for hol 
the basis of these values, the large temperature chang 


In C4, would seem to require the exis 


type of hole. Such a tuation i , however, not consistent 
with the original assumption that the energies at th 
zone faces are proportional to the squares of the re- 
spe tive distanct from the zone center, since the he 
agonal faces are much closer to the center than 
square faces or the zone corners. In view of the simp 
fying assumptions made in the theory, this incor 
istency should e taken too seriously and we should 
rather take u , A; to be djust ible parameters On this 


ned trom expt riment are n 


unreasonable and lend strength to the conviction as t 
the essential correctn¢ of the theory. 
In the me \ nomalous te¢ mperature depend- 


ence of the bull lulus of palladium, implicit 
Fig. 1, may be explained. Thus considering only the 
band contribution, we have from (8 
AK \ / 4 
A(l c 19 
K Val é 
For a parabolic band this becomes 
AK, 1AC/ ¢ 
) = 
K, 2 c 


over the hexagonal faces. Thus, on 


tence of the latter 


At T= 


which 


Usi 
taking 


from 


19 


ELASTIC 


At T=300°K, Eq. (20) gives 


AK.~5 X10" dyne cm~, (21) 


which is again of the required order of magnitude. - 


(c) Debye Temperature of Palladium 


Using the method of DeLaunay" to compute 4) and 
taking pp= 12.132 gram cc~*, Vop=8.7949 cm’, we obtain 
from the elastic data extrapolated to absolute zero 


6=275—0.06T? °K. (22) 


The value 6)= 275+8°K is in excellent agreement with 
that obtained by Hoare and Yates, who found from 
their calorimetric data a value 0)>=274+3°K. Owing to 
the large electronic heat capacity of palladium, it is 
lificult to determine the Debye temperature with much 
accuracy from calorimetry. Their error estimate is a 
measure only of the internal consistency of the data and 
hence the above agreement is somewhat misleading, 
since a small systematic error could easily cause a fairly 
large change in the calorimetric value of 6. It is believed 
that an error of this sort is responsible for the higher 
Debye temperature 6)>=299°K reported by Rayne.® 
Owing to the small specimen mass used in the latter 
work, an error in the specific heat of the addenda could 
easily be responsible for the discrepancy. 

It is of interest that measurements in the liquid 


J. DeLaunay, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1956), Vol. 2, p. 285. 
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hydrogen range!®:9 give @=275°K. This circumstance is 
difficult to understand since, according to Eq. (22), 6 
should be considerably lower than the liquid helium 
value and should be varying quite rapidly with temper- 
ature. One possible explanation is that the electronic 
heat capacity is not constant up to these temperatures, 
but this hardly seems likely since the degeneracy tem- 
perature of the holes in the d band is in excess of 1000°K. 
It would thus seem desirable to have more accurate heat 
capacity data in the liquid hydrogen region to check the 
validity of Eq. (22). 
V. CONCLUSION 

Elastic data have been obtained on a single crystal of 
palladium from 4.2-300°K. The data extrapolated to 
absolute zero give a value of Debye temperature in good 
agreement with that obtained from calorimetry. The 
anomalous behavior of C and C’ is satisfactorily corre- 
lated with the temperature dependence of the contribu- 
tion to the shear constants, arising from the holes in the 
d band of palladium. 
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Retardation and K X-Ray Relative Intensities* 


G. R. Taytor Ano W. B. PAYNE 
Virginia Polytechnic Institute, Blacksburg, Virginia 


(Received December 7, 1959) 


The matrix elements for electric dipole transitions with retardation have been numerically evaluated for 
transitions between the 1s and higher discrete states of a single Dirac electron in a Coulomb field. The results 
are used to calculate the relative intensities of the principal K x-ray lines in elements of high atomic number. 
Comparison of the retarded and nonretarded matrix elements confirms the earlier result for lead that the 
effect of retardation is significant in heavy elements only when the total angular momentum of the electron 
changes. Comparison with the experiments of Beckman indicate that this conclusion is correct, and that in 
the Ka, to Ka intensity ratio the effect of retardation is more significant than screening effects. 

INTRODUCTION lines in heavy elements. These relative intensities are 
compared first with earlier calculations? of these relative 


HE matrix elements for A x-ray transitions in the : 
intensities in which retardation effects were neglected 


Dirac hydrogenic atom have been numerically 


evaluated for atomic numbers ranging from 1 to 100. 
These matrix elements are presented in algebraic form 
in an earlier paper! and will not be repeated here. The 


matrix elements have been used to compute the relative 
intensity (intensity in energy/unit time) of K x-ray 


* Supported by the Research Corporation. 
'W. B. Payne and J. S. Levinger, Phys. Rev. 101, 1020 (1956) 
lhis paper is referred to throughout this article as (PL) 


and with recent experiments.® 
The intensity of an x-ray transition from an initial 
state a to a final state 4 is given in ergs/sec by 


I «3 (2e7h mc) was? fads (1) 


2W. B. Payne, dissertation, Louisiana State University, 1955 
(unpublished ) 
$0. Beckman, Arkiv Fysik 9, 495 (1955). 
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PaBLeE I. A x-ray intensities (ergs /se the reli 
se a 
4 Kae Kay KB; KB, KB.’ Kp," re ma 
29 rel 6.15 10° 1.2510? 1.87 X 10! 3.8710 8.18 X 10 1.70 108 lativ' 
ret 6.1210 1.22 10? 1.92 10° 3.89 X 10 8.20 10 1.67 X 10 tom” ; 
+7 rel 1.13 105 2.36 10° 3.40 X 10° 7.55X 10 1.44 10 3.25 10 rdati 
ret 1.13 10° 2.23 X 108 3.45X 10 7.17X10 1.46 10 3.09 107 ; 
56 rel 3.28 10° 6.91 108 9.70X 107 2.22 108 4.08 10 9.57107 sed ; | 
ret 3.25 108 6.41 108 9.86X 107 2.09 105 4.1410 8.97 107 theore 
89 rel 3.36 10° 7.63X 109 8.94X 10° 2 50 <x 10) 3 59 X 10° 1.08 X 10° cula 
ret 3.34X 10° 6.64X 10° 9.49 105 2.1510 3.86 108 9.37 108 
100 rel 1.1310! 2.83 X 10! 2.67 X 10 9.4710 1.01 109 4.10% 109 erg 
ret 1.1510 2.15 10" 2.99X 10 7.4310 1.17 10° 3.25 109 venta 
figure 
where wa» is the angular frequency of the emitted x ray would have a smaller effect on the relative intensity of si 
and fa, is the oscillator strength. doublets than of transitions from different shells. — 1 KB 
This paper restricts itself to A x-ray transitions and Second, for the heaviest elements (Z>70; which js st 
state b is always the 15; state. For these transitions fa, the range of Beckman’s experiments) the differenc a 
is given in terms of the Dirac radial wave functions in — between one element and the next is the addition of an per 
(PL). The oscillator strength neglecting retardation electron to an outer she Therefore, while the inner Fro 
(fab)rer IS given by Eqs. (1) and (2) of (PL); with — electrons will have an effect on the magnitude of the rts 
inclusion of the effect of retardation (fas)ret is given by _ relative intensity, the derivative of relative intensity as 
Eqs. (3) and (4) of the same paper. Algebraic expres- with respect to the atomic number should be less ve 
sions for these matrix elements for transitions from the _ sensitive to screening correction ™ 
second, third, and fourth atomic shells are also given No corrections have been made for the finite size of sits 
there. These algebraic expressions have been evaluated — the nucleu = 
weersnicrwngl using an IBM 650 digital ee rhe RESULTS He 
evaluation for all atomic numbers is not presented. in 
this paper, but will be supplied on request to the For several elements and for each transition con- 
authors. sidered, Table I gives the intensity in ergs/sec of the : 
No efforts have been made to include effects due to X rays Che table shows for « ymparison the predic tion 
the screening of outer electrons on the overlap integral including the effects of retardation, but without the 
involved in the matrix elements. The intensity of a — ust of experimental x-ray energies, and the calculations Zz 
given line is proportional to the product of the square using relativistic matrix elements, ignoring retardation w 
of the transition energy and the square of this overlap The matr ves a small difference between : 
integral. It is known from numerical calculations! with large terms, and the results are probably not mor 4 
nonrelativistic Coulomb wave functions that use of certain than about one percent. In every case for the - 
approximate screening corrections such as the Slater heavier elements the effect of retardation is a significant 
screening constants® does not result in a better estimate reduction in the intensity of transition in which the 
of these overlap integrals. total angular momentum changes, and a very mucl 
On the other hand, using the experimental energy smaller effect for transitions with no change in this 
of the x-ray transition instead of that predicted by the quantity 
Dirac equation in the energy-squared factor of the Phe calculated intensities have been used to compute 
transition probability can be expected to lead to a better . 
prediction of relative intensity. This substitution will | 
be shown to result in a small but consistent improve- i | : 
ment in the agreement between the theoretical curve = = 
and the experimental points. Curves in which this - | ce 22 > 
substitution has been made are referred to as ‘retarded, bss ie 
experimental energies.” -_—— —_—.... . SANIT N prea 7 
So far as screening corrections are concerned, one < | - ie . 
might expect the following to be true in general. First, (| oe, 
screening would be least significant for the innermost 4} 
electrons. Therefore, better agreement between pre- —_ — 7. — ee 
diction and experiment would be expected for the Ka sin aitain inulii a . 
transitions than for transitions which originate in higher ee 
atomic shells. It can also be anticipated that screening I Re - t t i K w to Ka In all figures curves mt, 
ire irke l I relativisti 2 retarded, experimenta 
“t. J Tuan, thesis, Louisiana State University, 1953 energies 3) reta cal energies; (4) relativistic, n ? 
(unpublished ) Ss ; retardatior rt t are Beckman’s — experimental 53 | 
5 J. C. Slater, Phys. Rev. 36, 57 (1930). measurements o 





RETARDATION AND K X 
e relative intensities of some of the K x-ray lines, and 
ese are shown in the figures. In each figure the curves 
re marked as follows: Curve 1 shows the predicted 
tive intensity in the nonrelativistic hydrogenic 
rom’: curve 2 the relativistic calculations with re- 
rdation and with the experimental x-ray energies’ 
sed; curve 3 the relativistic retarded calculations with 
x-ray curve 4 the relativistic 
without retardation and with theoretical 


eoretical energies ; 
ulation 
rgies. Each figure also contains Beckman’s experi- 
ental points and a least squares fit to these points. 
Figure 1 shows the intensity ratio Kaz to Ka,; Fig. 2 
ratio KB; to KB; Fig. 3 shows KB; to Ka, and Fig. 








v ( ; ; ‘ ‘ 
' 1 KB. to Kay. In this case A®, refers to the sum of the 
sities of the transitions from the 4p subshell, since 
se were not measured separately in Beckman’s 
I . 
periment. 
From Figs. 1 and 2, which compare the intensity of 
iner bce ° : . 
nsitions from the same atomic subshell, one sees that 
ul ° . . ° 
uding retardation improves the agreement with 
periment both in absolute value and in slope. In fact, 
. the case of the Ka transitions, the slope of the curve 
nges sign when retardation is included. Also, it may 
seen that use of experimental transition energies 
Its in still better agreement between theory and 
periment. 
‘ | ° ° 
. | ° 
) } — a 
| eines 
= 
| ee 
u | ee 
7h, 
| , 
ic at 
VO] ~~ 
Luo = = ——SE—eEeEeEEEE—E—— 
2 O 75 100 
ATOMIC NUMBER 
lic. 2. Relative intensity AS; to AB. 
4 
; = 
| = —_— 2 
21 | 
| PPS 
2 
| 
EE —EE—EE 4 4 
te 50 to 100 
ATOMIC NUMBER 
lic. 3. Relative intensity Af; to Kay. 
H. A. Bethe, Handbuch der Physik, edited by S. Fliigge 
i Verlag Julius Springer, Berlin, 1933), Vol. XXIV, Part 1, Chap 
al R D. Hill, E. L. Church, and J. W. Mihelich, Rev. Sci. Instr 
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b 
= ook — = 3 
uJ ee aa 
aa 
ca 
WwW 
> OlF eo 
i ° 
< 
TT) 
x 
OOF 
Lu 1 F 1 
25 50 t2 100 
ATOMIC NUMBER 
Fic. 4. Relative intensity K®2 to Kay. 
ras.eE II. Average slope of relative intensity curves. 
Retarded® 
Intensity (theoretical 
ratios Experimental energies) Nonretarded® 
Ka2/Ka 6.23 10™4 6.59 10~4 —6.14 10-4 
KB;/KB 1.43 10-3 1.72K10"3 —3.52X1073 
KB, /Kay 2.211073 6.16 10~4 2.95 10-4 
KB2/Kay 2.2310 1.96 10-4 — 3.8410" 
* Average slope from Z =73 to 92 


The agreement between the retarded, experimental 
erergy curve and Beckman’s experimental points for 
Ka transitions shows that screening could have re- 
markably little effect on the relative intensity of these 
transitions. The numerical calculation of this ratio for 
gold by Massey and Burhop* resulted in a value of 0.48. 
In their calculation relativistic screened wave functions 
were used, but retardation was ignored. The relativistic 
calculation with retardation and without screening 
yields a value of 0.518 for this ratio. The application of 
screening correction to the retarded calculations of this 
paper should result in still better agreement with the 
experiments. 

As expected, the agreement between theory and 
experiment becomes progressively worse when higher 
atomic states are involved. In every case considered, 
the slope of the retarded curve is much closer to that 
of the experimental points than is that of the relativistic 
curve. Again in the case of the KBs to Ka; ratio the 
sign of the derivative is changed by including 
retardation. 

Table II gives the slope of the relative intensity 
curves as determined from a least squares fit to Beck- 
man’s data, the average slope over the same range of 
number of the retarded, theoretical energy 
curves, and of the relativistic curve without retardation. 
In every case the inclusion of retardation brings the 
slope of the curve nearer that of the experiment. In 
spite of our failure to include screening and other 


atomic 


corrections, it is believed that Beckman’s experiments 
provide verification of the prediction of the effects of 
retardation on relativistic radiative transitions. 


8 H.S. W. Massey and I 
Soc. 32, 461 (1936) 


H. S. Burhop, Proc. Cambridge Phil. 
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Resonant Electron Capture and Stripping in Moderately 
Large-Angle Atomic Collisions* 
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Differential scattering of ions by atoms in the energy range of 1 kev to 200 key 
incident ion, after a single collision which is hard enough to result in a 5° deflectior 
mine whether it had captured or lost electrons. The angle 5 
and held fixed as the energy of the incident ion was varied. Wher 
vs energy, one or more peaks are observed. For the symmetrical case of He 
outlined. Four peaks appear in the H* on He combination and three wi 
are found in other cases studied which include H* on Nao, Os», air, Ne, Ar, 
on H, and He; He* on Hz, Ne, Ar, and Kr; N* on Ar; Not 
on Ar; and Kr* on Kr. For each case the probabilities for electron c: 
charge, .nd various degrees of electron stripping are plotted vs energy. In thi 
capture probability curve has more than two peaks, these peaks are nearly evenly 
bilities are plotted vs the time of the interaction. This indicates an electron exch: 


of the order of 10~'* second. In cases where there are 


i 


phenomenon is more complicated, but vestiges of this 


1. INTRODUCTION 


RECENT letter by Ziemba and Everhart! 
demonstrated a rather striking behavior in large- 
angle collisions of Het on He. The incident ion, after 
undergoing a single collision which is hard enough to 
result in a 5° deflection, was analyzed to determine 
whether it had captured or lost electrons. The electron 
capture probability plotted vs incident ion energy 
shows seven pronounced peaks. A subsequent paper by 
Ziemba and Russek? attributed this effect to the 
resonant process Het-+-He = He+He?*. These results 
led to the present study in which many other ion-atom 
combinations were examined to determine whether 
they exhibit similar phenomena. The angle 5° 
arbitrarily chosen as being representative of a typical 
large-angle scattering. It is large enough to insure deep 
interpenetration of the colliding atoms during the 
collision. For light ion-atom collisions the data are not 
sensitive to the choice of this angle. 
A theoretical discussion of electron capture phe- 


was 


nomena, including references to earlier papers, will be 
found in a recent paper by Bates and Lynn.’ Total 
electron capture cross-section data frequently referred 
to in the present paper will be found in a compilation 
by Allison.‘ Differential measurements of ion-atom 
collisions which form a background for this work 


include those of Fedorenko® and Kaminker and 


* This work was supported by the Office of Ordnance Research, 
U. S. Army, through the Boston Ordnance District and Water 
town Arsenal Laboratories. 

+t Now at Hughes Aircraft Company, Culver City, California 

1F,. P. Ziemba and E. Everhart, Phys. Rev. Letters 2, 299 
(1959). 

2 F. P. Ziemba and A. Russek, Phys. Rev. 115, 922 (1959). 

3D. R. Bates and N. Lynn, Proc. Roy. Soc. (London) 253, 141 
(1959). ; 

4S. K. Allison, Revs. Modern Phys. 30, 1137 (1958). 

5N. V. Fedorenko, J. Tech. Phys. (U.S.S.R.) 24, 784 (1954). 
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ipture, § 
se cases in which the electron 


spaced when the proba 





| ige effect whose period is 
many electrons involved in the colliding atoms the 
resonant exchange are s ymetimes observed 
Fedorenko.* More directly, the present work is a 


continuation of an experimental program described 
in papers by Carbone et al.,” Fuls et al.,® and Jones 
et al.® Generally, these papers*® have studied, at fixed 
angular distribution and states 


incident ion energy, the 


of ionization of particles scattered in single collisions 
between relatively he avy ions and atoms. The present 
work has included many lighter ion-atom combinations 
and has measured instead the energy dependence of 
various processes at fixed scatte ring angle. 

A description of the apparatus and experimental 
Sec. 2. Section 3 presents an 
tion calculation for the distance of 
closest approach in ion-atom collisions. This forms a 
basis for the discussion of the data. Section 4 presents 
and discusses the data for each collision combination 
in turn. 


given 1n 


procedure is 


impulse approxim: 


2. APPARATUS AND PROCEDURE 
The U 


used in 


niversity of Connecticut heavy-ion accelerator 
this work. This Cockcroft-Walton ac- 
furnish magnetically analyzed beams of 
energy range extending from 1 kev to 200 
ymme de 


1 
1 detection 


was 
celerator can 
ions in an 
kev. Si 


associate 


tails of the collision chamber and the 
ystem are shown in Fig. 1 which 
is a modification of the apparatus used and described 


prey lou sly.’ 


a. Collision Chamber 


} 
} 
I 


The collision chamber and detector are inside a large 


box connected to the accelerator vacuum system which 





2 | nd N. V. Fedorenko, J. Tech. Phys 

re s 

a and E. Everhart, Phys. Rev. 102, 

} 

8 FE. N. Fuls, P. R. Jones, F. P. Ziemba, and E. Everhart, Phys 
Rev. 107, 704 (1957 

9P. R. Jones, F. P. Ziemba, H. A. Moses, and E. Everhart, 
Phys. Rev. 113, 182 (1959 
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maintains an operating pressure of about 5X10-* mm 
of Hg. The collision chamber consists of two parts 
bridged by a flexible bellows. The first part is rigidly 
fxed. It contains the hole a which defines the incoming 
‘on beam and the removable Faraday cage (shown in 
dotted outline) which measures the ion beam within the 
collision chamber. The flexible bellows allows the 
second part to rotate through any angle of scattering 
up to 40° about the center of the effective target 
yolume located at point b. The second part contains the 
resolution holes c and d; it also supports the electro- 
static analyzer and the detector. The detector rotates 
independently about a virtual axis located at f. The 
scattering geometry is nearly the same as that shown 
in Fig. 2 of reference 8. 

A target gas pressure within the collision chamber 
of about one micron of mercury is maintained by 
differential pumping through holes @ and c. This is 
low enough to ensure that almost all of the detected 
particles result from single collisions, as shown by a 
linear dependence of the scattered particle current on 
pressure. The ion beam ranged from about 10~7 ampere 
at 100 kev to 10-* ampere at 1 kev. (The focusing 
properties of the accelerator are best at the higher 
energies.) 

Collisions which happen to occur near 6 and which 
result in a scattering in the proper direction allow 
particles to pass through the resolution holes ¢ and d. 
[he electrostatic analyzer following hole d separates the 
scattered particles according to their charge state 
before they enter the detector. The scattered particle 
urrent was usually a few hundred particles per second ; 
the extreme range was from 10° particles per second to 
a few partic les per sec ond. 


b. Detection System 


A ten-stage Dumont type 6467 electron multiplier 
was used as the detector. The photosensitive surface 


and glass envelope were removed, the ions being allowed 


to strike the first dynode directly. The output pulses 
were amplified and electronically counted. 
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Fic. 1. The collision chamber and the associated 
detection apparatus. 


It was found that exposure of the dynode structure to 
air for even a few minutes resulted in a decrease in the 
average pulse height by nearly a factor of 100 thereby 
rendering the detector inadequate. To avoid this loss 
of gain it was necessary to remove the envelope and 
install the multiplier while under an atmosphere of dry 
nitrogen. The sensitivity of a particular multiplier was 
also observed to decrease slowly, the useful lifetime 
being approximately two months. The data were 
reproducible with different multipliers. 


c. Procedure 


The total scattered particle current was measured 
by setting the detector along the axis defined by 8, c, 
and d, with zero voltage on the analyzer. The neutral 
component was measured by applying a positive 
voltage to the lower analyzer plate, sweeping out the 
charged particles. The charged components were 
determined by positioning the detector as shown in the 
figure. The several charged components were succes- 
sively deflected to the detector by applying different 
voltages to the analyzer. The fractions Po, Pi, Po, ++: 
were determined, where Po is the ratio of the neutral 
particle current to the total particle current, P; is the 
ratio of the current of singly-ionized particles to the 
total particle current, P»2 is the ratio of the current of 
doubly-ionized particles to the total particle current, 
etc. 

As an illustration of the experimental procedure, 
consider a typical determination of Po at a given energy. 
With the detector in position to receive the total 
particle current or the neutral component as described 
above, the electronic counter was automatically run 
through the following cycle: (1) accumulate counts for 
five seconds, (2) hold for recording (during this holding 
time the ion beam was also measured), and (3) erase. 
The analyzer voltage was alternately turned on and off 
until ten readings of the total scattered particle current 
and ten readings of the neutral component were ob- 
tained along with the twenty recordings of the ion beam. 
The target gas supply was then cut off and the above 
procedure repeated to determine the scattering due to 
the presence of residual gas target atoms in the collision 
chamber. The correction for residuals was subtracted 
after normalization. This correction was significant 
only for collisions involving light ions incident upon 
light target atoms such as H* on He and reached fifty 
percent in extreme cases. These data were averaged to 
determine the fraction Po. 


d. Properties of the Detector 


Although a knowledge of the absolute counting 
efficiency of the detector is not necessary for a determi- 
nation of the fractions P,, it has been assumed that 
the relative counting efficiency is independent of the 
charge, i.e., neutral atoms are counted as efficiently as 
(say) triply charged ions of the same atom with the 
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same velocity. It was not possible to make a direct 
calibration of counting efficiency vs charge state, but 
there are a number of indirect indications that the 
above assumption is reasonable: 


(1) Fuls® and Jones’ measured a beam of ions with 
both an electron multiplier and a Faraday cage. Their 
measurements at 25 to 100 kev showed that the current 
gain of the multiplier was independent of the charge 
state of the ion ranging from singly to quadruply 
charged particles. One neutral 
partic les to be different. 

(2) Absolute differential scattering cross sections*® 
for Het on He collisions taken at 25 to 100 kev are in 
excellent agreement with the Rutherford formula, 
making the assumption that the current gain is in- 
dependent of the charge state. 

(3) A single-channel pulse-height analyzer was used 
in the present work to determine the differential 
pulse-height distribution in a number of typical cases. 
The distribution is found to be the same for neutrals, 
particles. This 
secondary electrons 


would not expect 


singly-ionized, doubly-ionized, etc., 
indicates that the number of 
emitted from the first dynode per incident particle is 
independent of 
counting efficiencies are the same. 

(4) There are theoretical reasons? for believing that 
the Het on He data should oscillate about the fifty 
percent line. The experimental data of Fig. 4(a) show 
this nearly to be the case. If there were a difference in 
counting efficiency for neutrals and singly-charged 
particles, the level of the Po curve would be shifted up 
or down accordingly. The agreement suggests that the 
relative counting efficiencies of He® and He? are nearly 
the same. 


the charge state, i.e., the relative 


Finally, it should be noted that any differences in 
the relative counting efficiencies would affect the peak 
heights but would not cause a significant shift in their 
locations. 

Although there was considerable evidence that the 
detector was charge independent, it 
energy dependent below about 10 kev. Since it was not 


is notk eably 


possible to calibrate the detector vs energy, an extension 
of the data below 10 kev required that the first dynode 
be held at ground potential so that neutral atoms and 
charged particles arrived with the same velocity. In 

preliminary measurements! of the Het on He 
combination the first dynode had been held at — 2500 
volts, the He* 
not experienced by the He® particles. This resulted in a 


ions thereby receiving a post-acceleration 


more efficient detection of the charged particles and a 
gradual falloff of the Po curve below 10 kev. The data 
below 10 kev reported in the present work was obtained 
with the first dynode at ground potential. Most of the 
data above 10 kev was obtained with the dynode at 
— 2500 volts, but representative cases showed that the 


data above 10 kev did not depend on the arrangement 
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within the experimental error. The small changes jp 
= . S ta] i 

location of the peaks in the Po curve for Het on He of 

Fig. 4(a) as opposed to Fig. 1 of refere nce 1 are due toa 

recalibration. 


voltage 
3. CONCERNING LARGE-ANGLE COLLISIONS 
a. Classical Orbits 


It has been shown both theoretically” and experi- 
mentally® that large-angle scattering of ions by atoms 
at kilovolt energies can be described in terms of classica 


orbits. A Coulomb potential 


moditic d by exponential 
ust d ° 


Vir Z\Z¢"/r) exp(—r/a). 1 


screening 1s 


Here, Zie and Zve are the nuclear charges of the collidj 





atoms and ais a scree g length. Often a is taken to be 
equal to a Zp4+Z ere ¢ 0.53 10 >cm. Ther 
is a useful relation between the angle of scattering 
6. in center-of-ma oordinates and the distance of 
closest approach rp. ‘I relation 
() } A , ) 
where A, is a modified Bessel function of the Secon 
kind of order unity, and defined by 
b=2,2:2e7/1 ; 3 
where / € l lic ene rgy in the center-of- 
mass system. The ¢ in center-of-mass and labora 
tory systems depends on the mass ratio y according" 
to / / 1+> d the corresponding angles 
in the sn g c1VE bv @ HW 1 ¥ 
Using the above r onships and Eq. (2), one car 
readily calculate r i fur n of Oa», Lian, Z1, and Z 
Figure 2(a) plots ro/do vs incident ion energy Ejgp in 
kev for several ion-atom combinations with 6),,=5 
It is read y set ombinations of light gases 
such as H* on He, the incident proton nearly passes 
through the center of target He atom at all energies 
This is shown schemat uly in lig. 2(b) where paths 
of the incident proto! re shown at 1-, 10-, and 100-kev 
energies. The solid circle has a radius dy while the dotted 
circle has a rad e target atom, namely th 
radius of maximum radial charge density for He. For 
fixed incident ion energy it should be noted that rather 
large changes In ( ngie ol scatterimg would correspond 
to very small chang ry on an atomic scale. These 
results will be useful for erpr r the data to be 
presented 
Figure 2(b o dep the combinations H* on Ne 
and Net on N¢ | ne itter ¢ the distance ol 
closest approach is large on an atomic scale at even 
I. Everha G. S$ e, and R. J. Carbone, Phys. Rev 99, 
1287 (1955 
This ana solu | 18 eference 10 was pointe 
out b Jol L. Carter, |] L pr ite « munication 
See st Quantum M echant McGraw 
Hill Book ( Inc., N York. 1949). Sec. 18 
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the highest energies. One should also expect a con- 
jderable variation in ro as the angle of scattering is 
varied at fixed energy. ‘This result provides a basis for 

jualitative understanding of the heavy ion-atom 
Jlisions. Combinations such as Ht on Ne are 


termediate. 


b. Use of Protons and Deuterons 


Since they are electronically equivalent, protons ()) 

nd deuterons (d) 
atively as incident projectiles on the same target 
tom. An elementary calculation that the 
ndition for equal relative velocities is 


were in certain cases used alter- 


shows 


Ej\av? = (ma/m p) Liab? = 2E iad?”, (4) 
vhile the simultaneous condition for equal distances of 
losest approach to a target atom of arbitrary mass is 


t und to be 


m,/Ma) Ov” = (3) Oiav?- (5) 
For example, the collision of (say) a 5 kev (lab) proton 

th (say) a helium atom which results in a scattering 
h Ai» =5° is equivalent to a 10 kev (lab) deuteron 
attering on helium with @j.)=2.5°. An experimental 
dvantage was obtained by using deuterons rather than 


Since the 


protons at low energies. accelerator was 
lesigned to operate at rather high energies, the ion 


both 


Using a 


defocused and unstable below 5 


Was 


deuteron beam, the accelerator 


tage was twice that of the equivalent proton beam 
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(b) 


Fic Z a The distance of cl 
Bohr radius a 
lor several ion 


sest approach 79 in units of the 
is plotted vs the incident ion energy jap in kev 
atom combinations. The angle oi scattering 
b) Paths of the incident ion at 1, 10, and 
100 kev are shown schematically for three representative combina 
tions. The solid circle has a radius rhe dotted circle has a 
radius equal to that of the target atom 


1 
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lic. 3. The ‘electron capture (or exchange) probability vs 
collision time. The fraction Po is plotted vs collision time ao/v for 
several of the combinations which show resonant electron capture. 
Here 2 is the relative velocity and the interaction length is arbi- 
trarily taken to be the Bohr radius ao. 


and hence more stable. In practice, the data could be 
carried to lower energies with the equipment available. 

The data for D* on He was erronously taken at 
Oia» =3° rather than the preferred 0).,=2.5°. However, 
the charge analysis is insentitive to the scattering angle. 
This was pointed out earlier and can be seen by the 
agreement between the H+ on He and Dt on He data 
of Fig. 4(c) in the energy region where the data overlap. 


4. DATA AND DISCUSSION 


The data are presented in Figs. 4-9. Except for Fig. 9, 
the fractions P, of the scattered current in each charge 
state are plotted vs incident ion energy at a fixed angle 
of scattering (usually 5°). These fractions Po, P1, Po, 
P;, +++ correspond respectively to electron exchange 

or capture), scattering without a change in charge, 
single electron stripping, double stripping, etc. In cases 
where only three charge states are possible, the values 
for Pi, 
readily found since P 


are not shown for the sake of clarity but are 
P,, and P, must add to unity. 
Figure 3 plots Po vs collision time ao/v for several of the 
combinations which demonstrate resonant electron 
capture. Here v is the relative velocity and the inter- 
action length is arbitrarily taken to be the Bohr radius 
a. Of course the effective interaction length is dif- 
ferent for each of the ion-atom combinations, and 
therefore Fig. 3 can be used only for semiquantita- 


tive comparisons. 
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eel eit ile A theoretical discussion of this case based upon the 
on Hele He, J OH He pe : impact parameter method has been given in another 
Sle <a” - Sealine ai < paper.” Che nuclei are assumed to move in Classically 
at 2/59 | i725 kev ~25 : describable orbits and quantum theory is applied to 
; ° determine the probability of electron exchange as a 
A | A : J : hy ° | tun tion of the impact parameter and relative velocity, 
as At { / F Since the nuclear charges are equal, the ground-state 
ak SLTITSS a ' eigenfunction of the quasi-molecule formed during the 
1 4 / P y collision must be described by a linear combination of 
tp Pag | symmetric and antisymmetric elgentunctions. For the 
az ries - ir is anes Seta case of ext hange without excitation, the coefficients jn 
al 2a” Se oC 2 Q . 4 this linear combination are constant during the col- 
: ener. A we | lision, but the relative phase, which depends upon the 
5 Te, , 5 0 50 100 300 ose ° . ° . ° 
kev keviwH? — kew/2 tr D difference in eigen-energies of the symmetric and anti- 
rrr ‘ree symmetric states, is altered by the collision. This phase 
Hom Hi -D'o He O7- ? ‘ : change corre sponds to an electron being transferred 
‘ = _ ita ne gf pl Sadho’ periodically from one nucleus to the other during the 
ar collision. Both the _ veloc ity (energy) and impact 
[ 4 | 5.0kev ] parameter (scattering angle) variations of the calcu- 
‘| d. | 3 | aa fe 4 lated ex hange pr ybability are in qualitative agreement 
5 2 | om | f » | with the experimental results. A discussion of exchange 
~ | x | 7 with excitation is included. 
f 4 i% \ t L nat | 
wtle ’ b. H* on H 
ss . i Dodie Figure 4(b) presents the results for H* on Hy: suitably 


Fic. 4. The electron capture (or exchange) probability vs 
incident ion energy for single collisions of He* on He, H* on Ha, 
H* on He, and H* on Ne. The fraction Po of the particles scattered 
through an angle @;4,=5° which capture an electron during the 
collision is plotted vs the incident ion energy Ejq, in kev. The 
data are extended to low energies in several cases by using deu 
terons as described in the text. 


a. He* on He 


Figure 4(a) shows the experimental results for the 
Het on He combination. Preliminary measurements on 
this combination were reported by the authors in a 
letter.' The modification of the detector which is 
described in Sec. 2d above resulted in a substantial 
improvement of the low-energy data over that reported 
previously. 

Scattered particles from this collision have also been 
analyzed to determine their charge state in two earlier 
papers,®* the data being taken as a function of te 
scattering angle at fixed energy as opposed to the 
procedure followed in the present work. The significant 
result obtained was there was hardly any variation to 
the charge-state fractions of the scattered helium 
particle as the scattering angle was varied from 1° to 
20°. These results are to be found in Fig. 4 of reference 
8 and Fig. 2 of reference 9. The present results for 5° 
scattering show maxima in the curve for Po at 2.4, 
3.7, 5.6, 9.2, 17.5, and 43 kev, and indications of a 
maximum at about 250 kev. Figure 3 shows that these 
peaks are nearly evenly spaced in collision time. The 
curve for P2 shows peaks at 13.5, 26, and 80 kev and 
is zero at lower energies. Peaks for P2 occur where Po 
is a minimum. 


extended to lower energies by the inclusion of D* on 


H>» data (as discussed in Sec. 3b above). The Pp curv 


shows pe aks at 1 i; L.0, al d 22 ke Vv. When these data 


are plotted vs collision time as in Fig. 3, the above 
peaks appear to be the first three in a series which 
are nearly equally spaced in collision time. Ther 
appears to be two alternative int rpre tations of these 
data: 


(1) The total electron capture cross section’ for H* 
on Hy» exhibits a maximum at about 8 kev and a 


maximum of this sort is characteristic of non- 


symmetrical ion-atom collisions. This suggests that the 


incident proton be regarded as interacting with the 


target hydrogen molecule as a whole in so far as elec- 
tronic states are concerned. The data thus reflect a 
oscillation between wo eigenfunctions of a quasi- 
molecule, one corresponding to the electron being in 
the neighborhood of the incident proton, the other 
corresponding to the electron being associated with the 
target He molecule. 
the collision with a period of about 10~'* seconds. 

2) The similarity between the H+ on Hy, and He’ 
on He ( 


The two atoms of the target H» molecule are very far 


Chis oscillation occurs throughout 


lata, however, sug 


rests an alternative possibility 


apart compared to the distance of closest approach for 


a 5° scattering at kilovolt energies (see Fig. 2). There- 
fore the incident proton passes very close to only one 
member of the , and the interaction might 
possibly be regarded as H+ on H. It might be mentioned 
in this re spect 


moiecule 


that total electron capture cross section 
, 


calculations for the collision H+ on H have often been 
compared to experimental measurements of H+ on H:. 


‘ 
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\n experimental study of the H* on H reaction is cur- 
rently under way at this laboratory. 


c. H* on He 


Figure 4(c) shows the results for H+ on He, again 
extended to lower energies with Dt on He data. Peaks 
for Pp occur at 1.5, 2.8, 7.0, and 42 kev. Although this 
collision is not of the symmetrical type, Fig: 3 shows 
that these four peaks appear to be the first four in a 
series which are nearly equally spaced in collision time. 
In this nonsymmetrical collision the successive peaks 
ff Py become lower at lower energies, in contrast to the 
symmetrical Het on He case where the successive 
peaks are of about the same height. In spite of the 
rather large energy defect, the behavior of Po is strik- 
ngly like that discussed by Bates and Lynn? for 
electron capture of the accidental resonance type. 
Figure 1 of that paper may be compared with our 
Fig. 4(c). It should be noted that different scales are 
used in these two figures. Detailed calculations are 
necessary before a direct comparison can be made. A 
direct experimental study of the inverse reaction Het 
n H is under way at this laboratory. The total electron 
ypture cross section’ exhibits a single maximum at 
bout 25 kev for H* on He. 


d. H* on Ne 


Figure 4(d) gives the results obtained for H+ on Ne. 
[The data are anomalous in comparison with those 
obtained for protons on the other noble gases. The 
urve for Py shows two widely separated peaks at 
5.0 and 75 kev. The high-energy peak is rather small 
ind Py does not drop off rapidly at high energies as 
loes the data for H+ on He, Ar, and Kr. There is no 
evidence of any additional peaks below the one at 
5.0 kev. The behavior at low energies might be attri- 
buted to the rapid increase of ry at low energies shown 
n Fig. : igure 3 shows the data plotted vs collision 
ime. The total electron capture cross section exhibits 
1 peak at about 10 kev. 


e. H’ on Ar 


Figure 5(a) shows the data for H+ on Ar. The Po 
curve shows a peak at 30 kev. Qualitative data for 
energies less than 10 kev (unpublished) suggest another 
peak at about 4 kev. 


f. H* on Kr 


Figure 5(b) which gives the data for H+ on Kr is 
similar to that obtained for H+ on Ar. The Po curve 
shows a peak at 30 kev. Qualitative data for energies 
below 10 kev (unpublished) suggest another peak at 
about 3 kev. An examination of Fig. 2 shows that the 
incident proton does not penetrate deeply into the 
target Kr atom. The data at low energies is expected 
to have some angular dependence for this collision. 
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Fic. 5. The electron capture probability vs incident ion energy 
for single collisions of H* on Ar, H* on Kr, H* on Ne, H* on air, 
and H* on Os. The fraction Po of particles scattered through an 
angle @;4,=5° which capture an electron during the collision is 
plotted vs the incident ion energy Zia» in kev. The data for H* 
on Ar are extended to low energies by using deuterons as described 
in the test. 


g. H* on N, 


Figure 5(c) shows the results obtained for Ht on No. 
This collision as well as H+ on Oy is important in upper 
atmospheric phenomena. The Po curve exhibits a 
change of slope near 40 kev. Unpublished data below 
10 kev suggests a broad peak in Pp» at about 4 kev for 
H+ on No, Os, and dry air. 


h. H* on O, and Air 


Figure 5(d) shows that the data for H* on dry air 
is nearly identical with that obtained for H+ on Ne as 
expected. The data for H* on Oz is also shown. 


i. H. on He 


Figure 6(a) shows the results for H+ on He. The Po 
curve exhibits maxima at 5.0, 14, and 75 kev. Over the 
entire energy region investigated, the charged com- 
ponent of the scattered particle current was found to 
be in the form H*. No H:-* scattered ions were ever 
detected. Although the detection apparatus cannot 
distinguish between H® and H,°, the absence of Hz+ 
ions indicated that the incident ion dissociated during 
the collision. If the dissociation were to take place early 
in the collision one might regard half of the collisions 
to be of the form H* on He the other half H® on He. 
Although no data is available for the latter, H+ on He 
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DUiLy 
for single collisions of H2* on He, H;* on He, H2* on He, and 
H;* on He. The fraction Po of particles scattered through an angle 
91a» =5° which capture an electron durir 
vs the incident ion energy Ejqp in kev. The dotted curves are the 
predic tions of the simple I reakup model described in the text 





g the collision is pl 





has been investigated and discussed earlier [ Fig. 4 
and Sec. 4(c) |. Any increase in Po above 0.5 must be 
attributed to the process H* on He — H+ He? accord 
ing to this simple model. A comparison of Figs. 6(a) 
and (4c) shows that the peaks in Pp occur at the sami 
relative velocity (not energy) as expected. This result 
may also be seen in Fig. 3. A combination of the H* on 
He and H,* on He data using the assumption above, 
can be used to estimate the behavior of the H° on He 
collision. This estimate along with the data of H* on 
He may in turn be used to predict the results to be 
expected for the collision H;+ on He. Thus Po for H 

is supposed to be the average of those for two H® and 
one H+ on the same target. The dotted curve of Fig. 
6(b) demonstrates this prediction. The agreement 1 
rather poor and suggests that the above simple mode 
is not valid. It is emphasized that the data are to be 
compared at equal relative velocities, not equal labora 
tory energies. This combination H,* on He is compared 
with the inverse combination Het on Hg in Sec. 4(m 


be low 
j. H;* on He 


Figure 6(b) presents the H;* on He data. There i 


considerably more scatter in these data than other 
combinations studied due to the small H;* ion beam 
produced by the accelerator. The dotted curve shows 
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the predic tion of the simpl model desc ribed in Sec 


Li above It is to be noted that all of the scattered 


charged particles appeared as Ht. The absence of 
H.*+ and H,* scattered ions indicated that the incident 
ion dissov iated duri r the collision. 


k. H.* on H 


results for Het on Ho. Althoug! 
be a case of symmetrical resonanc 
He electronically, multiple peaks 
nd. The curve for Po shows a broad peak 
at about 40 kev. The H ion was found to dissociate 


during the on and this may explain the difference 
This combination was the only one where we ex. 
pe rienced difficulty l obtall ing reproduc ible data. T} 
scatter in the data may be hiding fine structure. It 
to be ited it the highest energy peaks for H;+ on 
H 1H H Fig 6(c) and 4(b) ] occur at the 
same relative velocity is required by the simple 
model des ed in Sec. 41. Following the argument de- 
cribed previously oe ti, these data may be used 
to pred t the results for the H3* on He collision l} 
prediction is st dotted curve in Fig. 6(d). TI 
reeme! ve in this case. 


1. H;* on H 
Figure 6(d) presents data for H 


he prediction based upon the simple model describ 
n Sec } nd 4 No H.* or H 


on Ho as we 


scattered ions wer 
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RESONANT 


Sec detected, indicating a complete dissociation of the 
incident H;* ion during collision. 


ident m. He* on H, 


Figure 7(a) shows the data for the Het on Hy, 
collision which is the inverse of the H.+ on He collision 
f Sec. 4i above. Considerable excitation is suggested 
by the rapid increase in P: above 50 kev. The Po curve 
exhibits a peak at 30 kev and an inflection at about 
0) kev. These data are plotted vs collision time in Fig. 3 
where they may be most easily compared with the 
results obtained for H,*+ on He and H+ on He. 


ougl 
ance 
eaks 
peak 
Clate 
CNce 


n. He* on Ne 


It is Figure 7(b) presents the results for Het on Ne which 
+ on | show a peak at 15 kev. The values for P; are not shown 
the but are readily found since Po, P1, and P2 must add to 
mple nity. Figure 5 of reference 8 and Fig. 3 of reference 9 
t de- presents data for Pp» vs Oa» at 25, 50, and 100 kev; 
used these data show clearly that the fractions P, are 
This insensitive to a change in the angle of scattering @),». 


o. He* on Ar 


Figure 7(c) shows the data for Het on Ar. The Po 

irve exhibits broad maxima at about 10 and 120 kev. 
Some qualitative data (unpublished) taken below 10 
another minor peak at about 7 kev. The 
data for Ps is also shown in the figure. Results for P, 
25, 50, and 100 kev are to be found in Fig. 6 
f reference 8 and Fig. 4 of reference 9. 


bed kev suggest 


s #1... at 


p. He* on Kr 


j Figure 7(d) presents the data for Het on Kr. The 
value of P» exhibits peaks at 10 and 30 kev and an 
flection at 110 kev. Two additional peaks at about 2 

nd 7 kev are suggested by (unpublished) qualitative 

lata taken below 10 kev. The data for P2 are also shown 


n the figure. 


q. Ne* on Ne 


Figure 8(a) presents the data for Net on Ne. The 
ingular variation of the fractions P,, at 25, 50, and 100 
kev are shown in Fig. 7 of reference 8 and Fig. 5 of 
reference 9. It is to be emphasized that in references 8 
ind 9, the fractions P, were determined vs scattering 
angle @\., at fixed energy; in the present work, the 
fractions P, were determined vs incident ion energy 
Fis» at fixed scattering angle 4),4,=5°. All of these data 
show that the degree of electron stripping increases 

ith increasing energy, corresponding to decreasing 


listances of closest approach ro. The several stripping 


ie probabilities each in turn reach a maximum at higher 

ny energies as the number of electroris lost increases. 

oh Since this collision is symmetrical, a behavior similar 
to that exhibited by He* on He was expected. Although 
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Fic. 8. The charge analysis vs incident ion energy for single 
collisions of Ne* on Ne, Ne** on Ne, Ne* on Ar, and Ne** on Ar. 
rhe fractions P, are plotted vs the incident ion energy Ejay in 
kev at fixed scattering angle @),,=5°. 


there is no evidence of an oscillatory behavior in the Po» 
curve of Fig. 8(a), exchange effects were 
observed when Py) was measured vs 6),, at several fixed 
energies. These results are shown in Fig. 10(a) and 
discussed in Sec. 4y. 


resonant 


r. Ne** on Ne 


Figure 8(b) gives the results for Ne+*+ on Ne. The 
presence of a Po fraction indicates that double electron 
capture has occurred in a single collision. In this case 
particularly, a plot was made of Ne® particle current 
vs target gas pressure (similar to that shown in Fig. 3 
of reference 7). The linearity of the plot demenstrated 
that this is, indeed, a single collision phenomenon. 


s. Ne* on Ar 


Figure 8(c) presents the data for Net on Ar. The 
angular variation of the fractions P, at 25, 50, and 100 
kev are shown in Fig. 8 of reference 8 and Fig. 6 of 
reference 9. Qualitative data below 10 kev (unpublished) 
indicate a peak in Po at about 6 kev. 


t. Ne** on Ar 


Figure 8(d) shows the results obtained for Ne** on 
Ar. Double electron capture is also (see Sec. 4r) ob- 
served in this combination. 


u. Art on Ar 


Figure 9(a) presents the data for Ar*+ on Ar. The 
angular variation of the fractions P, at 25, 50, and 100 
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Fic. 9. The charge analysis vs incident ion energy for single 


collisions of Ar* on Ar, Kr* on Kr, N* on Ar, and N2* on Ne. The 
fractions P, are plotted vs the incident ion energy Lap in kev at 
fixed scattering angle @)4,=5°. 


kev are shown in Fig. 9 of reference 8 and Fig. 7 of 
reference 9. The curve for Py shows a peak at 12 kev 
and qualitative data below 10 kev (unpublished) 
indicate another peak at about 3 kev. Resonant 
exchange effects are observed when Pp is measured vs 
O45 at several fixed energies. These results are shown 
in Fig. 10(b) and discussed in Sec. 4z. A theoretical 
discussion of the Art on Ar collision has been given in 
two papers by Russek and Thomas.’*:* 


v. Kr‘ on Kr 


Figure 9(b) shows the results obtained for Kr* on Kr. 
The data could not be extended to high energies due to 
limitations of the magnetic ion beam analyzer. The 
angular variation is shown in Fig. 10(c) and discussed 
in Sec. 4aa. 


w. N* on Ar 


Figure 9(c) presents the results obtained for Nt on 
Ar. The data show that multiple electron stripping of 
nitrogen is significantly less probable than for the 
noble gases Ne, Ar, and Kr at comparable energies. 
The contrast is also apparent when one compares the 
angular variation of the fractions P, for N+ on Ar with 
(say) Ne* on Ar. Figure 10(d) plots P, vs Ai, for 100 


18 A, Russek and M. T. Thomas, Phys. Rev. 109, 2015 (1958). 
4 A. Russek and M. T. Thomas, Phys. Rev. 114, 1538 (1959). 


MORGAN, 


AND EVERHART 


kev N* on Ar. The data for Net on Ar shown in Fig, g 
of reference 8 show considerably more angular 
dependence. 


x. N.* on N, 


Figure 9(d) shows the data for Not on Noe. At energies 
less than 20 kev, a small fraction of the ions are found 
as Nz* without dissociating. Since the 
collision is symmetrical, 
effects to be 
observed above 10 kev. The curve for Po must be 


to be scattered 
one could expect resonance 
low energies 


observable al > hone are 


regarded as the sum N.°+N?®. Qualitative data below 


10 kev (unpublished) show a peak in Po at about 7 key 


y. Ne* on Ne, Angle Varied 


Figure 10(a) presents data for Po vs Oa» at 10 and 15 
kev with Net on Ne. These data demonstrate a 


oscillatory behavior. [See also Fig. 8(a) and Sec. 4q] 
As discussed in Sec. 4a, the exchange probability P 


impact 


is in general a function of the 


parameter (or 


ry or Oia») and relative velocity (or energy). On 


basis of the results obtained for the Het on He collisioy 
discussed in reference 2. one 


of P 


excitation and ionization are 


would expect an oscillation 


vs Oi,» for collisions in which ro/ao9>0.1. Sir 


more important in 
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The, 8 heavier ion-atom collisions, Po is expected to decrease bb. N* on A, Angle Varied 
with increasing energy and scattering angle. Pe 
Sular wit . — Figure 10(d) presents data for P, vs 4, at 100 kev 
° a I+ A The fractions P. are cee 
z. Art on Ar, Angle Varied with Nt on A. The fractions P,, are seen to be nearly 
independent of @i), unlike the results obtained for 
Figure 10(b) shows the data for Po vs Op at 10 and other heavy ion-atom collisions studied in references 
Tgies 25 kev with Art* on Ar. The results are similar to those 8 and 9, 
ound obtained for Ne+ on Ne described above. 
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lhe predictions of the incoherent scattering theory of the transport of resonance radiation developed by 
Holstein and by Biberman are shown to agree with laboratory measurements of the decay constants for the 
intensity of the mercury 2537 A resonance radiation following a period of optical excitation. Also, the relative 
importance of the diffusion of resonance atoms and the escape of resonance radiation as mechanisms for the 


ome destruction of mercury atoms in the #P; or resonance state are determined from measurements of decay 
constants as a function of mercury density and cell radius. The experimental results show that diffusion of the 

4 resonance atoms is negligible and that the predictions of imprisonment theory are confirmed to within 15%. 
The experiment sets an upper limit to the diffusion coefficient at unit! gas density for atoms in the #P, state of 

- 5X10"? cm™ sec™ at 340°K, which is consistent with a value of 4X 10'* cm™ sec™ predicted using the fre- 
» quency of excitation transfer collisions calculated by Holstein. The success of the theories based on com- 


pletely incoherent scattering of resonance radiation points to the desirability of including this feature in the 


2 t = 
wt a eee va eo 1 


treatment of those astrophysical problems in which the spectral line shape is determined by Doppler broaden- 


ing or by collision broadening. 


I. INTRODUCTION 


NUMBER of theories have been developed to 

describe the transport of resonance radiation 
through the parent gas. When this process involves a 
large number of successive absorption and reemission 
events, the predictions of the theories are found to vary 
considerably with the assumed relation between the 
frequency of the absorbed photon and the frequency of 
the reemitted photon. In most treatments of radiative 
transfer’ it is assumed that the frequency of the ab- 
sorbed and re-emitted photons are identical, i.e., the 
scattering is “coherent” with regard to frequency (al- 
though not necessarily so with regard to phase). These 


*Now at the 
Massachusetts 


National Company, Incorporated, Melrose, 


theories have been used to predict the rate of escape of 
resonance radiation in laboratory experiments,' e.g., the 
decay of intensity of the mercury 2537 A line following 
a period of optical excitation. The predicted decay con- 
stants for radiation at the center of the resonance line 
are two orders of magnitude too small to explain experi- 
mental observations at the higher gas densities. This 
fact led to the use of an average absorption coefficient or 
“equivalent opacity” for the resonance radiation? in 


2 A discussion of early efforts to bring the theory into agreement 
with experiment are given in reference 3 and A. G. C. Mitchell and 
M. W. Zemansky, Resonance Radiation and Excited Atoms (The 
Macmillan Company, New York, 1934), pp. 230-236. The values 
of g obtained using Milne’s formula for the decay constant of the 
central portion of the resonance line vary from 0.63 to 0.012 times 
those in reference 11 as ko increases from 2 to 400. The values of 
g obtained using Sampson’s equivalent opacity in Milne’s formula 


ngle *S. Chandrasekhar, Radiative Transfer (Oxford University for the decay constant for the intensity of resonance radiation vary 
The Press, New York, 1950). See especially Sec. 90. See also R. v.d. R. from 1.1 to 28 times those given in reference 11 as koL changes 
the Woolley and D. W. N. Stibbs, The Outer Layers of a Star (Oxford from 2 to 400. Finally, the g values obtained by Zemansky from 
aor University Press, New York, 1953), Chap. VIII. For a recent Kenty’s size dependent diffusion coefficients (reference 18) are 
on discussion of coherence in scattering at low densities see J. P. about 20% below the values given in reference 11 and are in very 


Barrat, J. Phys. radium 20, 541, 633, and 657 (1959) 


good agreement with the values obtained by Holstein.* 
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which it was assumed that the spectral distribution of 
the incident photons is the same as the frequency dis- 
tribution of the absorption coefficient, i.e., the photon 
scattering is incoherent. This procedure leads to decay 

‘ constants which are as much as an order of magnitude 
larger than the observed values depending upon the 
procedure used to obtain the average absorption coeffi- 
cient. The problem was finally solved by Holstein,* who 
showed that the proper theory leads to the conclusion 
that when the number of absorption and re-emission 
events is large and when the line shape is determined by 
Doppler broadening or collision broadening the radia- 
tion behaves as if it were scattered incoherently. It has 
also been shown by both Holstein*® and by Biberman* 
that one cannot properly solve the transport equation 
for incoherently scattered resonance radiation using an 
average absorption coefficient or photon mean free path. 
Holstein’ solved the transport equation using variational 
techniques while Biberman‘ used numerical methods. 

A number of predictions of the theory of the imprison- 
ment of resonance radiation developed by Holstein and 
by Biberman have been shown to agree well with the 
results of experiments. Thus, Alpert, McCoubrey, and 
Holstein® found good agreement between theoretical 
and experimental values of the absolute magnitude and 
variation with vapor density of the decay constants for 
the intensity 2537 A resonance radiation of mercury. In 
addition, Holstein, Alpert, and McCoubrey® found that 
the decay constants for isotopic Hg were approxi- 
mately five times smaller than the decay constants for 
natural mercury, in excellent agreement with theory. 
Biberman and Gurevich’ showed that the minimum in 
the transmission of mercury resonance radiation oc- 
curred at the mercury density predicted by theory. 
These and other*" successes of the theory are strong 
experimental evidence that the solutions of the trans- 
port equation for resonance radiation given by Holstein 
and by Biberman are correct. 


3T. Holstein, Phys. Rev. 72, 1212 

*L. M. Biberman, J. 
(1947); 19, 584 (1949). 

5D. Alpert, A. O. McCoubrey, and T. Holstein, Phys. Rev. 76, 
1257 (1949). It should be noted that the values of v reported in this 
reference are about 20% lower than the corresponding values given 
in Figs. 2-4. Thus far, efforts to explain this discrepancy have been 
unsuccessful. Earlier experiments (reference 2) are not compared 
with theory in this paper because of uncertain dimensions or ex 
cessive gas densities. 

* T. Holstein, D. Alpert, and A. O. McCoubrey, Phys. Rev. 85, 
985 (1952) 

7L. M. Biberman and I. M. Gurevich, J. Exptl. Theoret. Phys 
U.S.S.R. 19, 507 (1949); 20, 108 (1950) 

8S. Heron, R. W. P. McWhirter, and E. H. Rhoderick, Proc. 
Roy. Soc. (London) A234, 565 (1956). Recent measurements by 
R. G. Bennett and F. W. Dalby, J. Chem. Phys. 31, 434 (1959) and 
private communication from Dr. Bennett appear to confirm the 
40% discrepancy between theory and experiment found by Heron 
et al., using their small diameter collision chamber. At least part 
of this discrepancy is due to the fact that the initial distribution of 
excited atoms is far from that of the lowest spatial mode 

9A. V. Phelps, Phys. Rev. 100, 1230(A) (1955); 114, 1011 
(1959) 

 R. Siewert, Ann. Physik 17, 371 (1956); 18, 35 and 54 

1! A. V. Phelps, Phys. Rev. 110, 1362 (1958) 


1947); 83, 1159 (1951). 
Exptl. Theoret. Phys. U.S.S.R. 17, 416 
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A. ©. MeCOUBREY 

An implicit assumption of the theories of the trans. 
port of resonance radiation is that the diffusion of the 
atoms in the resonance state makes a negligible contri- 
bution to the es ipe ol the excitation ene rgy. However. 
Fowler” pointe d out that one could obtain an equally 
good fit to the then (1956) available experimental decay 
times for natural mercury by assuming that the only 
mechanisms responsible for the escape of resonance 
energy are the diffusion of the excited atoms to the wa 
and their destruction in collisions with normal atoms 
One obvious difficulty with this hypothesis is that the 
diffusion coefficient for resonance atoms in nearly pur 


Hg'’8 would have to be 


pproximately five times that for 


resonance atoms in natural mercury in order to explai 
f Holstein, Alpert, and McCoubrey 
The argument used by Fowler for neglecting the esi 1De 
of the 


clent”’ 


the observations 
resonance photons is that the “diffusion coefh- 
for reso! is calculated using the ¢ 


herent scattering treatments of radiative transfer 


negligible compared to gas kinetic values for atoms, 


In this paper we shall present an analysis of measure. 
ments of the decay of mercury resonance radiation taker 
under 


experimental conditions designed to check 
— 


Holstein’s predicted decay constants over a different 


range of experimental parameters than used previousl 
and to separate the contributions of atomic diffusi 
and radiation transport to the escape of the resonance 


Il. THEORY 


The transport equation governing the density 
resonance aton i r). in the bsence of productior 
of destruction i vy] rmal atoms | 
on (r,t D 

v r [n(r 
Ol \ 
A| r’i)G(\r—r’ )dr 1 

Here D is the diffusion coefficient at unit gas density for 
the resonance atoms, -V is the mercury density, A is tht 
Einstein transition probability for the resonance transl- 
tion, and the integration is to be carried out over tl 


] fF 4] ° . / > +} 
volume of the enclosure. The quantity G(/ r—r’'| ) 1s the 


“a ee ew 1s. 48 ; 1 rt 
probability it resonance radiation emitted at r° will be 


absorbed at r and it calculation is based upon the 


demonstration by Holstein’ that for the purposes of the 


problem under discussion the absorption and re-radia- 


tion of the resonance line are completely incoherent and 

ler broadening. The first term on 

the right of Eq. (1) gives the diffusion loss while the sum 
} 


» last two terms gIVeS the 


are ( ontrolle d bv Do] 








e result of radiation of resonance photons 
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TABLE I. Imprisonment factor for cylindrical geometry.* 
koR 5 10 20 50 100 200 400 
bo R) 1.3510" 7.0X10% 3.310 1.1210 4.8X107% 2.2X 10-3 1.03 10-3 


For a plot of £ 


20% larger than those given by Holstein. 


We assume that, as for the case of the simple diffusion 
equation and for the case of the imprisonment problem 
in the absence of diffusion, there is a solution of the form 


n(r,t)=n(r)e~”! (2) 


’ 


where v is the decay constant for the intensity of the 
resonance radiation. 

Since we expect the diffusion term to make a very 
small contribution to the loss of resonance atoms, a 
solution to Eqs. (1) and (2) could be obtained by re- 
garding the diffusion term as a perturbation on the 
solution obtained neglecting the diffusion term.“ For 
our purposes the diffusion and imprisonment terms can 
be replaced by the lowest mode solutions to their indi- 
vidual decay equations. The reflection coefficient for 
resonance atoms and photons at the wall is assumed 
to be zero. With these assumptions the solution to 
Eq. (1) is 

v= gA+5.78D/(NR?*), (3) 


where R is the radius of the cylindrical tube used for the 
experiments and g is the “escape factor” for the im- 
prisoned resonance radiation for cylindrical geometry. 
[he values of g used in this paper were calculated ac- 
cording to the technique given by Holstein*® but using 
the more accurate evaluation of G(|r—r'|) given by 
Biberman.* Table I gives values of g(RoR) as a function 
of kuR, where R is the radius of the experimental tube 
ind ky is the absorption coefficient at the center of the 
Doppler-broadened line. As shown by Holstein,® the 
effect of the hyperfine structure of the 2537 A line of 
mercury is to reduce the effective value of ko by a factor 
of five from that calculated for mercury with a single 
hyperfine component. 

At low enough gas densities such that the escape of 
the resonance radiation is controlled by the Doppler- 
broadened portion of the spectral line the decay con- 
stant, gA, is a function only of the ‘optical thickness,”’ 
kuR, of the experimental arrangement.’ Therefore, if 
imprisonment theory governs the decay of the resonance 
radiation, i.e., gA >>5.78D/N R?, we expect the measured 
values of vy to bea unique function of kuR, or of NRata 
fixed temperature. If diffusion theory governs the decay, 
we expect v to be inversely proportional to .V.R*. The 
experiment, therefore, consists of measurements of v as 
a function of mercury density, V, using experimental 
tubes with various radii, R. 


4 P. J. Walsh, Phys. Rev. 107, 338 


1957). A perturbation pro 
cedure is used to solve a steady 


state problem in which the per 


turbation is the de-excitation of resonance atoms in collisions with 
electrons 


koR) versus koR see Fig. 4 of reference 11. The values of g(koR) for koR 
kof.) values calculated using the variational procedure of reference 3 for parallel plane geometry 


<20 (not koR <2 as stated in reference 11) are scaled from 
. The values of g given here for koR >20 are approximately 


Ill. EXPERIMENT 


The experimental arrangement used for these meas- 
urements'® is identical with that used by McCoubrey'® 
to study the band fluorescence of mercury. Briefly, the 
arrangement is as follows: Radiation from a mercury 
discharge lamp is used to excite the mercury vapor con- 
tained in a cylindrical quartz tube. This incident radia- 
tion is interrupted periodically with a rotating shutter. 
The decay of the intensity of the resonance radiation is 
observed through an interference filter centered at 
2537 A with an ultraviolet sensitive photomultiplier 
using a “time sampling” technique.'® With this tech- 
nique the photomultiplier is made sensitive to the 
resonance radiation for a short period of time by the 
application of a high voltage pulse to the photomultiplier 
dynodes. By measuring the photomultiplier output as a 
function of the time of application of the voltage pulse 
relative to the time of closing of the rotating shutter one 
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Fic. 1. Intensity of 2537 A radiation as a function of the time 
of the application of a 2.5 microsecond pulse of voltage to the 
photomultiplier dynode. The solid curve is drawn through points 
obtained with a reservoir temperature of 62.5°C and an observa- 
tion region temperature of 63.5°C using a tube of 0.65-in. radius. 
The dashed curve is drawn through points obtained with the tube 
at 26°C. The reduction in 2537 A intensity during the excitation 
period, e.g., at =0, as the mercury density is increased is due to 
the combined effects of the back scattering of the radiation from 
the source by the mercury vapor and the re-radiation of resonance 
photons. The units of the ordinate give the photomultiplier output 
current In amperes 


16 A.V. Phelps and A. O. McCoubrey, Bull. Am. Phys. Soc. 3, 83 
(1958) 


16 A. O. McCoubrey, Phys. Rev. 93, 1249 (1954). 
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108 
Radius 
4 0.265 cm 
© 0.65 cm 
= o 2.34 cm 
2 
3 
a 
3 
A4 
ai4 19!5 io!6 
R-Me y Density x 5 oms/cm* 
Fic. 2. Decay constant for mercury (2537 A) resonance radia- 


tion as a function of the product of mercury density and tube 
radius. The portion of the tube used for these measurements was 
maintained at 340+10°K. The solid line is that predicted by 
theory using the values of g(koR) in Table I and a natural lifetime 
for the resonance state of 1.08X10~7 second. 


obtains the time variation of the intensity of the 
resonance radiation. 

These experimental techniques differ from those of 
Alpert, McCoubrey, and Holstein® in that the time 
sampling technique is used to reduce the statistical 
fluctuations in the signal, an interference filter is used to 
separate the resonance radiation from the band fluores- 
cence, and a better temperature controller is used to 
regulate the mercury vapor pressure and temperature.!” 


IV. RESULTS AND DISCUSSION 


An example of the time variation of the intensity of 
resonance radiation observed in these experiments is 
1. These data show that 
the intensity of the resonance radiation decreases ex- 
ponentially with time over more than an order of magni- 
tude. The dashed curve shows the time variation of the 
radiation reaching the detector by the reflection from 
the tube walls when the mercury vapor pressure is low 
enough (~7X10" atom/cc) so that imprisonment 
effects are negligible. This curve shows that the in- 
tensity of radiation admitted to the resonance cell 
through the entrance slit is negligible during the im- 
portant portion of the decay. 

The decay frequencies obtained from the slopes of 
curves such as that of Fig. 1 at various mercury densities 
and for resonance cells of different radii are summarized 
in Figs. 2 and 3. Figure 2 shows the measured decay 
frequencies as a function of the quantity VR, while 
Fig. 3 is a plot of the same data as a function of VR?. 
Thus we see that the variation of v with the radius of 


shown by the solid curve of Fig. 


17P. R. Malmberg and C. G. Matland, Rev. Sci. Instr. 27, 136 


(1956). In the present experiments the relays of this instrument 
were replaced with saturable reactors. With this arrangement the 
oven temperatures are maintained constant to within 0.01°C. 





A. O. McCOUBREY 
the resonance cell is in good agreement with that pre- coefl 
dicted by imprisonment theory. In order to fit the -_ 
results to the diffusion theory one would need a diffusion this 
coefficient which varies with the size of the container If 
This is in accordance with the predictions of the work of radi 
Kenty'’ who showed that attempts to solve the problem mat 
of the transport of resonance radiation using con- a st 
ventional diffusion theory lead to diffusion coefficients Fig. 
which depend upon the dimensions of the container. obti 
In order to set an upper limit to the diffusion coeff. app 
cient consistent with these measurements we rewrite abo 
Eq. (3) in the form: not 
atol 

5.78 
1+ D. 4 
A eANR? 

T 
This shows that if we plot v/gA as a function of con 
5.78(gA VR?) we should obtain a straight line whose the 
slope is D. Figure 4 shows such a plot and indicates that rad 
the diffusion coefficient at unit gas density for the solt 
resonance atoms is less than 5X 10'? cm~ sec at 340°K tio 
A theoreti al value for the diffusion coefhic ient for reso- ex] 
nance atoms in mercury can be obtained by noting that Bil 
collisions of resonance atoms with ground-state atoms at pr 
large impact parameters which lead to the transfer of rat 
excitation are equivalent to elastic collisions which re- chi 
sult in 180° scattering. The product of cross section and adi 
the speed of collision for excitation transfer has been Ud 
computed by Holstein*® using the theory of Furssov and as 
Vlassov"’ and is 3.4 10-9 cm*/sec. Since the excitatior Tes 
transfer leads to 180° scattering, the frequency of mo- : 
mentum transfer collisions at unit density is twice this = 
value or 6.8 107% cm*/sec. When this value is substi- Ch 


tuted into the standard expressions for the diffusior 








Fic. 3. Decay constant for mercu 2537 A) resonance radia 
tion as a function of the product of the mercury density and the 
square of the radius of the tube at 340°K. The solid lines are draw! 
through the experimental | ts with a slope of --1 as expected i! 
the decay of excited atoms were controlled by conventional diffu 
sion. The fact that the diffusion coefficient required to fit the 
experimental data varies with the radius of the cell shows that 


conventional diffusion theory is not applicable to this problem 


%C. Kenty, Phys. Rev. 42, 823 (1932). See also M. W 
Zemansky, Phys. Rev. 42, 843 (1932 
VY. Furssov and A. Vlass Physik. Z. Sowjetunion 10, 378 


1936 
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INCOHERENT SCATTERING 
coeficients” one finds D=4X10'* cm™ sec™ at unit 
mercury density. The solid line of Fig. 4 is plotted using 
this diffusion coefficient. 

If the loss of excitation by the transport of resonance 
radiation were negligible compared to theoretical esti- 
mates then the experimental data of Fig. 4 would lie on 
a straight line through the origin. The dashed line of 
Fig. 4 shows a fit of such a straight line to the data 
obtained in a tube of 0.65-cm diameter. Although the 
apparent diffusion coefficient from this curve is only 
about 3 times that for atomic mercury metastables,'® we 
note that it is about 100 times that expected for mercury 
atoms in the resonance state. 


Vv. SUMMARY 


The agreement of the experimentally measured decay 
constants for mercury 2537 A resonance radiation with 
the predictions of the theory of imprisoned resonance 
radiation provides an experimental justification of the 
solution of the transport equation for resonance radia- 
tion given by Holstein and by Biberman. We, therefore, 
expect that the techniques used by Holstein and by 
Biberman will give satisfactory results when applied to 
problems such as the calculation of the role of resonance 
radiation in the positive column of an electrical dis- 
charge or in the electrical breakdown of gases.”! In 
addition, since the Holstein-Biberman solutions for the 
transport of resonance radiation are based upon the 
assumption of completely incoherent scattering, the 
results of the present investigation show that more 


*”H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Oxford University Press, New York, 1952), 
Chap. VII. It appears that the expression for Piz in this reference 
is too large by a factor of two 


1A. V. Phelps, Phys. Rev. 117, 619 (1960) 
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Fic. 4. Ratio of measured decay constant to theoretical im- 
prisonment decay constant as a function of 5.78 (g4 NR*). The 
solid line shows the predictions of our combined imprisonment and 
diffusion theory. The dashed line should pass through all of the 
points if conventional diffusion theory describes the loss of excited 
atoms. About half of the spread in the data points for a given value 
of R would be removed if the effects of collisional broadening of the 
spectral line were included in the calculation of the values of gA. 


reliance should be placed on this assumption in those 
astrophysical calculations' in which the shape of the 
important portions of the spectral line are determined 
by Doppler broadening or by collision broadening. 
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The distorted-wave Born approximation is used to calculate the p-y angular correlation from several 
deuteron-stripping (d,p) reactions. One /=2 and four /=1 captures are considered. Optical potentials with 


from the pattern predicted by the plane wave Born approximation, and 
dependent on the direction of the emitted proton, and on the type of distortior 


rounded edges are used to distort the wave functions. In some cases the correlation is considerably changed 


the distortion effects are strongly 


We include a 


assumed 


general discussion of the theory of the (d,py) correlation. 


INTRODUCTION 


HE distorted wave Born approximation (DWBA) 

has been used recently for a numerical evaluation 

of deuteron stripping cross sections and polarizations,!* 
showing that a considerable improvement in the fit to 
experimental data can be obtained compared to the 


simple plane wave, or Butler, theory.2 The DWBA 
theory also modifies the predictions of the simple 
theory for the angular distribution of any y rays 


emitted by the residual nucleus.*® The study of such 
departures from the simple theory can give valuable 
information as to the validity of the distorted wave 
theory. Several of such experiments have been reported.°® 

We present here the results of (d,py) angular corre- 
lations for several particular reactions. For each 
reaction four different forms of stripping theory wer« 
tried: (a) plane wave Born approximation with radial 
cutoff (Butler theory), (b) Coulomb wave Bor 
approximation with radial cutoff, (c) optical potential 
Born approximation with radial cutoff, (d 
optical potential wave Born approximation without 


wave 


* Supported in part by the National Science Foundation 

1W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955 
H. C. Newns and M. Y. Refai, Proc. Phys. Soc. (London) A71, 
627 (1958); H. A. Weidenmiiller, Z. Physik 150, 389 (1958); J. L 
Richter and E. V. Ivash, Phys. Rev. 111, 245 (1958). 

2 W. Tobocman, Phys. Rev. 115, 99 (1959). 

3S. T. Butler, Phys. Rev. 106, 272 (1957), and other references 
contained there. 

*L. C. Biedenharn, K. Boyer, and R. A. Charpie, Phys. Rev 
88, 517 (1952); G. R. Satchler and J. A. Spiers, Proc. Phys. Sox 
(London) A65, 980 (1952); J. Horowitz and A. M. L. Messiah, 
J. phys. radium 15, 142 (1954); G. R. Satchler, Comptes Rendue 
Congres International de Physique Nucléaire Interactions aux Basses 
Energies et Structure des Noyaux, Paris, 1958, edited by P. Guggen 
berger (Dunod, Paris, 1958). 

®R. Huby, M. Y. Refai, and G. R. Satchler, Nuclear Phys. 9, 
94 (1958). 

6K. W. Allen, B. Collinge, B. Hird, B. C. Maglic, and P. R 
Orman, Proc. Phys. Soc. (London) A69, 705 (1956); S. A. Cox and 
R. M. Williamson, Phys. Rev. 105, 1799 (1957); H. A. Hill and 
J. M. Blair, Phys. Rev. 111, 1142 (1958); R. Taylor, Phys. Rev 
113, 1293 (1959); J. P. Martin and K. S. Quisenberry, Bull. Am 
Phys. Soc. 4, 404 (1959); J. A. Kuehner, E. Almqvist, and D. A. 
Bromley, Bull. Am. Phys. Soc. Ser. II, 5, 56 (1960). The last two 
references include specific attempts to test the predictions of the 


DWBA. 


radial cutoff. Our cale 


lations were based on stripping 
amplitudes previously calculated by Tobocman.? Pre. 
liminary to the presentation of our results we will give; 
description of the theory of the (d,py) correlation whict 
represents an elaboration of the approach of Huby 
Refai, and Satchler 


GENERAL FEATURES 


When plane waves are 
{(d,p)B, the probability of a neutron being captured 
with component m of 


used to dk scribe the reactior 


orbital angular momentum | 


vanishes unless m=0, when m is measured along thi 


direction of the recoil momentum k=ka— (M1/M>)k, 


k, and k, are the center-of-mass wave vectors for the 
deuteron and proton, respectively). That is, the vector 
I is perpendicular to k, and equally distributed around 
it. So the residual nucleus is oriented as though it had 


captured neutrons from a plane wave incident along 


k. Chen prov ded they are me ured in coincidence 
with prot y k, o tha k s defined) the angular 
distribution of ny ensuing y rays Is the same as for a 


azimuthal as 


V¢ 5 , I ymmetry 

These simple 1 re modified by any distortiot 
of the proton or deuteron waves. The Butler theory 
completely negiect refraction and reflection of the 
waves, whil tempting to simulate absorption withir 
the nucle by ignor ntributi from inside some 
cutoff radius. Such effects introduce some shadowing 
which, crudely speaking, favors one “side” of th 
nucleu r f protons emitted in a givel 
direction.* This is reflected in the capture of neutrons 
with nonzero components m of orbital angular mo- 
mentum I along the recoil direction k. No longer is |] 


) k, or equally distributed around 


always perpendicular t 





it. Rather, it. become preferentially aligned parallel or 
‘The discussion here is ¢ lally aj plicable to (d.m) reactions 
althoug! St g r do yt experience al 
Coulomb r sic 
§N. Austern, S. T. Butler, and C. Pearson, Phys. Rev. 112 
1227 (1958); H. C. Newns, Proc. Phys. Soc London) A66, 477 
1953 
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RAYS FROM 
antiparallel to kaXk,, and no longer is there a simple 
axis of alignment for the residual nuclei in general. 
This polarization of the capture process allows the 
outgoing protons to be polarized, and also tends to 
destroy the symmetry of the y-ray distribution about 
the recoil direction. In particular, for /=1 captures the 
effect is to rotate the y-ray symmetry axis away from 
k. and to introduce some azimuthal anisotropy about 
this axis, while for captures with higher J there is, in 
general, no axis of symmetry for the y rays. 

The distorted waves we use here are those given by 
an optical model, adjusted so as to give a reasonable 
description of the observed elastic scattering. Effects 
of spin orbit coupling on the scattering have been 
neglected; they are expected be small, but will be 
investigated in future calculations. 


THEORY 


The general angular correlation for y rays emitted in 
a direction (0,6) following a (d,p) reaction, without any 


issumption as to the mechanism of the reaction, takes 
he form’ 

W (Ap) YD kg@kgl kq (90), 1) 

re Cyq(0b) = (4a)? (2k+-1) 1V',“(0) is the spherical 


harmonic normalized so that Coo=1 and Cyo(0¢) 
P,(cos@). The angles @ and ¢ refer to the center-of- 
mass system of coordinates. The coefficients a,, depend 
upon the nuclear spins and y-ray multipolarity, and of 
course the direction of emission of the protons. Since W 
is real they must have the symmetry axq= (—) “a, 
and if the y transition is between states of definite parity 
only dx, The y distribution has 
symmetry of reflection through the 
containing kz and k,, so if the 
in the reaction plane we require the a,q to be real to give 
W(0¢)=W (0, —o). Alternatively, if we took the z 
axis along kgXk, we would require q to take only even 
values so that W(0.6)=W (a 
If we 


* 
with even k are nonzero. 


reaction plane 
x and s axes are chosen 


6G, rte) a 


now assume the stripping mechanism (in 
DWBA, but still neglecting the small spin coupling in 


the distorted waves) and only one value of / takes part 
the a; , separate into two factors 


) 
Aka gd D «) 


of which contains the dependence on nuclear spins 
I+3 of the captured 
1 J, absorbs a neutron to 
form a state of spin J, which then decays to a final 
state of spin to 


and the /ofal angular momentum j 
ieutron.’ If the target of spi 


(77 Jat pn) 
r : ’ ’ , ) 
Xd rw C iC i PF (LL SJB) }, (3) 
* Although spin-orbit coupling is assumed to have negligible 
efiect on the distortion of the deuteron and proton waves, it is 
implied for the captured neutron in so far as the neutron reduced 
widths depend on 7. However, this dependence enters the gx, and 

does not affect the dynamical factors dx, 
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which we may write symbolically as hy tr As 
usual, we have k< 21, j+j’, L+L’, and 2/ x. 60;: is the 
reduced width for capture with 7=/+}, and Cy, the 
reduced matrix element for a 2’-pole y ray. If we 
normalize to >>; 6;?= then go=1. The 
coefficients n,!! and FF,” have been tabulated. If one 
prefers to work with a channel spin representation 
(vector sum of target spin and captured neutron spin 
S=J4+4) we aan g.=nl, by ge=Z.F x, where 


iC 2=1, 


Zk > s 4s2(—)§ . J pt 1) 7 Z (lJ glJ p,Sk), (4) 
so Zp=1 if }° 5 0s2=1. Tables of Z: i*Z are available." 


The dynamics of the stripping mechanism, including the 
effects of distorted waves, are described by the dag, 
which are essentially the statistical tensors pxq(ll) 
described in detail in reference 5, 


d= prq(ll) (—)*L(10,10| RO) (21+-1)4poo(ll) F, ~~ (5) 


so that doy=1. (This normalization is only possible with 
since (0,/0| RO) vanishes if k is odd.) In the plane 
wave, Butler, theory the d,, are unity if g=0 and zero 
otherwise, if the z recoil k, 


even k, 


axis Is chosen along the 


so that the distribution (1) becomes 


W 0(0) =>- x gxPx (cos). (6) 

In the general case it is instructive to study the 
correlation function (1) referred to two sets of axes. 
First, if we choose the x and zg axes to be in the reaction 


plane, so that the d,, are real, the correlation becomes 


W (Ao } £ tz P.(cos@) 


+ 
bo 


> P.2(0)dig COS(gh)}. (7) 


rhe existence of a symmetry axis for W would imply 
that the z-axis could be chosen so that all d,g with odd q 
(and hence odd powers of sin@) vanished. 
always be done when k=0 and 2 only, 
wise, except in the plane wave limit (6). 


This can 
but not other- 
Alternatively, 


The discussion of this section is also appropriate to other 


stripping reactions such as (He',d), etc. In particular Eqs. (2), (3), 
4), and (5) give the b correlation coefficients for any such 
reaction A (a,b)B in which a single nucleon, initially in an S state 
within a, is captured with 7 and / by the target A. The exchange 
of a cluster, again if initially in an S state within a, such as in 
ad) if viewed as a stripping reaction, will lead to a different 
coupling factor n, in (3) if the cluster spin is not 3, although the 
Z, of (4) will be unchanged. The . —~y correlation from the inverse 
pic ve reactions B(b,a)A is also described by the same equations 
vith appropriate interchange of suffices A with B and a with 6) 
with the coefficient dx, for pickup being equal to the stripping 
coefficient (— )*~%dx¢* of (5) “a reference 5. The only consequence 
of this is that the phase angles a,, or do, discussed below, change 
Thus the results reported here p> in reference 2 give a 
qualitative idea of distorted wave effects in these reactions also. 
1G. R. Satchler, Proc. Phys. Soc. (London) A66, 1081 (1953). 
2. C. Biedenharn and M. E. Modern Phys. 25, 
729 (1953); M. Ferentz and N. Argonne National 
Laboratory Report ANL-5324 
L. C. Biedenharn, 
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sign. 


Revs. 
Rosenzweig, 
unpublished ). 
National Laboratory Report 


Rose, 


Oak Ridge 
(unpublished 
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Tan a re te *~haracterizing ® Caces cz ja ‘ . 4 . . 
Fase I. Parameters characterizing the cases calculated captures in parti ripping imposes the restrict) 
OSASX1 and further predicts that Az ly, 
Ca“(d,p)- Pb*®7(d,p)-  T*8(d,p : ee _ 262 Me 
B°(d,p) BU Cats Pb2s Tis dependen ol proton angk so tha | is unattected | 
the distortions for /=1). The restriction on X for Re 
Ep(Mev) 8.1 o1 15.1 6 RE RS Aes es Kei 
O(Mev) 9.24 3.30 5.41 1.46 HMpiules O/a@ Is alway hegative Or Zero; the aNnlsotrop 
1 1 1 1 : oii ame ae ‘ bn ee Ser 
R(10-13 ¢ 541 6.15 8.74 i. oe muth abou e symmetry axis $= ¢o Is of opposit 
Vip(M 60 50) dite _ sa sign to that in the reaction plane. The X plays 
W1p(Mev) 17 14 i4 15 13 role of an attenuation coefficient when /=1, gj 
1 10-8 cm 0.70 0.68 0.68 0.70 ) as : ’ 
Rrp(10~8 cm) 3.66 3.23 5.30 8.60 5.34 1t Wwe define Lhe inisotropy € Lu (Q)—V r/2 
V ep( Mev 50 50 60 60 60 r ) 
Wr p(Me 11 8 10 —10 LV O)+W (9/2 nen 1 the reaction plane €/ €9=) 
wPp(lO-S cr 0.40 0.40 0.40 0.40 $5 a2. ade 4 | ‘ P °. . y 
Rrep(i07' cr »9 »9 4.26 7.12 1.36 the aniso ropy ré duced o A times its value €9 IN I 
plane wave, But er, theory Phis simple result does} 
te cites a hold for other 7 values because then doo and thus A," d 
pend on ed StOrLio! ‘in general €/ € 2) d 1+ ly 
if we choose the z axis along kak, (the axes chosen goxd29—1). Also, X may be greater than one so tha 
in reference 5, and use a tilde to denote quantities 3/a need not be neg ve; see Fig. 11.) 
referred to these axes, the Akg are now complex, but The pI n polat tion Is prop rtional to (1- 2)! 
vanish for odd g. Let us put for /=1 captur but there is 1 ich simple relatior 
. = for other \ However! the protor lar 
. x LOI 4 ver, whit ne TFOLON polar 
Cig= Akg €xp(—1gakq), ae ' J iy P 
Zatilon reache iximum allowed in this theor 
: 1 se bo ‘ ‘ . 1? 
so the correlation (1) becomes 3 t—3,3 +1) if bt , en A=O for alll ar 
we 4 | pl ( 
W (6d) Told, P,(cosd)+2 © (— 
. 4 >0 
S \ 
(k—q)! , \ \ 


xX P,,2(0) d, 7 cosg($— ara) |. (& f+ 


(k+q)! _ / 

iy Zn 
Now the existence of a symmetry axis requires that ‘ 
we can find an x axis which makes all the phase > 


Garg) =90 or w. Again, generally this is only possible 

if k=O and 2 only, or in the plane wave limit with a | 

along k NY 
When the value of & is restricted to 0 and 2, the 

correlation can be rewritten in a simple way.® From (1 LJ 





or (8) we can write quite generally 


W 6d) 1+ A»"P2(cosé)-+ 1.2P.?(6) cos2(¢—¢»). 9 » 


If we call Ay?/A.°=—4), then in the reaction plan 7 \ 
6=7/2, the correlation becomes C/T 


7 — 6A 3 2 
W=1+a cos*(¢—qu), a > 10 5 0.4 
2—A,°(1—3)) : 


hn ‘A\ - 
while in the plane perpendicular to the symmetry axis is <> s+ | [4 


Q =o, d=r 2,4 —< Se 


’ 3A? 1—A) 
W=1+8 cos’6, £B 11 4 


’ I i polarization P 
= 0 a - : ‘ . 
& A,*(1 3A c.m. syst I 5 I} es were calculated for /= 
capture a 1) B the b) Butler theory modified 
so that B/a=(A—1)/2X. The equations (9), (10), and imclude Cou the cutoff DWBA using opt 
: . . 1 . otentials I DWBA using potentials (i 
(11) are independent of the reaction mechanism. The Jywpy using Mm > | - 
stripping assumption identifies @o=a22 and makes 
definite predictions for the coefficients; in the plane y If 7 ilready imposed by the values 
. . or L, bu tally, then there is already so 
wave theory it gives As’=—}g2 and A=1. For /=1 licatior a Rae hon <2; pobre le 
evidence for ¢ echanis \ reaction proce 
4 The words “perpendicular to the symmetry axis” were omitted through a ce t impose this restrict 


from reference 5, following Eq. (6.7 in genera 
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With J/=2 captures there will in general be k=4 
terms also. It turns out for /=2 that the phase ‘angle 
Jaw= 202+ (though this will not be true for other 
| values), but we still have the other angle ag. Then in 
‘ the reaction plane (8) takes the form (with ¢o=ax», 


o,;=a44) 
W =bo+b2 cos2(@—o0) +b, cos4(—¢1), (12) 


where o%¢1 except in the plane wave limit when both 
become the angle of the recoil k. With /=2 we also 
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Fic. 2 (a 


The p-y correlation attenuation factor \ and (b) 
the symmetry axis angle @9 (measured from the deuteron beam) 
(in the c.m. system) for B'(d,p)B". The curves are labeled as in 


Fig. 1. 
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Fic. 3. Cross section ¢ and proton polarization P (in the c.m. 
system) for /=1 capture in Ca“(d,p)Ca*. (a) Butler, (b) Butler 
with Coulomb effects, (c) cutoff DWBA, (d) DWBA. 


have the relationship with the proton polarization P, 
(2j7+1)P=+ (5)-4[ (5/3) (1—deoo)?— (96/7) | das|?]. 


These various relations and restrictions form tests of 
the DWBA theory. They are essentially unaltered by 
inclusion of the D state in the deuteron internal wave 
function; there is no interference between it and the 
dominant S state, so the D state can contribute at 
most a few percent to the y correlation. Spin-orbit 
coupling in the distortions would produce some effect 
by making the d;, depend on j as well as /, but this is 
thought to be small. 

It has been suggested'* that measurement of the 
angular distribution of a particular group of protons 
(or neutrons in a (d,z) reaction) would sometimes be 
facilitated if they were detected in coincidence with 
de-excitation yy rays emitted perpendicular to the 
reaction plane. In the plane wave theory the results 
of such a measurement, as a function of the angle 
between the protons and incident deuterons, would be 
the same as the differential cross section for protons not 
in coincidence provided only one / value contributes. 
In the distorted wave theory it turns out that this is still 
true for captures with /=0 (because the y’s are isotropic) 
and with 1=1. For other / values the proton distribution 
is changed when measured in coincidence. It is given 
most simply by (8) with @=0, 
> gidxo, 


— 


W (6=0) (12) 


16 A. E. Litherland and A. J. Ferguson, Bull. Am. Phys. Soc., 
Ser. II, 5, 45 (1960). 
































Fic. 4. (a) Attenuation \ and angle ¢» (in the c.m. system)for 
Ca“ (d,p)Ca*®, Curves labeled as in Fig. 3. 


and only for /=0, /=1 (when dx=—43), is this in 
dependent of the proton angle. Otherwise the coin- 
cidence proton angular distribution is given by the 
noncoin¢ idence one modulated by the angle depends nt 
function (12), which thus provides a convenient way 
of measuring the dyo as a function of the proton angl 
So far we have discussed y rays detected in coin- 
cidence with the protons. We may ask how far is the 
angular correlation “smeared out” when the protons 
are not observed. If @ is the angle between the y ray 
and a z axis chosen parallel to the incident deuterons, 
the noncoincident y-angular distribution is given by 
W (@)=>- g dio) P;.(cos8), (13) 


aa * 


where (dio) is dyo averaged over the proton angular 
distribution. (The d,., with g#0 give zero when averaged 
in azimuth around the incident beam.) This cannot be 
evaluated in any simple way even in the plane wave 
limit, but in this limit (d,o)=(P,(cos@e)), where Oz is 
the angle the recoil k makes with the deuteron beam. 
So if the proton distribution is strongly peaked, we may 
obtain a rough idea of (dyo) by evaluating P;(cos@p) at 
the Op 
usually happens, the proton distribution is still quite 
Strong at angles well away from the main peak, the 


corresponding to the proton peak. But if, as 


average (dio) would have to be evaluated numerically 
from the DWBA values. 
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RAYS FROM 
cross section and proton polarization are repeated in 
Fig. 9, and the p-y correlation coefficients dg of Eq. (7) 
referred to 3 axis along ka, y axis along kaXk,) are 
siven in Fig. 10. Further, as discussed above, when only 
values k=O and 2 are allowed, the correlation is con- 
veniently given in terms of dx, \ and @o, and these are 
plotted in Fig. 11. The expressions for A, @o and the dig 
in terms of the B™ matrix elements are given in the 
Appendix. 

Perhaps the most striking feature of the results is the 
same as that found for the differential cross sections 
and polarizations,?> namely the importance of the 
contributions from the interior of the nucleus even 
when optical model distorted waves are used. Inclusion 
of the Coulomb effects, and even of the optically 
distorted waves when the interior contribution is 
neglected, does not make the results deviate very far 
from the plane wave theory predictions. It had been 
inticipated that the deuterons, at least, would be 
sufficiently strongly absorbed within ‘the nucleus to 
make the interior contributions negligible. The optical 
model fits to the deuteron elastic scattering?:? require 
maginary parts corresponding to a mean free path in 
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Fic. 6. (a) Attenuation \ and (b) angle @o (in the c.m. system) for 


Pb*? (d,p)Pb*’. Curves labeled as in Fig. 5. 


"J. Slaus and W. P. Alford, Phys. Rev. 114, 1054 (1959); M. A 
Melkanoff, Proceedings of the International Conference on the 
Nuclear Optical Model, Florida State University Studies, No. 32, 
edited by A. E. S. Green, C. E. Porter, and D. S. Saxon (Florida 
State University, Tallahassee, 1959) 
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Fic. 7. Cross section o and proton polarization P (in the c.m. 


system) for /=1 capture in Ti**(d,p)Ti®. (a) Butler, (b) Butler 
with Coulomb effects, (c) cutoff DWBA, (d) DWBA. 


nuclear matter of between 1 and 3 fermis. While the 
latter figure is comparable to the radii of light nuclei, 
the wave function within a finite nucleus is further 
attenuated by reflection at the surface. However, one 
compensating factor is that the distance over which the 
amplilude of the wave is attenuated by 1/e is twice 
the mean free path, and it is the amplitude which 
determines how much the contributions from different 
regions of the nucleus may interfere. In this way, the 
may be much more 
sensitive to interior contributions than the total cross 
section in which these interferences average to zero. 
The effect of the interior is particularly marked in the 
case of B', where the results bear little relation to the 
plane wave theory. This is probably due in part to the 
smallness of the nucleus, but especially to the large Q 
value of 9.24 Mev. The latter implies a strongly bound 
neutron and hence a greatly reduced probability of 
finding the neutron “‘outside’”’ the nucleus ; this increases 
the relative importance of the interior. Experiments 
have been carried out on Be*(d,py) Be" with deuterons 
of 4 and 8 Mev, and the results are close to the plane 
wave theory at the one proton angle used.* However, 
the Q value of this reaction is only 1.22 Mev. It would 
be of interest to carry out experiments on a light 


differential cross-section, etc., 


nucleus with a high Q value to see if the p-y correlation 
shows the sensitivity our B" calculations imply. 

The importance of the interior contributions in the 
Ti*® reaction is also surprising, because at first sight 
the deuteron energy of 2.6 Mev is well below the 





SATCHLER 


1572 GS. °R: 


















































oi | yo T 
~ senses 











T —— GE ee 
| Y 
| | | 
——_—+- + 
| 
| 
| . | 
a t 


























100 120 140 {60 180 
6, (deg) 
(b) 


Fic. 8. Attenuation \ and (b) angle go (in the c.m. system) for 
Ti*8(d,p)Ti®. Curves labeled as in Fig. 7. 


Coulomb barrier (which would be 6 Mev for R=5.34). 
However, the tail of the attractive optical potential 
considerably rounds off the top of the Coulomb barrier 
and increases its effective radius; the effect in this case 
is to give the barrier a peak height of 3.3 Mev at about 
9 fermis. 

The calculations at present only display the difference 
between the contributions outside and inside the cutoff 
radius R. Since the R used are somewhat larger than 
the nuclear mass and potential radii, it will be of 
interest to see in future calculations whether the interior 
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contribution is concentrated in the region just inside R 
or whether it is distributed throughout the interior, Ip 
addition we do not yet know how unique are the choices 
of optical potential which describe the elastic scattering: 
for example concentrating the deuteron absorption at 
the nuclear surface might reduce the sensitivity of the 
stripping reaction to the interior contribution while stjj] 
scattering. Finally it is not 
distorted waves used in the theory 


reproducing the elastic 
certain that the 
; 


have to reproduce the elastic scattering exactly,!8 or 


t 
even that merely distorting the center-of-mass motion 
an adequate representation of their 
However, the 
discussed here are undoubtedly 


of the deuterons is 
wave function close to the nucleus. 
distorted wave effect 
pre sent even if there are additional disso¢ iation effects, 
The dependence of A, the attenuation factor for /=1 
the proton angle @, 


captures, on emphasizes the im- 


portance of carrying out p-y correlation experiments 
with the proton counter set at a number of angles 
Experimental angular resolution will tend to wash out 
the effec 
for Ca“, Fig. 4, but it is of value 


variations implied, 


ts of sharp spikes such as seen in the X\ curve 


to search for the 
for example, by Figs. 2 and & 
[in particular, for 7=1 in conjunction with proto 
polarization measurements to test the relation (14) ] 
} 


These curves also remind one that the experimental 


observation of a 


trom 


near-isotropi Y correlation wit! 
the main peak of the differential 


imply these protons did not 


protons away 
cross section need not 
originate in a stripping reaction. The fact that in a 
given case the proton angular distribution is only 


slightly changed by distortion effects seems to be n 
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Fic. 10. The p-y correlation coefficients dx, (in the c.m. system) for /=2 capture in Ti*8(d,p)Ti®, referred to ky as z axis, kaXk, as 
y axis. Broken line—Butler theory; full line—DWBA. 
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(in the c.m for /=2 capture in 


line—Butier theory; full line—DWBA. In 


and d i 


system 


lit8(d,p)Ti*®. Broker 


Jutler theory, A\=1 


guarantee that the change in the p-y correlation will 
be small. On the other hand, we have one case (Fig. 6 
where distortion has an important effect on the angular 
distribution but little effect on the 
correlation. 

rhe oscillation of do 
probably be understood in terms of the 


very angular 
about the recoil angle may 
opposing 
effects of the deuteron and proton distortions. It was 
argued on semiclassical grounds that the two distortions 


tended to produce proton polarizations of opposite 
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sign, and this may be demonstrated analytically whe, 
k and k, have m id 


ar magnitudes (which is the usu 
experimental situation 


le 
’ Under the same circumstance 
one may also show tl 
in particular ¢o>=a22, are of opposite sign according 
whether we distort the deuteron or proton waves, w} 
of the d 
Hence in favorable case 


the magnitudes , and hence of \, are the sam: 
the shift of the y-symmet; 
he recoil direction may be small e\ 
though the attenuation of the ani OlTOpy is consideral f 
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Response of NaI(T1) to Energetic Heavy Ions* 


E. NEwWMANT AND F. E. SreIcGEerT 
' Yale University, New Haven, Connecticut 
(Received January 22, 1960 


The light output of Nal (Tl) was measured as a function of energy for ions of He*, B®, B", C2, N¥, O18, F)9, 
and Ne” from approximately 1.0 to 10.0 Mev/nucleon. The particle energy was varied with absorbing foils 
and the degraded beam analyzed in a magnetic spectrometer. Light output becomes linear with energy 
above approximately 6 Mev/amu. There appears to be an odd-even incident charge effect in the saturation 
value of the differential efficiency of fluorescence, dL/dE 


INTRODUCTION a pair of 0.005-inch wide vertical beam collimating slits 


’ a , , ee, ES, Sa ae maienad _- amend : 
HE use of scintillation crystals as particle detectors  0PUcally alig ed on the center of the gold — t foil 
has been well established over the past decade and defining a scattering angle of about 2°. These 
Their behavior with respect to light particles has slits _— contained within & — shiets of nant 
lready been adequately covered.'* Knowledge of the nated iron, which brought the ion beam through the 


response for ion species heavier than alphas is, by fringing field to within 3 inch of the flat field region of 
. . » “ st > cac ce > rve ac > 
ontrast, somewhat more restricted. Only CsI-5 and the magnet. The second of these slits served as the 


KI® have been reported. There are, however, many €"trance port to the spectrometer. A third slit, 0.006 
experiments involving heavy ions where the high inch wide, wae placed at the exit port of the ee 
uminous efficiency of Nal outweighs the problems “ometer, still well within the flat field Tegion, This 
posed by its hygroscopic properties. apparatus and its alignment and calibration are 
~All of the measurements of light output have demon- disc ussed_ in more detail by Roll and Steigert’? and 
strated a nonlinearity at low and intermediate energies. Northcliffe.* 
This behavior has usually been attribated to saturation The ions, having traversed a path of known deflection 
effects in the crystal for high specific energy loss. This within the spectrometer, now entered the detection 
nvestigation is particularly well suited to examine the System. Here two alternate methods of observation 
duorescence efficiency in the region of very large dE/dx. Werte available. In the forward section, nuclear emulsions 
7 ial could be inserted into the ion trajectory for exposure 
EXPERIMENTAL METHOD and then withdrawn. The scintillation detector used in 


irs this study was placed in the second section. This 
Ion beams of He‘, B", B", C?, N#*, QO! F, and Ne 


a nominal energy of 10 Mev/amu were obtained 
from the Yale heavy ion linear accelerator. The experi- 
mental arrangement is shown in Fig. 1. The ions, upon 


leaving the accelerating cavity were magnetically Au 

nalyzed and then scattered through a small angle “ 

from a gold foil of approximately 2.2 mg/cm?*. This Wheel C—=—t poe Fo 
served to reduce the incident beam intensity so as to RIA 
provide reasonable counting rates without danger of all as mee 
pile up or crystal fatigue. This foil was oriented normal Suastensiotes i 

) the incident beam axis. At a distance of 30 cm beyond Pole Faces 

this gold target an absorber wheel containing either Ld 
aluminum or nickel foils was used to degrade the beam 
energy. On occasion the absorber wheel was removed ~ we S3 


and replaced by a gas cell with nickel end windows. 






Nuclear Plate 


Immediately beyond the energy degrader was placed Magazine 
M Up Shield 
*Supperted in part by the Office of Naval Research and the Photomultiplier 
U.S. Atomic Energy Commission. and Crystal 
Socony Mobil Fellow, 1959-60 : 4 P 
IF, S. Eby and W K. Jentschke, Phys. Rev. 96, 911 (1954). Fic 1. Experimental arrangement for the measurement of the 
C.J. Taylor, W. K. Jentschke, M E. Remley, F. S. Eby, and pulse height of the degraded heavy ions. lhe absorber wheel 
P. G. Kruger, Phys. Rev. 84, 1034 (1951). ’ contained Al or Ni foils. Si, Se, S3 are vertical slits of 5 mil, 5-mil, 
A. R. Quinton, C. E. Anderson, and W. J. Knox, Phys. Rev. 2d 6-mil widths, respectively. The nuclear emulsions may be 
115. 886 1950 F F inserted or removed at will 
*S. Bashkin, R. R. Carlson, R. A. Douglas, and J. A. Jacobs, 
Phys. Rev. 109, 434 (1958 ’P. G. Rolland F. E. Steigert, Nuclear Phys. (to be published); 
M. L. Halbert, Phys. Rev. 107, 647 (1957). see also Bull. Am. Phys. Soc. 4, 51 (1959) 
*W. E. Burcham, Proc. Phys. Soc. (London) A76, 309 (1957) 8 L. C. Northcliffe (to be published). 


t3¢5 





1576 E. NEWMAN AND 





2D @ 2 


PULSE HEIGHT (REL) — 


rs 














E (Mev) 


Fic. 2. Pulse height vs E for various heavy ions in Nal (TI 
Pulse height of the ThC’ alpha=1. H', H?, and the open circles 
are data of reference 1. 


section was enclosed within a laminated magneti 
shield comprised of two iron cylinders and several 
layers of Co-netic sheet in order to minimize any stray 
field effects. 

The crystal used was 0.5 in. in diameter by 1 mm 
thick. After careful cleaning and polishing in a dry box, 
the crystal was mounted directly to the face of a Du- 
Mont 6292 phototube with Dow-Corning silicone fluid. 
An aluminized plexiglass retainer with a collimating 
hole } inch in diameter and a step 0.001 in. shallower 
than the crystal was used to center and provide the 
“squeeze” required to keep the detector in good optic al 
contact with the photomultiplier. The entire crystal- 
photomultiplier assembly with its associated potential 
divider string were located in a vacuum container which 
could be evacuated while in the dry box. This system 
could then be isolated with a circle seal valve for later 
assembly into the spectrometer. After the spectrometer 
was pumped down, the connecting valve could be 
opened. In this fashion the Nal crystal was always 
protected against moisture without recourse to pack- 
aging or use of windows. The high voltage and signal 
leads were brought out of the vacuum container to the 
power supply and White follower through Stupakoff 
seals. 

Data points were obtained by degrading the full 
energy beam the desired amount by the use of ap- 
propriate absorbers. The output of the phototube was 
displayed after suitable amplification on an oscilloscope. 
A parallel signal was fed to a count rate meter. The 
magnetic field of the spectrometer was varied until a 
maximum in the counting rate was observed. The value 
of the magnetic field was determined by use of a proton 
or lithium resonance probe. Charge state identification 
was then made by demonstrating that the magneti 
fields for the successive maxima were in the correct 
ratio. The spectrum was then analyzed using an Atomic 
20 channel pulse-height analyzer. Typical counting 
rates were on the order of 400 counts/min. Counting 


rs. = STEIGERT 


statistics of the order of y y// in the peak were obtained 
No difference in the uulse height of various charg 
states was noted. Upon completion of a data point q 
nuclear emulsion was exposed. In this fashion oy, 
obtained additional fidence in the identifi ation of 
the cl irge state and/or beam species by a CTOSS Com- 
parison with the emulsion range energy data.? 

At convenient intervals during a run, calibration 
was made using the 8.78-Mev alpha particle groy 
from ThC’. This precaution was taken to guarante 
that no pulse-height shift, outside the quoted error. 
occurred due to cry il fatigue, phototube high Voltage 
or electronic drift. A further test, that of repeating runs 
with higher photomultiplier tube voltages, and com 
paring to similarly taken calibration runs, demon. 
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Fic. 3. Calculat s of the specific energy loss per nucle 
as a function of tl g r nucleon for various heavy ions i 
Nal (T] 
strated that the photom tiplic r was not space charge 
limiting nor the electroni iturating 

RESULTS AND DISCUSSION 

The response of the cintillat« r to beams of He’, B", 
BY, C¥, N, O'8, F!’, and Ne” is shown in Fig. 2. Experi- 
mental points are shown on the He‘ and 0"* curves and 
are omitted from the others to avoid confusion. The 
curves drawn re pre sent the be l mooth curve throug! 
the data. The H' and H data oi reference 1 is show! 
also for « mpar! 2 The He* data obtained by thes 
workers with standard 0.0013 mole fraction of T! 
is indicated by open circles. For the region above 


approximately 6.5 Mev/nucleon the pulse height ap 
pears to be 


linear in energy for all ions heavier than He 
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RESPONSE OF Nelt(TrH FO 


\ll of the individual runs are normalized by taking 
the ratio of the observed pulse height to that of the 
ThC’ alpha. 

The resolution of the scintillator showed the charac- 
teristic inverse proportionality to the square root of 
energy in the linear region of the curves. An increase 
, the percent resolution with increasing particle mass 
was also observed. Typical resolutions at 10 Mev/ 
were of the order of 3%. The resolutions 
suoted above permitted the determination of the pulse 
height to approximately +1% at high energies and to 
42% at 2 Mev/nucleon. The error in E is of the order 


if 0.5%. 


nuc lec yn 


In order to obtain information on the saturation 
phenomenon one must know the specific energy loss in 
the scintillator. The curves of Northcliffe’ and of Roll 
ind Steigert’ for the residual ranges of various heavy 
aluminum, nickel, and were differ- 
entiated and used to predict the specific energy loss 


yns in oxygen 
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4. The ere lal efhciency « luorescence for Nal as a 
function of the specific energy loss. 
NaI. In making the extrapolation the expression, 
d(E/A) Zz CE 
x In a ™ (1) 
pdx A’ IA 
vas used, where Pp, a: Zz are the density, atomic 


number, and nuclear charge, respectively, of the 


stopping material and F/A is the energy per amu of 
the incident particle. The average ionization potential 
was taken to be 13Z’.8 For all ion spec ies the agree- 


— 


{ 


nent among the three curves ranged from better than 
3% at full ene rgy to about 10% for the slowest partic les. 
Because of the nature of the approximations used and 
extrapolations made, no detailed adjustments of the 
urves were attempted. The average curve obtained is 
shown in Fig. 3. In view of the agreement among the 
individual curves this average is felt to have a relative 
accuracy of this same order. In absolute value, how- 
ever, the curves could conceivably be systematically 
low by several percent, since, among other things, the 
*R. Sternheimer, 


Phys. Rev. 115, 137 (1959). 
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Fic. 5. The specific fluorescence as a function of the specific 


energy loss for various heavy ions in Nal. 


source data was insensitive to energy losses via nuclear 
scattering, an approximation not valid here. 

The differential efficiency of fluorescence (dL/dE) is 
displayed as a function of the specific energy loss 
(dE/dx) in Fig. 4. The respective regions of linearity 
(horizontal. slope) and saturation are both quite 
apparent for all species. It is further evident that the 
demarcation between these two regions, denoting the 
onset of saturation, is occurring at increasingly larger 
values of dE/dx as one increases the mass and charge of 
the incident particle. Energy-wise, this knee occurs 
about 7-8 Mev/amu. It should be remembered that 
in all cases the energy increases to the left. The specific 
Juorescence (dL/dx) is shown as a function of specific 
energy loss in Fig. 5. Again the region of linearity 


(constant slope) is quite apparent. For this linear 
region one may write 
dL/dx= KdE/dx, (2) 


where the proportionality constant K varies with the 
ion spec ies involved. 
In Fig. 6 this coefficient has been plotted against the 
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Fic. 6. The slope of the specific fluorescence vs specific energy 
loss for the high-energy linear portion as a function of the charge 
of the incident particle. 
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nuclear charge of the incident ion. One should probably 
have used the effective charge but in the region where 
Eq. (2) is valid no corrections were deemed necessary. 
One interesting feature of this plot is the odd-even 
charge effect. While these variations are within the 
extreme experimental errors for large Z, the even 
charge species appear to belong to a separate curve 
systematically above that of the odd charge group. For 
f illustration the two curves have been 


the purpose < 
shown. The same sort of behavior is also suggested in 
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the Sa uration region. No obvious reason for such . 


splitting, if it is indeed real, can be offered at this tim, 
} 


[he errors indicated are relative and for the larger 7 


ions the size of the pon 
The absolute 
as 10% 

Phe 
sive assistance 
like to ackr 
Dr. L. C. Northcliffe. 


exceeds the estimated error 


values of A may be in error by as muc} 


authors wis to 1 


hank Mr. P. G. Roll for exten- 


in ob alning this data. ‘T hey also would 
rawleda +} 
low ledge ( 


loan of some equipment from 


196 


Nuclear Spin and Hyperfine Interaction of In'’"4 


W. J. Cuttps anp L. S. G 
Argonne National Laboratory, Lemont, Illin 


DMAN 


25. 1960 


(Received Jar uary 


The hyperfine structure of the 1.7-hr, 393-kev metastable te In! tudi y use of the 
atomic-beam magnetic-resonance technique. The nuclear spin is found ul e mag c dipole 
moment to be —0.21050+0.00002 nm, subject to a possible hyperfir Che hyperfine s itio 
in the atomic P; state is measured to be 781.084+0.010 Mc/sex 
INTRODUCTION the semiempiri rule and theoretical treatments’! 
of gamma-ray emission and electron conversion. 


HE isotope In" has long held the interest of 
nuclear physicists. The energy levels, the conver 
coefficients, and the lifetime of the 
isomeric state have received attention both 
experimentalists'~* and theoreticians.’'* 

A major triumph of the shell model of the nucleus was 
the explanation of such isomeric states. In the case of 
=. 


sion 393-kev 


Irom 


the isomerism is described as being due to the 


state, which has a measured spin of 9/2, and the first 
excited state, for which the shell model predic ts a spin 
of 3. 


proton hole in the gg, shell, the filling of which 


The ground state is assumed to arise from a 
would 
complete the proton magic number 50. The isomeri: 
state, according to the model, is due to the closely 
competing (p;)' configuration. 

The predicted spin difference of 4 is consistent with 


t Work performed under the auspices of the U. S. Atomi 
Energy Commission 
1S. W. Barnes, Phys. Rev. 56, 414 (1939 


2 J. L. Lawson and J. M. Cork, Phys. Rev. 57, 982 (1940 


3D. A. Thomas, S. K. Haynes, and C. D. Broyles, Phys. Rev 
82, 961 (1951 i 

*T. B. Cook, Jr., and S. K. Haynes, Phys. Rev. 86, 190 (1952 

5G. A. Graves, L. M. Langer, and R. D. Moffat, Phys. Rev 
88, 344(1952) 

6S. B. Burson, H. A. Grench, and L. C. Schmid, Phys. Rev 
115, 188 (1959) 
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P. Strong, Phys. Rev. 83, 79 
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(John Wiley and Sons, Inc., New York, 1952). 
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1933) 


It is of erest to ! ure the spin of the excited 
state by a direct method and thus further confirm the 
theoretical predictio1 

THEORY OF THE METHOD 

The Zee r of the hy] erfine levels of th 
itomi P, tate wa idied. The principles of the 
method have bee o adequately described that 
complete review innecessary. It is desirable, however 
in the interest of clarity, to set down a few pertinent 


concepts used in interpreting the data 


1) 
In the scheme which Zacharias!" originally applied in 


his studies of K*, an atom in the atomic beam is 
successively deflected by two strong, inhomogeneous 
magnetic field These deflections are in the same 
direction unless an appropriate change of magnetic 
substate occurs between them. This change of state 


must be such tl it I the Strong field of the second 
deflecting magnet the effective magnetic moment of 
the atom will be equal but of opposite sign to that in 


condition, the atom will be re- 
where it can be detected. Suit 
res of state are induced by an appropriate 

the f 


observ able 


the first. Under tl 
focused through a 
able chan 
radio-frequency field introduced gap of the 
These transitions 
the hyperfine diagram (Fig. 1). 


Into 
homogeneous 


magnet. 


are indicated in 


M. Goldha ind A. W. Sunyar, Phys. Rev. 83, 906 (1951 
I. R. Za 1 Phys. Rev. 61, 270 (1942 
L. S. Goodman and S. Wexler, Phys. Rev. 99, 192 1955 
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NUCLEAR SPIN AND 


For an atom with electronic angular momentum 
r=1 the frequency v at which the AF=0 transition 
curs is given implicitly by the relation™ 


(v—grk)(gyk—v) 
Av (1) 


v—grk—[(gy—gr)k/(27+1) } 


vhere R=poll/h, and gy is the nuclear g factor defined 
y g¢= —u1/I. In these expressions and in Eq. (2), gy 
; the electronic g factor, J the nuclear spin, H the 
ntensity of the homogeneous magnetic field, yo the 
Rohr magneton, and y; is the nuclear magnetic dipole 
moment. 

fhe nuclear g factor is a measure of the hyperfine 
eparation Av. Although one cannot calculate the 
proportionalit? constant precisely, the Fermi-Segré 
relation relates, to a suffi iently good approximation, 
he Av’s and g;’ 
,arge and atomic state. For indium atoms in the P; 


s of isotopes with the same nuclear 


itomic state, the relationship between the g factors for 
the isotopes 113m and 115 becomes 


Apllim (27s ~ 1)g,'13m 


) 

Ai (27 15+1 £7 18 
In the present experiment, gy was known,'® and the 
resonance frequency was measured at a number of 


nown field intensities. From these data, the values of 
Tand Av could be extrac ted by use of Eqs. (1) and (2). 


APPARATUS 


[he atomic beam apparatus previously described by 
Goodman and Wexler” was for the present 
Extensive modifications were made in the 
wen end of the machine to facilitate the higher oven 


used 


xperiment. 
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ric. 1. Magnetic field dependence of the energy levels of 
In'3™ in its Py atomic ground state. 
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temperatures required and to allow for simpler decon- 
tamination techniques. 

The collector system employed liquid-nitrogen-cooled 
copper receivers onto which the beam was allowed to 
condense. The collector tube, which had passed through 
a vacuum lock sealed with O rings and vacuum grease, 
was replaced with a more compact, greaseless, differen- 
tially pumped unit. 

A bank of ten identical windowless gas-flow Geiger 
counters was constructed so that a number of collected 
samples could be counted simultaneously. 

The rf equipment used included a General Radio 
805-C signal generator, a Hewlett-Packard 608-A 
oscillator, a surplus radar jammer, and an Airborne 
Instruments 124-C power oscillator, along with appro- 
priate amplifiers (where necessary) for signal generation. 
A Berkeley Model 5570 frequency counter and Model 
5575 range extender, a Collins 51/-4 receiver, and a 
Hewlett-Packard Model 540-A transfer oscillator, with 
normal beating techniques, were used for frequency 
measurement. 


SOURCE PREPARATION 


It was decided to prepare the isomer under study by 
decay from 119-day Sn"*. The Sn" decays by electron 
capture essentially 100% to the isomeric state of the 
In''’. The Sn’ was formed by neutron capture (1.36 
cross section) in the 1% abundant Sn!'”. This scheme 
has the advantage of long source life even though the 
isomer studied decays with a half-life of 1.7 hours. An 
additional advantage is the absence of any interfering 
activities. The only activity the 
Sn!3— In! after a month’s decay was found to be 
2.0-year Sb"*, which could be completely boiled off at 
a temperature low enough that very little tin was lost. 

Two-gram samples of normal tin metal were irra- 
dated in a flux of 10" neutrons cm™ sec! in the MTR 
for four to six months. The tin and 500 mg of carrier, 
either indium or gallium metal, were inserted into a 
graphite oven and set in position in the vacuum 
chamber. The oven was heated by electron bombard- 
ment to a temperature at which a beam of about 10~° 


present (besides 


amp of normal indium (or gallium) was observed with 
the oxidized tungsten surface-ionization detector. The 
indium (or gallium) beam was used not only as a 
carrier for the active atoms, but also for oven alignment 
and measurement of the homogeneous magnetic field. 
rhe tin was relatively involatile at the temperatures 
used. The carrier evaporated from the mixture as if it 
were in a perfect solution, Le. the beam intensity cf 
inactive indium (or gallium) was roughly proportional 
to the amount of carrier left in solution and decreased 
Phe 


the carrier, was being repiaced by the radioactive decay 


exponentially with time. active material, unlike 
of the 119-day Sn''*, The oven was maintained at such 
a temperature that the secular equilibrium of the 


Sn'8—In'8™ system was not appreciably disturbed. 
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TABLE I. Summary of the observations on the (F=1, mr=1+¢> F=1, mp=0) transition in In™ All frequencies are in Mc/se, 
The differences in the last two columns are in kc/sec. The In"® transition used for field calibration was the (F =6, mr= —3 & Fug 
mp = —4) resonance in the metastable Py state. 
Calib. Obs. freq. Av cak Ay ca Vth — Vex Yth— Vex 
H (gauss) freq. for In!8™ py >O0 11<O0 uy >O ur <0 
10.63 5.000 5.025+0.050 345_140° 360 36 10 
25.93 12.297 12.281+0.020 727+66 757+66 14 6 
51.866 25.015 24.9334-0.025 755+24 771+24 26 10 
129.666 65.788 65.081+0.030 775.7+5.0 781.6+5.0 32 19 
194.499 102.919 101.033+0.020 777.44+1.5 781.14-1.5 19 1 
259.331 143.108 139.135+0.030 778.6+1.3 781.2+1.3 56 3 
388.997 233.609 221.325+0.020 779.22+0.43 780.77+0.43 R¢ 14 
Thus, in contrast to the nonradioactive beam, the in any case, could not influence the interpretation of 


intensity of the In!” beam did not diminish with time 

When the nonactive beam diminished 
usable value, more carrier was added to the involatile 
tin source and the process repeated. This could be 
done a number of times before the tin was depleted. 

In work with 
decays with the half-life being studied, so that one 
need make no correction for the dec ay of the collected 


below a 


most radioactive beams the source 


samples if they are counted at the same time, independ- 
dent of the respective times of collection. For the 
Sn!3—Jn'8™ source, however, in which the radioactive 
portion of the beam is essentially steady, the counting 
rates of all of the samples must be corrected back to 
their respective times of collection. 


IDENTIFICATION OF ATOMS IN THE 
ATOMIC BEAM 


In order to establish the identity of the radioactive 
portion of the beam, the dee ay of deposited atoms was 
examined. With the deflecting magnets turned off and 
no obstacle in place, the decay half-life of atoms 
collected was found to be 1.7 hours, as expected for 
In!8™, In addition, the half-life of atoms refocused at 
51.866 gauss by a radio-frequency signal of 24.933 
Mc/sec [i.e., those undergoing the (F=1, mp=1 °F 

1, mp=0) transition at this field ] was measured and 
similarly found to be 1.7 hours. These collected samples 
were too weak for a gamma-ray analysis, but such an 
analysis of a portion of the oven load showed the 393-kev 
In'*™ gamma ray strongly. The only other gamma 
rays observed were shown to be associated with the 
decay of Sb'*®. As mentioned above, thé antimony was 
boiled off the sample prior to taking measurements, and 

Paste Il. The (F=0, mrp=0¢ F=1, mp=O0) transition in 


In", All frequencies are in Mc/sec. The AF=0 transition in 
the atomic P; ground state was used for field calibration. 


Calibra Calibra 
H tion tion Obs. In!" Av corr 
(gauss ) isotope freq. freq to H=0 
3.000 Ga™® 7 0.697 781.074+0.020 781.069+0.020 
4.000 Ga®. 71 0.930 781.086+0.020 781.077+0.020 
6.502 [nts 0.600 781.115+0.030 781.092+-0.030 
6.502 In'5 0.600 781.115+0.010 781.092+0.010 


nces observed. 


DISCUSSION OF OBSERVATIONS 








The tope us¢ 1 for calibration of the homogener us 
magne tic field was In for some of the observations 
and Ga® and Ga” for the remainder. For all thre 
isotope , aton both the P, atom ground State and 
the metastable P were observed in the beam and 
used for calibration of the field. All calculations of tl 
transition frequencie n In were based on the 
Breit-Rabi equation For the resonances used for 
calibration, frequet re calculated by the Argonne 
digital computers from the exact Hamiltonian. 

Table I summarizes the observations on the low- 
frequency transi the P; state of In'’™. Any two 
of the observatio1 re sufficient to demonstrate that 
the nuclear sp ndeed 3. Column 1 lists the intensity 
of the uniform magne I lat wl each observation 
was made. Column 2 gives the observed resonance 
frequency of the (F=6, » 3<> F=6, mrp=—4 


ate of In'® which was 
Column 3 gives the 
In ae 


separat ion, on the 


transition in the metastable P; st 
used for the field measurement 
observed tr m The next two 


insition frequency In 


‘red hyperfine 


columns give the 


respective assumptions of negative and positive nuclear 
magnetic dipole moment. The last two columns list the 
difference between the frequencies for In"™™ as cal- 
culated from the best value for the hyperfine interaction 


(781.084+0.010 Mc/sec) and the observed frequencies 


for both signs of the dipole moment. 


The deviations for the assumption of a positive 
magnetic moment are all of the same sign and, partic- 
ularly at higher fields, are larger in magnitude than for 
the assumption of a negative magnetic moment. In 
fact, the deviations lie within experimental error for 
all the observations only if the dipole moment is 
assumed negative. This is interpreted as strong evidence 
that the sign of the moment is negative. 

Che values of the magnetic moment calculated from 
the observed hyperfin splitting by use of Eq. (2 
and previously published values for Av, 7, and yy 

G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931 , 

Kusch, Ph Rev. 106, 954 
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NUCLEAR SPIN AND 
for In! and In''® are —0.210505+0.000021 nm and 
_0,210485+0.000025 nm, respectively. This is the 
called apparent value. A hyperfine anomaly" 
robably exists, but cannot be measured with the 
present arrangement. 

Table II lists the data on the observations made on 
the (F=0, mr=0<> F=1, mpr=O0) transition. The 
relatively field-independent character of the observed 
requency assures its identification as the transition 
etween substates with mp=0. The last column gives 
the observed hyperfine splitting corrected to zero field. 

Figure 2 shows the (F=1, mrp=1<> F=1, mr=0) 
ransition as observed with the homogeneous magnetic 
field set at 194.5 gauss. Figure 3 shows the relatively 

ld-independent transition (F=0, mrp=0< F=1, 

()) as it appeared at 4 gauss. Its displacement from 


30 
101.033 McAec 


NET COUNTS/MIN 
nm 
°o 

“* - 


100.9 101.0 101.1 101.2 
APPLIED FREQUENCY IN Mc/sec 
Fie. 2. The (F=1, mp=1 <> F=1, mr=0) transition in 


the P; state of In” as observed at 194.5 gauss. 


the hyperfine separation at this field is calculated to 
be only +9 kc/sec. 


DISCUSSION 


rhe nuclear spin of the metastable 393-kev level of 
In’ is found to be 3, and is presumably due to the 
promotion of one p; proton up to complete the go) 


HYPERFINE 





INTERACTION OF In!!3 1581 
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Fic. 3. The (F=0, mrp=0 — F=1, mp=0) transition in the 


P, state of In™™ as observed at 4 gauss. 


proton shell. In the simple shell model, such a con- 
figuration would give rise to a magnetic moment of 
—0.264 nm. This is to be compared with the ex- 
perimental value of —0.21050-++0.00002 nm, subject 
to a possible hyperfine anomaly. (Such corrections are 
normally less than 0.5%.) It is of interest to compare 
this result with those found for neighboring nuclei 
with (,)' configurations as ground states. Of such 
isotopes, Y*, Rh!, Ag!7, Ag! and Ag" have moments 
measured to be !8-° —0.137, —0.088, —0.113, —0.130, 
and —0.145 nm, respectively. It is seen that although 
all of these moments are in qualitative agreement with 
the Schmidt value quoted above, that of In'™ lies 
closest to the shell-model value. 

The hyperfine separation in the atomic P; ground 
state is found to be 781.084+0.010 Mc/sec. 
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Low-lying states of even-even nuclei in the vibrational regior ere studied Fi ting them with (d,p 
and (d,t) reactions. The relative cross sections for exciting ground states (G) bear little relationship to 


whether they are allowed or forbidden by tt 


mixing is generally large. Some of the details of this 


cross sections are generally quite close to the single-particle va 
much more strongly excited than expected theoretically. In 
triplet in second excited states indicate that its total spacing n 


found in the triplet region of Cd! and Cd'? 


he simple Mayer-Jensen configurations 


bringing the 


so that configuration 
mixing are obtaine Che allowed portion of these 


le 1 ies. First and nd excited states are 
1 Pt'®* searches for the 


80 kev 


Pd’, Pd! Pt! and 
New states were 


total number of known states in these to 5 and 4, 





respectively; each includes two 0* and two 2* states. Higher excited states were studied and in almost 
all cases they occur below the expected position ol the third member of the vibratl ynal ban 1; this gives 
evidence on the size of the energy gap. The location of all 0* levels to 3 Me etermined for several 


nuclei. In two cases the 3* states required by 


cases they are not found at all. A number of previousl) 


HE low-lying states in even-even nuclei have 
been studied extensively by beta- and gamma-ray 
spectroscopy! and by Coulomb excitation.? However, 
while these techniques have proved very powerful, 
they also have limitations. The levels available for 
study by the first method are the relatively few which 
happen to be decay products of a parent of suitable 
half-life and whose excitation is allowed by the very 
stringent rules of gamma-ray 
transitions. The second method allows the study only 
of those few levels which can be excited by an £2 
transition from the ground state. It is therefore inter- 
esting to study these levels with other techniques. 
In this paper, we report a study of low-lying levels 
in even-even nuclei using (d,p) and (d,) reactions. This 
method has the advantage of not being restricted by 


selection beta- and 


the overpowering selection rules that characterize the 
above mentioned methods, so that essentially all levels 
are excited. In addition, the stripping and pickup 
reactions are well known to proceed by insertion and 
removal, respectively, of single particles, and the shell- 
model states of these particles may be determined by 
angular distribution measurements. Thus, these studies 
may be expected to locate essentially all low-lying 
levels in even-even nuclei, and to determine to some 
extent their shell-model structure. 


EXPERIMENTAL 


The experimental method is quite standard and has 
been described previously.*~* Magnetically analyzed 


* Assisted by the National Science Foundation and the joint 
program of the Office of Naval Research and the U. S. Atomi 


Energy Commission 
! Beta- and Gamma-Ray Spectroscopy, edited by K. Sieghal 
North Holland Publishing Company, Amsterdam, 1955 
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‘R. S. Bender, E. M. Reilley, A J Allen, J S. Arthur, ar 
H. S. Hausman, Rev. Sci. Instr. 23, 542 (1952 


5B. L. Cohen, Rev. Sci. Instr. 30, 475 (1959). 


Davidov-Filipov theory are found to be 0 and in 


a we dg 


other 


unt 


14.9-Mev deuterons from the University of Pittsburg 
tron impinge on thin foil targets of the element 


evel 
being studied ; the reaction products are passed throug 
trograph and detected by tl 


. photographic emulsion locat 


magne spec 
track 


at the focus. In me 


thev produce 
particle 5; are removed DY ibsorbe rs placed over t 
emulsions; in measurements on tritons, only the energ 


ther particles have sufficient magnet 


rigidity is studied. Some « xample s of the data obtain 
ire shown in Figs. 1-4 

Che resolution 1 yout 75 kev except in the few cases 
where it is limited by poor targets. Good targets are r 


rth and immediately adjacer 


regions, so that these nuclei were not studied. TI 
measurements were thus limited to the so-calle 
“vibrational region.’’ The targets needed to produ 
even-even nuclei by (d,p) and (d,f) reactions are od 
isotopes of even Z eleme In general, there is onl 
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LEVELS OF EVEN-EVEN NUCLEI 1583 
<* | ° ° e 
; ne or two such isotopes in a given element, and (d,p) 100 
ind (df) reactions have much higher Q values in these sors 
sotopes than in the other (even-even) isotopes, so that yt | 
separated isotope targets were not needed. bie 
The reactions studied are listed in Table I; almost 
|| of them are in the mass region between 90 and 130. _ Fic. 3. Energy distribu - 
The angular distributions from (d,p) and (d,t) reactions ee ee te oa 
in this region have been studied in other experiments.® Background in regions g 8- 
For angular momentum transfers (/,) less than 3, the where no points are shown - & 
neak intensity occurs in the region 20°-30°, and for #8 been averaged and is 4 
ingles larger than that, the intensity falls off slowly 
ind smoothly, never deviating by more than 20% from 24 
' 7 
38 40 4 
200 + CM ALONG PLATE 
sections for different reactions with the same /,, the 
og =e 0.62 simplest procedure is to compare intensities at a single 
ur 80 , angle in a region where angular distributions are 
ner 60-4 123 , varying slowly and have little dependence on Q value, 
~ 034 ’ and where intensities are near their maxima. For this 
40- purpose, 30° was chosen. A large fraction of the total 
cross section is concentrated near this angle, and it has 
ru ; ; } the additional experimental advantage of giving about 
t 20-4 , , the optimum energy resolution.’ In comparing cross 
ler “, 7 sections for different values of /,, an empirical intensity 
me 2 é J ratio must be determined (no treatments of the strip- 
ul y 104 ; ping reaction, even in light elements, have been able 
2 8&4 to do more than this). Experience in other studies has 
ras EF 64 7 ‘ : b ) shown that, in the large angle region, the intensity 
PE > decreases by about a factor of two per unit increase in /,,. 
cel “4 This single angle method differs from the usual 
I ¢ q treatment in light elements where angular distributions 
ulle are measured and fitted to Butler theory todetermine 
duc en ’ reduced widths. That procedure is somewhat im- 
od practical in heavy elements since the fits to Butler 
on theory are very poor. The closest approach to it would 
cor = SS ee —— be to fit the Butler theory on a convenient peak in the 
30 35 40 45 angular distribution; this was done in a few cases. The 


CM ALONG PLATE 
‘ 
istribution of tritons from Pt!®5(d,t)Pt™ 
Scale is logarithmic except that zero is included 
Different types of points for ordinates equal to zero or one are to 


simplify drawing 


Fic. 2. Energy 


served at 60 


smooth, monotonically decreasing curve. There is 


°B. L. Cohen and R. E. Price (to be published). 


principle difference between this procedure and deter- 
mining intensities at a single angle is that the Butler 
theory predicts a dependence of intensity on Q value, 


TABLE I. Reactions studied. 


Final nuclide 


very little dependence on Q value (there is little Parget d,f dt), 
predicted by Butler theory), and even the dependence Zn Zn* Zn 
. <4 "e . . : 78 ,e76 
on /, is not large, but there is good independent evidence = 7. s = a 
1 . . ° . . r * ae ) 
that the stripping mechanism is predominant at all ae Mo**. Mo Mo, Mo 
angles.? At angles below 20°, differences between Pd P's Pam 
* or sy ’ : a - . . = Cd Cd, Cd Cdl, Cd 
diff rent /, s become apparent, but even in this region, Gq Cyn Cano 
there is little detectable dependence on Q value. Cd" Ca™ Ca 
One of the principal purposes of this paper is to Sn Sn'8, Sn? snus, Snus 
es } 6 . on?! Snls Sns 
compare the strengths of (d,p) and (d,f) reactions C119 Gp i20 Snus 
leading to various energy levels. In comparing cross re be, cer tea 
Pt prs Pu 
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so that the results of the two methods when comparing In some cast : f interest to determine J, by ind 
levels of different O values differ by the ratio of the angular distribution measurements. For this purpose 
Butler predictions. For a Q-value difference of 3 Mev, the systematics of gular distributions for various 
which is about the largest encountered in this experi- values of /, and Q y tudied using known transitions.’ 
ment, this ratio is about 1.4. Where this correction is The only very striking effect is that for angles smaller 
significant, it will be pointed out in the discussion. than 14°, 7,=0 angular distributions rise rapidly wit! inte 
As a consequence of the experimental method and decreasing angle, whereas /,=2, 4, and 5 angular It 
the rather crude status of Butler theory in heavy distributions fall rapidly. Thus, by comparing intensi nui 
elements, the quantitative intensity ratios given in this ties at 8° and 14°, a 0 transition can be very easily s 
paper should be considered to be unreliable by at least detected. TI proce ire was checked for many Cases 
25%, and perhaps by as much as a factor of two. On and always proved adequate 
the other hand, the theoretical questions studied are 
. . . . ° CORRECTIONS 
generally of a qualitative rather than a quantitative 
nature. Befor applying intensity ratio to questions 
nuclear structure, two corrections must be applied t 


remove factors which arise from the stripping theory 


ee Firstly, intensities from (d,p) reactions must be 
ro 3 multiplied by the ratio R, 


Fic. 5. Typical level R= (2),;+1)/(2/;+1), I 


+++ scheme for an even-even 





0,2,4 2 nucleus in the vibrational where J; and J; are the pins of the initial and fina 
region. The notation shown nuclei, to correct for the inverse of this factor appearing 
to the right is used in the : i agg? 

o* text referring to these levels ' the €XpI n for the (ripping cro ecu - 
or groups of levels Secondly, French® ha hown that, to correct for the 
fract onal parentage oefficients, the reduced widths for 











o* G A. M. Lane, Proc. Phys. Soc. (London) A66, 977 (1953 


J. B. French and B. J. Raz, Phys. Rev. 104, 1411 (1956 
10 NOTATION E, B. Foeach Go be pulliaiied 
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TABLE II. ¢,./o.0 in (d,p) reactions. 
Odd to even Even to odd Coe!Cee 
Target M-J transition Target M-J transition Measured Corrected Class* 
Zn (fs2)5 — (fsv2)8 Zn* fsi2)® > (fs2)8 ~0.06 ~).25 
rr) dsj2 > (dy: Zr” 0 = divs 0.05 0.9 
Mo? (dsi2)® — (ds/2)4 Mo* Os, 0.022 0.07 A/A 
Mo”? dsj2)® — (d5/2)8 Mo** O— 5, 0.075 0.23 
Pd! ds/2)' > (d Pd 8] Sise 0.10 0.20 
Se : Se80 0— py 0.10 0.24 
Cail : Cdus 0-45 0.10 0.20 
Cc yy Cd's 0 $) 0.10 0.20 
mat hy Snus 0-5, 0.27 0.54 F/A 
Sn hyy)2)4s (hy1/2)8 Snus Os; 0.27 0.54 ” 
re’ / i hy ? re!” 0 $y 0.66 1.3 
Te? 1/2 h Te!™ O— s; 0.30 0.60 
Pt )* Piya i pr 0— p 0.20 0.40 
‘<F rbidder 
ip) and (d,f) reactions connecting members of a j—j state of one of the even-even isotopes of that element 


pling subshell of angular momentum j should be 


to a known level in the resulting odd nucleus; we call 


roportional to S where the latter cross section o,.. One reason for interest in 
: this ratio is that, in accordance with Mayer-Jensen 
S(n—n—-] Nl lor 2 even ‘ ‘ . ” 
; ee. (2) (M-J) shell-model configurations,® some of these 
1—| (n—1)/(2j74+1) | for n odd. 


The inverse of this factor is therefore applied as a 


rrection to int 


ensity ratios. 


RESULTS AND DISCUSSIONS 


\ typical level scheme for an even-even nucleus i 


the vibrational 


ind 3 as labelle« 


region is 


1 in that figure. 


A. Ground States 


The sin 


ple | 


G 


¢ 


1 


shown in Fig. 5. In the dis- 
ussion, the various levels will be referred to as G, /, 2 


transitions should be forbidden and others allowed. 
The results for the ratio oo-/o.. are shown for (d,p) 
reactions in Table II, and for (d,t) reactions in Table 
ITI. 

In Table II, the first group are cases in which both 
transitions are allowed according to the M-J configu- 
rations. For Zr, which is at a closed shell, the theoretical 
prediction for the corrected ratio ¢5¢/¢e0=1.0 is well 
approximated ; further evidence for the validity of the 
simple M-J configuration in Zr will be noted later. For 
Mo”, Mo*’, and Pd'®®, the transitions being compared 
are /,=2 and /,=0. The corrected ratios are in rough 


| to measure, as well as one of the most agreement with the aforementioned factor of two 
teresting quantities to determine about (d,p) and decrease in intensity per unit change in /,. The result 
reactions leading to the ground states of even-even for the ratio of Zn® to Zn™ seems very anomalous, 


lei ic th 
Cl is tn 


section -for the 


e ratio of this cross 


Same 


10on 


Ove, to the cross 


reaction going from the ground 


values are the same in the two 
transitions and the M-J configurations would seem to 


especially since the /, 


i 
. rase III. o,, d,t) reactions 
ie) to eve Even to od Ceal@c 

| M-J transi Target M-J transition Measured Corrected Class 
Zi Zn*8 0.48 8.6 
Zt »0 Zr% 1 d (),22 1.36 
Zr} d »0 Zr’ 1 d 0.37 1.50 
Zr d 0) Zr® 1 d5)2 0.89 1.78 1/A 
Mo?’ 1 1 Mo* d d 0.39 33 
Mo 1 1s/2)4 Mo% d > (dso 0.30 5.4 
Pd i d Pd™6 ds >(d 0.18 3.2 
SE >0 Se*® > b 0.27 0.54 
Cd 0 Cd ) 27/2)%s 0.90 1.8 
( »0 Cdi2 27/2)8 — (g § 0.74 1.5 
Sr > 0 Sn'8 hy > (hi 0.76 1.5 4/F 
Sr >0 Sn8 hijo) > (iy 0.67 1.3 
I 0 Te!2s hyx/2)" Ayyie) 0.7 1.4 
Pu P 0 Pt™ ix3 \6 ti3 4D, 0.16 0.32 


*M. Mayer and J 


H. Jensen, Klementary Theory 


of Nuclear Shell Structure 


J »hn Wiley 


and Sons, Ne 


w York, 1955). 
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be realistic. If the result is taken at face value, it could 
only be explained by assuming that Zn*’, with 38 
neutrons, has very little (/5/2)® or (fs/2)* in its configu- 
ration. Since Zn®’, Zn®, and probably even Zn®™ have 
spin 5/2, this seems very unlikely. A possible expla- 
nation is that the correction (2) is too large—it is a 
factor of nine in this case. There is further evidence for 
this from Table III as will be discussed below. 

The second group of Table II should be considered 
together with the second group of Table III, as these are 
essentially inverse reactions of each other. These are 
cases where, according to the M-J scheme of high 
orbital angular momentum shells filling in pairs,’ oo, 
should be forbidden in (d,p) and allowed in (d,/) 
reactions, and the opposite should be true for oo. Thus 
 oe/Feo Should be very large in (d,t) reactions and very 
small in (d,p). The results do show a slight trend in 
this direction, but not nearly as strong as expected." 
We may thus conclude that the M-J configurations 
are very far from pure. If the alternative method of 
determining reduced widths by dividing by the Butler 
predictions had been used, o,,/o¢-. would be increased 
by a factor of 1.4 in (d,p) reactions and decreased by 
the same factor in (d,p) reactions, so that the above 
effect would be accentuated. The Sn and Te isotopes 
would then have (512)? in about half of their configu- 
rations. This is in agreement with recent calculations 
of the effects of pairing forces." In Cd, the 5),2 shell 
seems to be mostly filled. 

In the first group of Table III, both competing 
reactions are allowed, and the 7, values are the same. 
The corrected results for Zr are somewhat larger than 
the expected value, unity; the situation would be only 
slightly improved if the Butler theory corrections for 
dependence on Q value were inserted. This would seem 
to indicate that the ground states of Zr”, Zr, and Zr** 
are not pure (d5,/2)?", but contain admixtures of (g7/2)*, 
(Si2)?, etc. While such admixtures are expected from 
pairing theory, the large deviation of Zr” from (d5,2)? 
is somewhat surprising. 


TABLE IV. do/dQ at 30° for excitation of ground 
states of even-even nuclei. 


(d,p) reactions (d,t) reactions 


da /dQ(mb/sr) da /dQ(mb/sr 


Target Observed Corrected Target Observed Corrected 
Zr 0.14 0.42 Zr! 1.33 1.33 
Mo*® 0.18 0.27 Mo* 0.40 0.60 
Mo*? 0.55 0.55 Mo 0.30 0.90 
Pd! 0.18 0.18 Pd! 0.39 1.17 
Cd™ 0.40 0.40 Cd 1.00 1.00 
Cd! 0.40 0.40 Cd's 0.80 0.80 
Sn! 0.82 0.82 Sn? 1.30 1.30 
Sn" 0.86 0.86 Sn" 1.15 4.15 


In applying correction (2) it was assumed that the final 
nucleus has a configuration that makes the transition allowed; 
otherwise the corrected ratios would be zero or infinity. 

4 R. Sorenson and L. Kisslinger (private communication) 
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In the other cases listed in the first group of Table Il, 
Toe/Teo iS Many times larger than unity. These cases 
cannot be explained by impure configurations as such 
impurities would affect both cross sections. Further- 
more, the results are quite insensitive to reasonable 
changes in the assumed configurations; for example, if 
the ground states in Mo and Pd were (d5/2)4 instead of 
(ds5/2)*, the result would change by only a factor of 1.5 
If corrections for the Butler theory dependen e on () 
value were applic d, the dis¢ repanc ies would be reduc ed 
but only by about 40% 

One possible explanation is that the correction (2 
for odd m may be too small. The assumptions used jn 
deriving (2) are only that the states involved are of 
lowest seniority and are unique, both of which seem 
reasonable in considering ground states. Another possi- 
bility is that the states involved contain small admix 
configurations which 
important because of the correction factor. For example, 


tures of unexpected become 
if an odd — even transition usually considered to be 


consisted partly of 


L\d a , Ld a 


the correction (2) would accentuate the latter relative 
to the former by a factor of 12. It should be pointed 
out, however, that ] 


a configuration [| (d5/2)*d3,2 |p is most 


u 

unexpected in the ground state of an even-even nucleus 

The absolute differential cross sections at 30° for 
exciting ground states of even-even nuclei (i.e., o,,) are 
listed in Table IV. The uncertainties in the absolute 
values are about 50%, and even the relative uncer- 
tainties among the group are about 30% as the method 
of taking data (e.g., slit arrangements) was changed 
several times during the experiment without making 
more than rough calculated estimates of the effects 
The grouping of nuclei in the table and the shell mod 
configurations assumed in the corrections are taken 
from Tables IT and ITI. 


In the first group of (d 


l,p) rea tions, the corrected 
cross section for Zr m L} be assumed to be the single- 
particle value. On this basis, it would seem that the 
(dsjo2)® and (ds5/2)® configurations in Mo”? and Mo%, 
respec tively, are juite pure 
assumed in the Mo’ 
reactions are not 


, whereas the configurations 
l,p Mo*® and Pd(d,p Pd 
In the first reactions, the Zr®!(d,/ 
reaction may be considered to have the single-particle 


group ol 


cross section. The Pd(d,t) reaction has essentially the 
same corrected cross section, and in the Mo isotopes, 
it is not very much smaller. This indicates that in all 
these cases, there is strong overlap between the ground 


state of the target nucleus, and the ground state of the 


residual nucleus plus a ds. neutron. The large value 


in Pd is somewhat surprising as one might expect a 


large part of the Pd" configuration to be (d5;2)® for 


which the reaction forbidden. The result indicates 


that Pd' ha '- if the same is true of Pd! 











re listed in Table V. 
‘citation of J is not completely straightforward, but 


timates can be made by a 
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I auion Vibraliona vels. A is the ratio « 
f terms with (f n the configuration; ¢ i 
about 0.2 the Pd and Mo isotop¢ 
; 
\he Cor. \lea 
0.3 O.7K 1.0 
) 0 0.6/¢ 5 
2+ 5.( 1.1 
P. 0.73 QSTA 1.8 
, Q.2 O.17/AK 0.26 
) 0.3 0.28/K 0.25 
0.13 O.11/AK 
n 0.13 O.11/A 
1/24 0.09 0.08/A 0.06 
'/? 0.1¢ 0.13/c 0.1¢ 
elatively small cro ection for Pd'®(d,p) is 


y be made between the Sn and Z1 
he former are multiplied by about two 
are half forbidden (sec 
nd divided by a factor of about four to correct 
i,=0 and 1,=2: the net 





¢ tions 


orrect for the fact that they 


e difference between 


! thus to divide the Sn cross sections by 
yout two. The result is that the (d,p) reactions in th 
yp ve about the single-particle value, while 

ross section ire ibout half of the single 


vectation. 
culation is, of course, very crude, and no 


yint was taken of the possible change of single 


rticle cro ections with mass number, but the 
ner ynclusion is that the Sn cross sections are not 
below the single-particle value. Independent evi 
( re ently been obtained which indicates that 
\ © Very close to it." The Cd cross sections for 


i,p) and (d,t) are smaller than the corresponding 
cross sections, but not by a large factor. 
clusion from Table IV is, therefore 


ull of the 1,p and (d,t 


The general co 
cross sections listed there 
vit] a factor of two of the single-particle values, 


1 are most case 


on ide rably ( loser. This indi ates 
degree of overlap between the wave 
ctions of the target nuclei and the wave function 


nuclei plus or minus a neutron. 


B. First Excited States (1) 


Phe ratio 1/G: of the strengths with which the fir 
ited states (/) and the grour d states (G) are excited 
Applying correction (2) to the 


iming reasonable trans 


vill now be desc ribed: 


1,p)—Zn. Elwyn and Shull'’* measured the angular 
tribution and found /,=1, so that the transition is 
ADIN p for which S=1. There 1 
Bb. L. Cohen and R. I Price (to be published ) 

F. B. Shull and A. J. 1 Phys. Rev. 112, 1667 (1958 


es actio 1 2 and | [t is roughly 1/4. (1—<« 
0 . P is th efficie rms with (s;/2) in 
G 1/G 2/G 
Me: Co Meas Cor. 
10 1.1 0.1A 1.0 0.09K 
5 0.9 0.25 1.1 0.30 
oe. 0.3A 
2? 1.3 0.3K /g 0.4 O.1A/¢ 
0.21 0.3 0.08 /F 0.3 0.3 
(25 0.35 0.09 0.14 0.14 
0.41 0.10/F 
0.2¢ 0.07 
0.06 0.16 0.04 0.06 0.06 
0.13 0.11 0.03 0.23 0.06 


smaller contribution from (p3/2 > (p3/2)° 


for which S=1/2: a two to one weighted average was 


1,p Se, Pt They are 
psj2)°"" pre 
1/2, respectively. However, the most probable configu- 
‘bio for which the 
transition is forbidden. If the amount of this configu- 
ration is (1—C a correction of 1/C should then be 


probably 


(ps 2)" "py 


where n=O or 2, in which cases S=1 or 


ration for the original nuclei is (p 


ipplied; as a very rough estimate, C might be about 
0.4. The results of Table V indicate that C may be 
considerably higher for Se. 

d,p)—Zr. An angular distribution measurement 
indicated 1,=2 so that the transition is (ds5;2) 


[(d This is quite interesting as /,=0 is allowed 
from selection rules. 
d,p)—Pd. The angular distributions were measured 
for Pd, and it was found that /,=0 (/,=2 for G). The 
transition must therefore be (d5/0)5— (d52)siyo for 
vhich S 1 
1,p Ca. “Sa. He Phey nay be $y »(d3/2)?" 
| where for n=0, S=1 and for n=1, S=1/2; 


> $1o(ds/2)° for which S=1/3. 
\ straight average of the three cases was used. 

d,t)—Zn. They are probably (p3/2)*P12 — (Pay2)* P12 
for which S=4. 

dl Se, Pt. They are 
P3j2)°’ D1 2 
respectively ; a weighted average with (m= 2)/(n=1)=2 
was taken. 

(d, Pd, Mo. They 


d sy, for which S 


ol they may be S$} o(ds5 »)4 


probably (p3;2)*"p1j2 


where 2=1 or 2 for which S=2 or 4, 


are probably (d5/2)°(si2)* > 
2. However, one would expect 
»)? in the original nuclei; taking its amount 
as g, a correction of 1/q should be applied. The results 
indicate that g must be at least about 0.2 which is 
perhaps surprisingly large. 


very little (s 


d, Cd, Sn, Te. Likely transitions are (d5;2)?"51/2—> 
d Sy2 Where n=3 or 2 for which S=6 or 4, 
respec tiv ely ; or (ds 9)"S ols oS} for which S= z. A 


straight average was taken. 
In several cases, 1, is different for G and J, so that a 


correction for this must be applied; this correction is 
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Radiochemical Studies of the (p,pn) Reaction in Complex Nuclei 
in the 80-450-Mev Range*} 
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Excitation functions for the (p,pm) reaction have been determined in the energy range 82 Mev to 426 Mev 


for the target nuclei I 


’, Cu®, and Au'®?, The absolute values are based on the excitation function for the 


reaction C?(p,pn)C"™. These excitation functions exhibit a general decrease with energy and the cross sec- 
tions lie between 122 mb for Au! at 82 Mev and 23 mb for F'8 at 426 Mev. An excitation function for the 
reaction Al?’(p,3pn)Na* is also presented. The results of Monte Carlo nuclear cascade calculations have 
been used to predict these (p,pm) excitation functions. The theoretical results are compared with experi 
mental results of this and other reports. Agreement is obtained for the F'8(p,pn) F8 excitation function and 
an extrapolation of the Monte Carlo results. The theoretical excitation functions are about one-half the 


I 


experimental results for the Cu®(p,pn)Cu®™ reaction and about one-third the experimental results for 


\u!®?(p,pn)Au™®. The effects on the Monte Carlo calculations of a variation in the radius parameter are 


examined. 


I. INTRODUCTION 
NY ‘LEAR reactions induced by particles of kinetic 


energy of the order of 100 Mev and greater are 
generally regarded as proceeding in two steps. First, 
e- bombarding particle passes through the nucleus 
metimes initiating a cascade and sometimes, although 
ss frequently, continuing through the nucleus with 
; interaction. Second, the residual nucleus de-excites 
by the emission of one or more particles (protons, 
eutrons, alpha particles, deuterons, etc.) and/or 
yvamma rays. Attempts have been made by several 


utnors t 


calculate absolute cross sections for nu- 
ear reactions involving complex nuclei using these 

The (p,pm) reaction is a particularly suitable process 
for such calculations because, in this reaction, both 
tages are relatively simple. There have been numerous 
previous studies of such reactions. For example, Fig. 1 
ows, for the C"(p,pn)C"™ reaction, for the energy 
ge 75-500 Mev, the recently reported cross sections 
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rasB_e I. Summary of literatu 
Proton Cross 
energy section 
Reaction Mev mb Reference 
N"4\(p,pn)N8 400 5.6 8 
F(p,pn)F'8 280 28 8 
380 27 5 
400 26 8 
420 23 12 
450 22 13 
Na?3(p,pn)Na™ 80 62 14 
100 60 14 
Sc**(p,pn)Sc#™ 80 100 15 
100 90 15 
Sc®(p,pn)Sc#e 80 40 15 
100 35 15 
Fe4(p,pn)Fe8 400 48, 45 8 
Co® p,pn \Co58™ 80 96 16 
SO 95 15 
100 80 16 
“100 70 15 
Co*® pb, pn)Co%8e 80 101 16 
80 60 15 
100 80 16 
100 50 15 
Co*® p,pn) Co 100 363 17 
170 185 17 
240 120 17 
370 121 18 
Ni®®(p,pn)Ni*” 400 47, 52 8 
Cu®(p,pn)Cu® 80 150 19 
100 120 19 
400 73, 64 8 
Cu" (p,pn)Cu™ 80 200 19 
90 190 19 
90 126 20 
100 150 19 
190 77 20 
280 69 5 
340 73 21 
380 68, 83 8 
400 67, 73, 71 8 
485 71 22 


® Includes contribution fron 


Mo!(4,2) react 


citation curves in the region between 100 Mev and 400 


Mev. It 


was 


thought desirable, therefore, to measure, 


for different mass numbers, some (,pm) cross section 
accurately in the energy range where the theory should 
apply and meson production does not complicate the 
situation too much. For this reason, excitation func- 





tions for the reactions F(p,pn)F!8, Cu%(p,pn)Cu®, 
and Au'*’(p,pn)Au"® have been determined in the 
energy range 82 Mev to 426 Mev. Cross sections were 
determined relative to the excitation function for the 
reaction C"(p,pn)C". The radioactivities of F'8, Cu®, 
Au’, C"', and Na™ were used to obtain the cross sec- 
tions. The values 
obtained from 


obtained are compared with results 
calculations combined 
evaporation theory. As a byproduct of this study, the 
excitation function for the Al?’(p,3pn) Na™ reaction has 
been determined, again based on the C"(p,pn)C" 
section. 


cascade with 


cross 
Il, EXPERIMENTAL PROCEDURE 


Targets were irradiated in the internal proton beam 
of the University of Chicago synchrocyclotron. Nominal 
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(p,pn) RE 


ethylene, Teflon, copper, and gold. Three foils were 
ysed for each group to compensate the center foil of 
the group for recoil losses and to protect it from the 
introduction of extraneous activities from recoils from 
adjacent foils. In the case of copper, only one foil was 
ysed due to the difficulty in processing, after irradiation, 
, target containing three copper foils. Here the recoil 
osses of Cu® from the copper foil were investigated 
ind found to be less than one percent of the total Cu®™ 
ictivity at any energy. They were neglected in the 
ross section calculations. 

After irradiation, the radially innermost 0.08 inch 
leading edge) of the composite target was sliced off 
ind discarded. The target was then cut into two ad- 
iacent sections each ? inch square. The first section 
was then 3 inch closer to the center of the cyclotron 
than the second section. The center foils of each group 
ff aluminum or target materials were weighed and then 
used for activity determination. The aluminum and 
feflon foils were mounted directly on aluminum cards 
nd the Na™ in the aluminum and the F"® in the Teflon 
ere counted on the top shelf (two mm from the 

ndow) of methane flow end-window proportional 

unl In one experiment the annihilation gammas 

m the I! 


innel scintillation counter. The polyethylene samples 


in the Tetlon were counted on a single 


ere mounted in the same way and the C" annihilation 
gammas counted on the scintillation counter. 

[he copper targets were dissolved in nitric acid and 
pper was radiochemically separated from the other 
spallation products. In some cases a nickel sample was 
iso isolated for use as a check on neutron induced 
The gold foils were dissolved in aqua regia 
and radiochemically purified from the spallation and 
fission products of gold. Some platinum samples were 


ctivities. 


also isolated as checks on neutron induced activities. 
[he radiochemical procedures used for isolating copper 
ind nickel radioactivities from the copper targets were 
those of Koch.*' The others are given in the Appendix. 
[he copper samples were normally counted on the 
proportional counters. Two samples however, were, in 
iddition, counted in the annihilation region on the 
scintillation counter. All annihilation gamma counting 
was done with sufficient absorber to absorb all the 
positrons. 

The aluminum foils were counted on the second and 
third days after the bombardment when all other 
activities in the aluminum were less than one percent 
of the 15.06-hr Na®*. In general, all the radioactivities 
were measured at times when longer or shorter periods 
present contributed less than one percent to the count- 
ing rate. The half-lives and absorption characteristics 
were consistent with literature values except in the 
cases of F!8 and Au!6, 

For F'’, it was found in all cases that the half-life 
was somewhat shorter than the accepted value of 112 


N. Sugarman and A. Haber, Phys. Rev. 92, 730 (1953). 
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minutes.™ Reported values of this half-life range from 
107 to 115 minutes.**-* More recently, Jarmie® and 
Rayburn have reported values of 111 minutes. The 
half-life used in this work was 110.2 minutes. It was 
determined as follows. Some radiochemically pure F'® 
was prepared by the irradiation of lithium fluoride with 
420-Mev protons and chemical separation and purifica- 
tion of the fluoride. Two samples were prepared and 
counted on the proportional counter through various 
thicknesses of aluminum absorber. No trend of half-life 
with absorber thickness was seen, and a least squares 
analysis of the data yielded the value of 110.2+0.2 
minutes. 

Au "6 was identified by its gamma-ray spectrum. In 
this case, the half-life was found to be longer than the 
reported value of 5.6 days.” The half-life used in this 
work is 6.10+0.02 days. It was determined from the 
decay curves of six samples followed for about eight 
half-lives. The samples were prepared by bombardment 
of gold with protons of various energies in the range 
82 Mev to 426 Mev. An additional check on the half- 
life was performed by preparing another gold sample 
and following it for several half-lives, then performing 
an additional chemical purification step. No changes in 
specific activity and half-life were observed. Spectra in 
the range 0.1 to 1 Mev were taken on the sample about 
once every three days for the duration of the experi- 
ment. These spectra were plotted on semilog paper, and 
no change in the shape of the spectrum was seen after 
the first few days. At first there was a little activity in 
the range 0.5-1.0 Mev, but this died out rapidly, and 
was probably due to Au™ (40 hours). 


III. TREATMENT OF DATA 


All cross sections reported in this paper were meas- 
ured relative to that of the C?(p,pm)C" reaction using 
the Na™ produced in the aluminum foils to monitor the 
beam intensity from irradiation to irradiation. The 
values used for the (p,p7) cross section for C® are those 
given by the solid curve of Fig. 1. In order to get nu- 
merical values for the cross sections of interest, there is 
needed, in addition, the counting efficiency for the 
nuclide investigated relative to that of the annihilation 
gammas of C". This was formally done by calculating 
disintegration rates for the counting conditions actually 

‘TD. Strominger, J. M 


Hollander, and G. T. Seaborg, Revs. 


Modern Phys. 30, 585 (1958 

> J. P. Blaser, F. Boehm, and P. Marmier, Phys. Rev. 75, 1953 
1949 

'M. L. Perlman and G. Friedlander, Phys. Rev. 74, 440 
1948) 


7Q. Huber, O. Lienhard, P. Scherrer, and H. Waffler, Helv. 
Phys. Acta 16, 33 (1943). 

8 L. A. Dubridge, S. W. Barnes, J. H. Buck, and C. V. Strain, 
Phys. Rev. 53, 447 (1938) 

9 M. L. Pool, J. M. Cork, and R. L 
239 (1938 

 N. Jarmie, Phys. Rev. 98, 41 (1955 

1. A. Rayburn, Bull 

2]. L. Lawson and J. M 

“J. M. Cork and J 


Thornton, Phys. Rev. 52, 


2 


m. Phys. Soc. 3, 337 (1958). 
Cork, Phys. Rev. 58, 580 (1940), 


Halpern, Phys. Rev. 58, 201 (1940). 
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used, although it will be clear that in many cases the 


conversion factors cancel out. 

The‘efficiency of measurement of annihilation gamma 
rays in our single channel spectrometer was determined 
with a Na” solution standard obtained from the 


National Bureau of Standards. The standardization of 


this sample was given in terms of positron emission 
rate. The observed count was corrected for the con- 
tribution from the 1.277 Mev gamma of Na” in the 
following manner. A standard Co® source was meas- 
ured under the same conditions as were the positron 
samples. This source has 1.17 Mev and 1.33 Mev 
gammas, which permit the estimation of the Compton 
contribution with an error of about two percent. The 
number of 1.277-Mev gammas per positron in the decay 
of Na” was taken as the average of three literature 
values,#—** 1.12 y/@+. The resulting correction is about 
twelve percent of the annihilation counting rate, and 
hence is known sufficiently accurately. 

The excitation functions of F!8 and Cu® were estab- 
lished on a relative basis by proportional counting. 
The Cu® samples were corrected for the variation of 
the counting rate with sample weight by means of the 
scattering curve of Koch*! who used identical sample 
preparation and counting conditions. These excitation 
functions of F'8 and Cu® were converted to an absolute 
basis by counting the annihilation radiation of several 
samples. The fraction of disintegrations proceeding by 
positron emission were taken as 0.97 for fluorine’? and 
0.19 for copper." The disintegration rate of the Cu®™ 
sample was also calculated from the proportional count- 
ing data by the method of Koch,** who measured the 
beta detection efficiency of Cu™ under the same con- 
ditions. The two methods agreed to within five percent. 

The disintegration rate of the Au'® samples was de- 
termined from the photopeak efficiencies of its 331 kev 
and 354-kev gamma rays and the number of these 
gamma rays per disintegration. Branching ratios and 
conversion coefficients used are those of Thieme and 
Bleuler.*® Photopeak efficiencies were determined from 
solution standards of I'*'(364 kev) and Au'®8(412 kev) 
obtained from the National Bureau of Standards and 
the assumption that photopeak efficiencies vary ex- 
ponentially with gamma-ray energy.” 

The counting efficiency of the Na* in the propor- 
tional counter under our conditions was determined by 
comparison with that of Koch*! and was found to be 
0.538. 

Cross sections for the reaction Au'’(p,pn) Au'® were 
calculated. on the assumption that the reaction pro- 


*W. E. Kreger, Phys. Rev. 96, 1554 (1954 
R.A. Allen, W. E. Burcham, K. F. Chackett, G. L. Munday 
and P. Reasbeck, Proc. Phys. Soc. (London) A68, 681 (1955) 


© R. Sherr and R. H. Miller, Phys. Rev. 93, 1076 (1954 

7R. W. P. Drever, A. Moljk, and J. Scobie, Phil. Mag. 1, 942 
1956 

’M. T. Thieme and E. Bleuler, Phys. Rev. 101, 1031 (1956 

7 FE. P. Steinberg, Argonne National Laboratory Report ANL 
5622, September, 1956 (unpublished). 
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ceeded directly to the ground state without the forma. 
tion of any 14-hr Au'’®”. Because of the time of radio. 
chemical isolation of the gold, the error introduced }y 
this assumption is small; if all the Au'® were formed 
via Au'’®", the calculated cross section would be 10% 
too high. 


IV. EXTRANEOUS CONTRIBUTIONS TO 
THE VARIOUS ISOTOPES 


Secondary protons or neutrons can produce the prod. 
uct of the (p,pi) re 
In the case of Cu 
be made by the reaction Cu®(2,y)Cu®™. Koch* found 
secondary contributions to the reaction Ni®(p,2)Cu° 
at 416 Mey 


Sing € 


tion by (p,pn) or (2,2) processes 


®°(p,pn)Cu®, the product may als 


in one-mil nickel foil to the extent of 10% 


and smaller contribution lower energies. 





(p,pn) cros ection is much larger than the (p,n) cross 
section, no appreciable econdary contribution to t 
(p,pn) cross section was anti ipated On the basis 
Koch’s work, it was estimated that secondary contri- 
| ir. Ss ‘ sult 
\ 
Me \ 
QR? 16.0 5 108.4 42? 1 ( d& 11 0.4 
110 22 $414 2 »3 +37 10 9+0 4 
134 2.9 10.9-+0.4 
139 N.2+7.4 
144 $0.4 
168 10.1+0 
176 25.8 OR 
196 4 7+0.8 64.34-2.5 9 97+0.3 
10 0) 
225 24.3+0.8 5 it. 2? 2 10.1+0.3 
263 24.6+0 ) l 11.2+0.4 
282 71.0 
30 ) ) 1 ) 
426 ) -() & 51 +) () 0 5+-5§ 7 119+04 
butions from ] ild increase about 50% if 


rget foils was doubled. Experiments wit 
such targets at 426 Mev showed no increase in cross 


] + 7 ] 1 +} 


section, and concluded that contributions frot 
particles born within the target are negligible. 

Che possible contribution from neutrons abundantly 
present in an accelerator area investigated by 
examining the formation of the (~,pm) products as a 
function of location in the target. Within the target 


the proton flux decreases exponentially with increasing 


distance from the center of the machine; the first sec- 
tion of the targets that were used usually had five 
times the activity that the second section had. The 


neutron flux is not expected to vary appreciably with 
ith radius of the (p,pn 


variation with radius of 


the radius. The variation 

products was compared to the 
a speci Naving a energy, threshold and whic! 
would not be 


from copper and Pt'’® from gold 


produced by low-energy neutrons (NI 


Che data obtained 


set an upper limit of two percent to the fraction ol 





(p,pn) REACTION 


forma. | p,pm) ac tivity being due to neutrons in the first section 





radio. { the target and ten percent in the second section. 
ed by The neutron pick-up or (p,d) reaction can also con- 
ormed | tribute to the (p,pn) products. Our experiments clearly 
+ 10% nclude the contributions from this process. Selove® 
as presented data for the pick-up process for 95-Mev 
protons on carbon. These data can be used to estimate 
the cross section for deuteron production leading to 
C to be about 8.2 mb. Crandall* reports the cross 
prod section for C(p,pn)C" to be 65 mb, and hence the 
esses pd) process in this case contributes less than twelve 
als percent to the (p,pn) products at 95 Mev. The (9,d) 
‘ound rection should be a smaller fraction for targets of 
Cu' igher mass since it is thought to occur on the nuclear 
Mey surface. Evidence for this is presented by Morrison®! 
e the for the (m,d) reaction. Heidmann® expects theoretically 
Cross that the pick-up cross section should decrease about as 
»t the inverse sixth power of the bombardment energy. 
Hence, it is felt that (pid processes do not contribute 
a | 
‘ 
i : 
i—7—1—,I_g_1 halting 
a 1 J 
yy, Mev 
1. Excitation function for the reaction C?(p,pn)C™. The 
h curve is that used as a basis for calculating cross sections 
s worl 
appreciably to the (p~,p2) products in the 100-450-Mev 
range. 
“OS V. EXPERIMENTAL RESULTS 
0 A summary of the experimental results is given in 
lable II. This lists for the different proton bombarding 
uN energies (column 1), the average values of the (p,pm) 
by ross sections obtained for F!, Cu®, and Au!? (columns 
; 2,3, and 4). Also given are the data we obtained for the 
‘ formation cross section of Na™ from Al?? (column 5). 
B \t 82 Mev and 426 Mev, these average cross sections 
were obtained from the results of two or three bom- 
“ bardments. Each bombardment yielded two values of 
me the cross section, one from each section of the target 
u At intermediate energies there was ordinarily only one 
ws bombardment. The two cross sections from a given 
bombardment were usually less than two percent apart 
| 
i "W. Selove, Phys. Rev. 101, 231 (1956) 
od P. Morrison article in /:xperimental Nuclear Physics edited 
as by E. Segré (John Wiley & Sons, Inc., New York, 1953), Vol. II 
ol ® J. Heidmann, Phys. Rev. 80, 171 (1950). 
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1G. 2, Experimental cross sections as a function of energy for 
the reaction F(p,pn)F!8. Comparison with other published work 
is indicated 


for fluorine runs and four percent apart for copper 
runs. The gold runs sometimes gave a spread of 8%, 
although at 282 and 426 Mev, agreement was better 
than one percent. In almost all cases the cross sections 
calculated from different bombardments at the same 
energy agreed within two percent. The errors indicated 
in Table II are statistical combinations of the standard 
deviations of the errors in the individual factors de- 
termining the ratios of the cross section to that of the 
C”(p,pn)C" reaction. The errors in this cross section 
are not included. 

The numbers listed in Table II are to be found in 
graphical form in Figs. 2, 3, 4, and 5, together with the 

Table I. For the 

F'8(p,pn)F'8, it will be seen that our results are in 
excellent agreement with those of Marquez." Agree- 


literature values from reaction 
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lic. 3. Experimental cross sections as a function of energy for 
the reaction Cu®(p,pn)Cu®, 
published work is indicated. 
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f | T T I | tion Al??(p,3pn)Na*™ along with that of Hicks,® whose | Thes 
| | ne oniac™ | cross sections also depend on the absolute C"(p, pn)C Way 
\ cross sections of Crandall.? The agreement is reasonably ceritl 
good, the difference in the two sets of results probably The 
| being due to differences in counting efficiencies. form 
~~ = | VI. THEORETICAL CROSS SECTIONS widt 
| , “ : : : para 
On the two-stage theory of nuclear reactions at hig} even 
energies, the cross sections of such simple processes as Mor 
| the (p,pn) reactions studied here should be cal ulable by 7 
a F ' eee Fig. 
, ] 360 
| [at : Ly ! le 
reer: T | sect 
Fic. 4. Experimental cross sections as a function of ; | : flect 
energy for the reaction Au®’(p,pn)Au™®, . , he 
| dep 
ment with the results of Markowitz et al.® is not as ~ mas 
good, for their later numbers® are about 10% high. . 
In the case of Cu®(p,pn)Cu® the present results are 
lower than those of almost all previous investigators. 
The discrepancy with earlier work such as that of 
Meadows,” Batzel,”" and Vinogradov” are probably not 1 
to be taken too seriously because counting efficiencies and 
monitor cross sections were poorly known then. The dis- 
crepancies with Coleman and Tewes” and Markowitz « I 
et al.8 are more serious since comparable care was exer | Fic. 6. Theoret 
cised by these authors to determine counting efficiencies Me p,pm) cross secti 
When these discrepancies became apparent, upon pub- at 83 Mev, 156 Me 
lication of the work of Markowitz et al.,8 a cooperative 235 Mev. and 3 
experiment was arranged with these authors which 1 Mev 
established that the source of the divergence was in [ 
the beta counting efficiency used for Cu™. This counting 1 
efficiency, under the conditions used in the present 
work, was then checked by comparison of the annihila- ' 
tion radiation of a Cu® sample with a new National " ns 


Bureau of Standards Na™ standard. The result was in 
adequate agreement with the value used in the present 





work. de 
Figure 5 shows the excitation function for the reac- | 
. B | h 
o—— l T sy | ” 
| gC 
e . 24 . 
: : | in 
I Work } “ 
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ae = combining the results of the intranuclear cascade and 
| i nn ee nuclear evaporation theory. The recent cascade calcu- os 
lations of Metropolis et al.* provide data on the residual 
a / ! nuclei and their excitation energies for protons in th 
energy range of interest here and target nuclei AP 
; is 0 i 5 00 ( Cu®, Ru'™ Ce, Bi™. and U5. 
In performing the evaporation calculations, the bind- 
— ve . : ing energies of the actual nuclei involved were used J 
Fic. 5. Excitation function for the reaction Al??(p,3pn)Na™ 
Comparison of experimental results obtained in this work with H. G. Hicks, P. ¢ ( ind W. E. Nervick, Phys. Rev C 


literature values of Hicks et al. (see reference 53). 102.1390 (1956 
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' These were taken from Wapstra™ for aluminum, from 
Way® for copper, from Cameron®® for ruthenium, 
cerium and gold, and from Huizenga®’ for uranium. 
The actual evaporation treatment was based on the 
formulas summarized by Morrison,*! with the specific 
widths chosen being those applicable to a radius 
parameter of 1.4X10~" cm. The treatment of the odd- 
even effect on the density of states was likewise that of 
Morrison.®! 

The results of these calculations are summarized in 
Fig. 6. This shows, for energies between 83 Mev and 
366 Mev for which intranuclear cascade data is avail- 
able, the dependence of the predicted (p,pm) cross 
section on the mass number. The errors indicated re- 
fect only the statistical uncertainties connected with 
the Monte Carlo results. The figure shows that the 
dependence of the calculated (p,pn) cross sections on 
mass number is not large. There appears to be a slight 








Fic. 7. Comparison of calculations on the Cu®(p,pn)Cu® re 
action with experimental results. The contributions of the separate 
mechanisms to the calculated results are indicated. 


maximum in the middle mass region, but its energy 
dependen e is not clear 

Comparison of the results of these calculations with 
the experimental data reported in this paper are shown 
for Cu® and Au’? in Figs. 7 and 8, respectively. The 
gold data are compared with a calculation based on 
the intranuclear cascades computed for Bi”. Indicated 
in these two figures are the separate contributions to 
the calculated cross sections of the three possible re- 
iction paths leading to a (p,pm) product: 


1. a (P,P.\) cascade leaving a nucleus with too little 


excitation to evaporate any other particles. 
; ae (P_P") cascade followed by neutron evapora- 

tion. This is indicated in the figures by the symbol 

(P,Py’). : 


“ A. H. Wapstra, Physica 21, 367 (1955). 
°K. Way et al., Atomic Energy Commission Report TID-5300, 
June, 1955 (unpublished 
© A. G. W. Cameron, Atomic Energy of Canada Limited, 
Chalk RiverProject Report CRP-690, March, 1957 (unpublished 
J. R. Huizenga, Physica 21, 410 (1955). 
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reaction with experimental results. The contributions of the 
separate mechanisms to the calculated results are indicated. 


3. a (P,N) cascade followed by proton evaporation. 
This is indicated in the figures by the symbol (P,N p). 


A theoretical curve for the (p,pm) reaction in fluorine 
is not presented since no intranuclear cascades were 
run for any element lighter than Al?’ and evaporation 
calculations would also be suspect here. Reasonable 
extrapolation of the mass trends of Fig. 6, however, 
lead to predicted (p,pm) cross sections for mass 19 in 
very good agreement with the experimental data pre- 
sented in Fig. 2. 

Examination of Figs. 7 and 8 as well as comparison 
of the literature values of Table I with the calculations 
as summarized in Fig. 6 indicate that, except for the 
case of F’, the calculated (p,pm) cross sections are 
lower than experimental ones by factors of between 
two and four. The energy dependence in the case of the 
calculated copper curve in this energy range appears 
to be the same as that of the experimental data, but 
the calculated gold curve is too flat. In the case of 
uranium, inclusion of fission competition in the calcu- 
lation would lower the calculated cross sections even 
more and make the discrepancy with experimental re- 
sults greater. 

The failure of this type of calculation to predict 
(p,pm) crdss sections has been previously noted by 
Rudstam‘ for the As’*(p,pm)As” reaction at 170 Mev 
and 103 Mev, and Meadows® for the Cu®(p,pn)Cu® 
reaction at 100 Mev. Both these authors had much 
more limited nuclear cascade data to use in their calcu- 
lations. More recently Markowitz et al.§ have shown 
that this discrepancy is even larger at higher energies: 
the (p,pn) cross sections found experimentally at 3 
Bev are factors of 5 to 25 larger than predicted by 
evaporation theory and the cascade calculations of 
Metropolis et al.® 

Because of the very simple nature of the evaporation 
processes contributing to (p,pm) reactions it is hardly 
likely that the general systematic lack of agreement 
with experimental results can be attributed to this part 
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Fic. 9. Comparison of calculations on the Ru (p,pn)Ru® reaction 
with radius parameters of 1.3X10~" cm and 1.4X10™% cm. 


of the calculation. The reason is rather to be sought in 
inadequacies in the treatment of the cascade portion 
of the calculation. The (p,d) process, not taken into 
account in the calculation, could increase the cross 
section at the lowest energies, but arguments presented 
above indicate it should be negligible for complex 
nuclei in most of our energy range. 

It has been suggested’ that this inadequacy of the 
cascade calculations of Metropolis et al.*? to predict 
correctly the probability of small energy depositions 
in spite of their success in correlating much of the data 
on energetic encounters of high-energy particles with 
complex nuclei, is connected with the use, in these 
calculations, of a sharp nuclear boundary. Although no 
cascade calculations based on a more realistic nuclear 
density distribution are available, Metropolis et al. did 
study some cascades produced in Ru™ by protons 
using both ro>=1.310-" and 1.4X10~-"%. The results 
of these latter cascades have been combined with an 
evaporation calculation carried out in a similar way to 
that described above. The result for the two radii 
parameters are presented in Fig. 9. It is seen that the 
calculated (p,pn) cross section from the 1.4X10-"A! 
cascades is increased to almost 60 mb for Ru’ from a 
value of about 35 mb calculated from cascades with the 
smaller radius. The energy dependence is flatter in the 
former case, but pick-up reactions at the lower energies 
might make it more realistic. It should be remembered, 
however, that the average excitation energies for all 
cascades calculated from this larger radius parameter 


 FURREVEICH 
are only 75-80% of those with the smaller parameter 
and so would lead to discrepancies in the predictions 
of the yields of more typical high-energy reactions: 
These results thus lend some encouragement to ¢hy 
idea that a more realistic cascade calculation involving 
perhaps even a denser central part to the nucleus tha 
that used by Metropolis et al. but also a diffuse edg: 
extending to larger distances than they used may pro. 
vide the proper fraction of low -energy events to expla 
simple reactions of the (p~,pm) type as well as mor 
typical high-energy events. 


APPENDIX 


Chemical Procedures 


and nickel samples from the other spallatio: 
pre ducts of « opper are those of Koch.*! The separatior § 
of platinum and gold samples from the spallation a1 

f gold are described below. The tern 

] 


( opper 


fission produc ts 


‘ 


“acid”? and “acidic’’ refer to hydrochloric acid -wit 


the hydrogen ion concentration being about 2M. 


Gold 
The gold target foils were dissolved in aqua regia 
Gold carrier and platinum carrier were added, and the 


acidic 


ium, rhodium, pa 


solution made Holdback carriers of iron, ruthen- 


ladium, iridium, mercury, arsenic, 
and molybde num were idded The gold was extracte | 


into ethyl acetate, the organic layer being washed twict 


with acid. The 


platinum 


aqueous layer Was reserved for tl 


chemistry. The ethyl acetate layer was boiled 





nearly to dryne s, acid was added, and the remaining 
ethy!] acetate boiled off. Sulfur dioxide was passed int 
the hot acid solution to precipitate metallic gold. The 


gold was di 
using the samé 


metallic gold. 


solved in aqua regia and recycled twice 


procedure. The final precipitate was 


Platinum 
lo 


the platinum 
was added additional 


olution from the gold procedure 
gold carrier. This was then ex- 


tracted WIitn ethyl icetate. 





Excess sodium hydroxide 
centrifuged off. The 
Solid hydroxylamine hydro- 


was added and th precipitate 
supernate was made acidi 
hloride and solid stannous chloride were added, and 
the red Pt( 
The platinum was recovered into the aqueous layer by 
ind the sample re- 
the addition of iridium, ruthenium, 
rhodium, and ferric holdback carriers. The final pre- 


| was prepared by the addition 


complex was extracted into ethyl acetate 


I 


evaporating off the ethy] acetate, 


cycled twice with 


cipilate of platinum meta 


of powde red magne 


sium to an acid solution of platinum. 
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Isotopically enriched Pd foils were bombarded with protons to determine the origin of the 1.2-hr activity 
which was previously discovered in an even-A Ag isotope. The only appropriate activity was found in Ag! 


which was obse 
764, and 920 k 
has J=5. Th 


have a (69+3)-min predominantly K-capture activity with intense y rays of 550, 
i the atomic beam magnetic resonance method it was verified that the 69-min activity 
2 resonance in Ag, when counted in an x-ray detector, was found to decay with a 69-min 


half-life with a small admixture of a 27-min component. When viewed in a 8 counter, only the 27-min com- 
ponent is observed. These characteristics of the 7=2 resonance can be explained by placing the J=2 level 
above the J=5 level with an appreciable amount of isomeric transition. This interpretation is supported 
by the observation of feeding in the 920-kev y ray which only occurs in the decay of the J=5 state. 
Further work with isotopically-enriched Pd foils showed y rays of 120 and 150 kev, and, tentatively, 
260 kev which have been assigned to the decay of 59-min Ag"’, A positive identification of a (15+2)-min 


activity in Ag’ has been made. 


I. INTRODUCTION 


HE assignments of half-lives, spins, and y rays 

to the neutron-deficient silver isotopes with mass 

numbers 102, 103, and 104 has proved to be very 

difficult. Following the early work of Enns! in 1939, 

various investigations? 7 have not been able to provide 
plete and consistent assignments. 

Particular difficulty has been experienced in identi- 
fying the origin of approximately 1.1-hour y rays and 
spins in this region. Gamma rays of 554 kev and 764 
kev decaying with half-lives of 66 minutes were found 
by Bendel and co-workers? and assigned by Haldar and 
Wiig’ to the decay of Ag’. Also, a y ray of 555 kev 
following the positron decay of 27-min Ag™ was found by 
Johnson.’ The possibility that the 554-kev y ray found 
by Bendel ef a/. resulted from the decay of a 1.1-hour 
level in Ag'™ was increased following the results of spin 
measurements made by the Princeton atomic beam 
group. They found a strong 1.2-hour activity with a 
nuclear spin, I, of 2. However, the assignment of this 
activity to Ag’ would have required the occurrence of 
isomerism between two states having the same nuclear 
spin, since this group also positively assigned a spin of 
2 to the 27-min level in Ag’. Also, recent work of the 
Berkeley atomic beam group has shown that there is a 
1.2-hour, 7=5 level in Ag’. On the other hand, the 
assignment of the 1.2-hour, 7=2 activity to Ag™ 
would require an abnormally high cross section for the 
Pd'(p,n)Ag™.® this 


reaction The possibility that 


* This work was supported by the U. S. Atomic Energy Com 
mission and the Higgins Scientific Trust Fund. 

1T. Enns, Phys. Rev. 56, 872 (1939). 
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Phys. Rev. 90, S88 (1953). 

*F. A. Johnson, Can. J. Phys. 33, 841 (1955). 
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Shugart, and H. B. Silsbee, Phys. Rev. 115, 614 (1959). 
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activity came from another silver isotope produced by 
bombarding palladium with the 18.5-Mev protons from 
the Princeton cyclotron could not be definitely ex- 
cluded, although these isotopes appear to have been 
studied’ in sufficient detail to make this unlikely. 

These results clearly indicated the need for further 
investigations of the neutron-deficient silver isotopes. 
The present work was therefore directed towards 
obtaining positive identification of half-lives, associated 
y rays, and, where possible, nuclear spins of the ground 
states and isomeric states for these nuclei. The assign- 
ments of the half-lives and y rays of the various isotopes 
were made following an analysis of data obtained after 
bombarding foils containing varying enrichments of 
the stable palladium isotopes. This work is described 
in Secs. II and IV. In addition, the atomic beam 
magnetic resonance technique was used to investigate 
in some detail the characteristics of the 1.2-hour spin-2 
activity seen by Reynolds et al.5 This work is described 
in Sec. III. 


II. EVEN-A 1.2-HOUR ACTIVITY 


In order to identify the 1.2-hour activity seen by 
Reynolds et al.,° isotopically-enriched and naiural 
palladium foils were bombarded with protons of 11- 
Mev energy. This energy is below the (p,2m) threshold, 
insuring that Ag’ would not be produced. (Pd'® is not 
stable.) The 18.5-Mev protons of the Princeton cyclo- 
tron were reduced to 11 Mev by 0.014 inch of copper 
foil. 

Four palladium foils enriched in isotopes with mass 
numbers of 102, 104, 106, and 108 were bombarded in 
turn. Each enriched foil was placed in front of a natural 
foil cut to have approximately the same shape as the 
enriched foil. The relative enrichments of the two foils 
which proved most useful in the identification of the 
1.2-hour activity are given in Table I. 

The decays of the various activities produced were 
followed in an x-ray counter consisting of a 1-mm thick 
Nal crystal with a 0.001-inch aluminum window viewed 
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by a 2-inch photomultiplier. The counter was set to 
record x-rays of energies 10 to 30 kev. An x-ray counter 
was chosen because the 1.2-hour component of the 
spin-2 activity was not observed when a 6 counter was 
used,® indicating the presence of K x-rays in its decay. 
Following the bombardment of the enriched Pd™ 
foil, an enhanced (69-+3)-min activity was found. The 
uncorrected enhancement ratio for this activity was 
5.2. This ratio has to be corrected for the difference in 
proton energy in the enriched and natural foils and for 
a small difference in their masses. After applying these 
corrections the enhancement ratio becomes 5.8+1.2, 
where the error is an estimate based on the uncertainty 
in the variation of excitation as a function of energy. 
This enhancement agrees well with the Pd™ enrich- 
ment factor of 5.7 (see Table I). This evidence alone is 
sufficient to assign the 69-min activity to Ag™.8 


TABLE I. Percentage abundances® of the isotopes in natural 
palladium and in foils enriched in Pd™ and Pd™, 





Mass Natural Enriched Enriched 
number foil Pdi Pd 
102 0.96 35.2+0.9 tee 
104 10.97 26.3+0.3 63.20+ 2.43 
105 a2. 22.0+0.5 23.22+0.60 
106 27.3 11.9+0.2 9.51+0.74 
108 26.7 3.9+0.1 2.78+0.71 
110 11.8 0.7+0.1 1.38+0.59 
® The natural abundances are taken from the review article of Strominger, 
Hollander, and Seaborg.? The abundances for the enriched foils were 


supplied, with the foils, by Oak Ridge National Laboratory 


8 The value obtained in this work for the half-life is in agreement 
with the value of 70 min obtained by Girgis and van Lieshout and 
with the value of 1.2 hours obtained by Ewbank e¢ al.* These 
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Following the bombardment of the enriched Pd 
foil a strong (15+2)-min activity was observed. No 
quantitative enhancement ratio could be obtained in 
at tivity 
natural foil, owing to the low natural 
No evidence for an approximately 
one-hour activity in Ag’ was found. The present work 
the first direct experimental evidence 


this case since this was not detected in the 
decay of the 


abundance of Pd 


appears to prov ide 
for the existence of a 15-min activity in Ag™.® 
Bombardments of the other- foils, enriched in Pd™ 
and Pd", additional of the 
assignment of the 69-min activity to Ag™ and indicated 
that there were no other even-A silver isotopes in the 
range 102<A<108 with half-lives of approximately 


provided confirmation 


one hour. 

The question of the association of a one-hour activity 
with Ag’ is coupled with the identification of some of 
the y rays in its decay and will be discussed in Sec. IV. 


III. ATOMIC BEAM EXPERIMENTS 


The radioactive silver for the beams experiments 
was produced by bombarding natural palladium foils" 
with 18.5-Mev protons. After removal from the cyclo- 
tron, the foils were placed in a molybdenum oven in 


determinations were made following bombardments of rhodium 

with @ particles 
’ This activity should not be confused with the 16-min activity 
seen by Enns.! The reassignment by Strominger, Hollander, and 
Seaborg,’ of this activity to Ag would appear to require an 
ur \g' cross section, which is not sug 






abnormally 
gested by our present work 

| scopically analyzed by Dr. Morris 
Slavin of the Chemistry Department of Brookhaven National 
Laboratory and were found to contain no impurities in excess of 


0.1%. 
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the beams apparatus!" and a beam of silver atoms was 
obtained by heating the oven to approximately 1600°C. 
Resonances were obtained in “flop-in” so that they 
appeared as an increase in intensity over the normal 
background signal. The detector and stop system 
described by Lemonick, Pipkin, and Hamilton" was 
modified to allow the unflopped beam to be observed 
at all times, thus providing a method for monitoring 
the beam intensity. The radioactive atoms were col- 
lected on carefully cleaned copper disks and the 
counting system described in the previous section was 
used. 
The J 
It was observed at several values of the homogeneous 
field from 1.74 to 71.4 gauss. Figure 1 shows the decay 
of this resonance where the counters were set to record 
all pulses greater than about 10 kev. With this setting, 
positrons and x-rays are detected with high efficiency, 
and y rays with considerably reduced efficiency. The 
short half-life component of this decay has previously 
been identified as Ag.’ The long half-life component 
is that seen by Reynolds et al.5 Figure 2 shows the 
decay of the same resonance with the counters biased 
to record those pulses in the energy range from 10 to 
30 kev. Using this setting of the counters, only the 
palladium x-rays arising in the decay of the silver 


2 resonance was the first one to be studied. 


isotopes are detected with high efficiency. The shape 
of this curve is consistent with a single activity of 
(6343) min or with a 69-min activity plus a 20% 
admixture of the 27-min ac tivity. From the two figures 


4 A. Lemonick F. M. Pipkin, and D. R. Hamilton, Rev. Sci. 
Instr. 26, 1112 (1955). 
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it follows that the ratio of the long-lived resonance 
activity as counted integrally from 10 kev to that 
counted in the interval from 10 to 30 kev is approxi- 
mately 1.8 to 1. 

Further spin searches revealed an J=5 resonance. 
This was observed at 1.34, 3.99, and 8.06 gauss. It 
should be noted here that the full width at half maxi- 
mum for resonances obtained in this apparatus is about 
25 kc/sec, so that reliable spin searches could be made 
at low values of the homogeneous field. Figure 3 shows 
the decay of an J=5 resonance. This curve was obtained 
in the same manner as that shown in Fig. 1. Further 
runs showed that the ratio of the 72-min J=5 activity 
counted integrally to that counted in the range from 
10 to 30 kev was about 1.8 to 1. 

The following conclusions may now be drawn by 
combining the enriched foil data with those from the 
beams apparatus work. 

First, Ag is the only neutron-deficient even-A 
silver isotope which shows the presence of any approxi- 
mately one hour activity. The J=5 (72+4)-min 
activity therefore must be in Ag™. This result is in 
agreement with the work of Ewbank et al.® 

Second, there is a strong (70-++7)-min component in 
the J=2 resonance.” Finally, the 27-min J=2 activity 
is known to be in Ag™. 

Two possible schemes are consistent with this in- 
formation. Either there are t o 7=2 levels and an J=5 


2 The reason for the failure of Ewbank ef al. to see this com- 
ponent of the J=2 resonance is not clear. It may, however, be 
due to the fact that the spin-2 resonance decay curves could only 
be followed using positron counters which, as found previously by 
Reynolds et al.,° show a pure 27-min decay for this resonance. 
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level in Ag’, one or both of the spin-2 levels being 
isomeric; or the ground state of Ag™ is the J=5 state, 
and there is one J=2, 27-min isomeric state. 

Preliminary results from measurements at 71.4 gauss 
indicate that if there are two 7=2 levels in Ag, they 
both must have positive magnetic moments of several 
nuclear magnetons. The necessary similarity in con- 
figurations to give two states of /=2 and positive 
magnetic moment makes it extremely unlikely that 
one state would be isomeric with respect to the other. 

We therefore consider the second scheme. Here it is 
assumed that the 7=2, 27-min level is the isomeri 
state in Ag’. From the work of Reynolds et al.,® it is 
known that the decay of this level to Pd'™ goes pri 
marily by 8+ emission. (Using the 8* end-point energy 
of 2.7 Mev,’ we would expect a K/8* ratio of 20% for 
this allowed transition.) If in addition to this decay 
mode the J 2 level decays to the J=5 level, then the 
resonance decay should be a composite of a 27-min 
activity and a 69-min activity as seen in Fig. 1. If the 
counter used to observe the /=2 resonance de ay Is sel 
to look only at the Pd K x-ray, the picture will be some 
what different. If one were to assume that the /= 2 
level decays to Pd™ purely by 8* emission and to the 
I=5 level by gamma emission only, then the /=2 
resonance decay curve would show a build-up followed 
by the 69-min decay, i.e., a characteristic feeding curv 
would be seen. 

It is clear, however, that this shape will be modified 
by the detection of the 27-min K x-rays in the decay 
of the J=2 level to Pd™ and of any A x-rays resulting 
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from internal conversion of the isomeri transition. T} 


decav curves ho vnin | ly 1 and 2 would be obtains 
if the 


decay of the spin-2 level 


branching ratio for the isomeric transition in ¢} 
were between 20° and 40% 
with a corre sp nding range of zero to 0.5 for the number | 


of K x-rays emitted per isomeric transition. 
One further point should be mentioned. It was ol 


served earlier that the ratio of the 69-min activity q 


counted integrally to tl counted in the K x-ra 
region was about 1.8 to 1 for both the decay of the =) 
resonance and the 7=5 resonance. This strongly sug 
gests the identity of the 7=5 activity and the 69-m 
activity observed n the J 2 resonance decay. 

Summarizing, the work described in Secs. II and TI] 
is consistent with the following picture. The grour 
state of Ag’ has spin 5 and decays to Pd™ primari 
by K capture with a half-life of 6943 minutes. Th 
isomeric state is low-lying, has a spin of 2 and a hallf-lif 
of 27 minutes. It decays to Pd'™ primarily by 
emission. There is also an isomeric transition of 
preciable inte y 

IV. GAMMA-RAY DATA 

In view of the small difference between the half-li 
of Ag’ and the ground state of Ag, it was decided t 
check the assignment of the y rays in the decay of thes 
nuclei. First, an enriched Pd! foil was bombarded 
the (p~,2) region, as described in Sec. I. The y ray 
were detected by a scintillation counter consisting of a 
3 in.X3 in. Nal crystal and photomultiplier. TI 


on a 200-channel analyzer an 


pectrum was displayed 


where possible, the decay of, each y-ray peak 
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SPINS AND DECAY 
followed. Peaks due to the decay of either level in Ag! 
were easily identified by comparing the spectra obtained 
with the natural and enriched foils. 

Gamma rays of 555, 760, 860, and 920 kev were 
identified as arising from the decay of Ag™." It was 
not possible to obtain an accurate enhancement for the 
positron annihilation peak because of contributions 
from various positron decays, the 555-kev y ray, and 
4 512-kev y ray in the decay of 24-min Ag"*®.? However, 
the 2.7-Mev positron in the decay of 27-min Ag" has 
heen previously reported by Johnson.* 

In following the decay of the 760- and 920-kev y rays 
a feeding curve was observed. The decay of the 920-kev 
peak is shown in Fig. 4. It is seen that there is a 27-min 
growth and a 66-min decay. The count rate does not 


begin at zero since both states in Ag™ are initially 
populated by the nuclear reaction. The 555-kev peak 
shows a decay which is a composite of 27-min and 
69-min decay curves. No accurate decay curve for the 
860-kev y ray could be obtained since this peak, which 
is relatively weak, is partly masked by the 760- and 
920-kev peaks. 

The y rays attributed here to the decay of Ag™ have 
also recently been studied by Girgis and van Lieshout," 


























| 

Fic. 5. Level ordering predicted for Ag and the gamma rays 

served in its decay. These results are fitted to the level scheme 
of Girgis and van Lieshout, reference 14. A dotted gamma tran 





sition means that the assignment to Ag" is not firm. All energies 
are in Mev. Note.—-The notation 
Figure should read ‘‘5, 


“5,*70 min” at the top of the 
69 min.” 


Gamma rays of 554 and 764 kev have previously been re 
Bendel ef al.,2 and incorrectly assigned to Ag’ by 
Haldar and Wiig.‘ 


4 R.K. Girgis and R. van Lieshout, Nuclear Phys. 13, 493 and 
509 (1959). We are grateful to these authors for supplying us 


details of their work prior to publication 


MODES 





OF SOME Ag ISOTOPES 1603 
' 
20 99120 50 260 Si 555 760 TT 
} } | 
| | 1 
| | | 
w zz 
v 
z 
| 
S 





" 
———E os — 





250 S00 


ENERGY (kev) 


Fic. 6. Gamma-ray spectrum of natural Pd foil taken three hours 
after bombardment with protons of 18.5-Mev energy. 


whose level scheme for Pd together with the y rays 
observed in the present work are shown in Fig. 5. Our 
760-kev y ray is probably a superposition of the 
(745+10) kev and (780+10) kev y rays seen by Girgis 
and van Lieshout. In this figure we have omitted several 
y rays with energies greater than 1 Mev, which were 
observed in the present work but for which positive 
assignments could not be made. No y rays were seen 
which were not consistent with the Pd™ level scheme 
proposed by Girgis and van Lieshout. 

It will be noted that our observation of feeding in 
the 920-kev y ray provides additional confirmation of 
the level ordering in Ag’ deduced from the work 
described in Sec. III; we see from Fig. 5, that this y ray 
occurs only in the decay of the spin-5 level, so that the 
presence of feeding in its decay implies that the spin-2 
level is above the spin-5 level. 

Further confirmation that the 7=5 level is in Ag™ 
and that its decay scheme includes y rays of 555, 760, 
and 920 kev was obtained from an analysis of the y-ray 
spectrum of the activity collected during an atomic 
beam experiment. Despite the very small activity 
deposited on the copper collectors, it was possible to 
obtain the spectrum of the spin-5 resonance activity 
and to compare it with the spectrum of the straight- 
through, “unflopped” beam. It was found that, as in 
the experiments with the enriched Pd™ foils, the 555-, 
760-, and 920-kev y rays were enhanced in the spin-5 
resonance activity, thus identifying this activity with 
the 69-min level in Ag™. 

Having positively identified all the prominent y rays 
below 1 Mev in the decay of Ag™, enriched Pd'™ and 
natural palladium foils were bombarded with protons 
of 18.5-Mev energy. This energy is above the threshold 
for the reaction Pd'*(p,2m)Ag™, enabling us to in- 
vestigate the decay of Ag’. A spectrum obtained three 


hours after bombarding natural palladium with protons 
of 18.5-Mev energy is shown in Fig. 6. 

Gamma rays of 120 and 150 kev were found which 
had not been present in the experiments in which the 
proton energy was below the (p,2”) threshold. The 
enhancement ratio of 6.52.0 for these peaks compared 
well with the value of 7.12 deduced from the Pd! 
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Paste II, Summary of available data on three electron of the isomeric transition in Ag™ has not ys 
neutron-deficient silver isotopes.* 


particular, Johnson did not obsen 


- iVe 


been detected 





conversion electrons which could be assigned to th 
Gamma-ray 


see a eetmiee Sueclioadas Siuad Shaan senna valve 
Half-life energies Positron energies transition. ‘J lay indicate that the energy ol 
: i ed ; = , ; 
Isotope Spin min (kev) (Mev) transition 1s s than 25 kev. We also note that 
contrary to the result presented in the precediy 


4 glo? er 15 Some K capture 
g! me 


Cz . ’ . 
2 section, Girgis and van Lieshout" find no ev idence of 


\ 7/2' 59 120, 150, 260(? : : 2 ; 
Agi 5 69 555, 745, 780 Predominantl feeding in the 920-kev 4 ray. Chis may be due to t 
se’ 49 2 i ‘ ; i ae 
800, 939, 1260 K capture smallness of this peak and to the relatively low popu- 
1340, 1540, 1640 “tye =i a “ealag. _ 
1810 lation ol the pin-2 level in \g'* when the reactior 
\ 2 27 555, 780 2.7, 1.9 Rt v,32)Ag™ is used. This conjecture follows fro; 
an analysis yf the resonance data of Ewbank et al.,$ j 
» Re of this paper which the spin-2 resonance is very weak compared w 
W g. H. A. Shugart, a ay. ‘ 
3. S € the $pin- reso nce 





Finally, we comment on the proton and _ neutroy 


enri hment fac tor for the foils used.'® A peak was also conhgurat ll e evel 1 silver isotopes The Spl 
observed at 260 kev, for which an accurate enhancement of the odd-even nuclei in this region indicate that ther 
ratio could not be obtained. The internal consiste ncy is a competition between p Jy and Pi)" (g9/: 
of the data was checked by noting that the 760-ke\ configurations in the case of the protons and that the 
peak previously scribed to Ag™ was enhanced by the neutron configuration 1 ] . The assignment of ever 
ippropriate factor. Accurate half-lives for these peaks parity to the lev: \g 1 Ag? 7-4 suggests tl 
could not be obtained. However, their half-lives were for the ‘ two } i the proto! configuration 
consistent with the half-life of 59 min previously re gy [A (g configuration is also possibl 
ported for Ag". We may therefore assign the 120- This is supported by preliminary measurements at thi 
and 150-kev y rays to the decay of Ag. The assign- laboratory ind g that the magnetic moments 
ment of the 260-kev y ray to Ag’ is less certain. Girgis  the-two levels in Ag re large and positive. 
and van Lieshout have also tentatively assigned a y ray It is of interest that the occurrence of isomeri 
of 120 kev to the decay of Ag. the odd-odd nuclei in this “island of isomerism”? is du 
to the recoupling of gular momenta rather thar 
V. DISCUSSION the single-part excitation found in_ neighbor 
We are now in a position to add the results of the iis re om ? — e je . . 
present work to those obtained in previous investi- << ep eres re . ae ne 


gations on the neutron-deficient silver isotopes. A 
summary of the presently available data on these ACKNOWLEDGMENTS 
isotope $ is given in Table oR 


16 The enriched foil used here had a higher enrichment than is 


i: : It is a pleasure to acknowledge interesting discussions 
> note it this poin that n A ¢ ‘rsion : " > 7 
We note, at this point, that the y ray or conversion with Dr. R. A. Naumann. We are also indebted 
1 David Hart I J ( Walker for istance in takir 
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Parity Nonconserving Internucleon Potentials* 
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The general form that a parity nonconserving internucleon potential must take because of invariance 
requirements is obtained. A detailed calculation is then made of the parity nonconserving potential arising 
from a self-interacting current description of weak interactions. If the polar vector part of the current (J,") 


is conserved, then parity nonconservation of the order 1 part in 107($~1077 


is to be expected in nuclear 


processes. Failure to observe such an effect would indicate either that J,” is not conserved or that the self- 


interacting current description is incorrect. 


1. INTRODUCTION 


HERE have recently been a number of attempts’ 
to establish the extent to which parity is con- 
served in nuclear reactions and nuclear electromagnetic 
transitions. Such experiments are aimed at setting an 
upper limit to the magnitude of the parity noncon- 


serving part of the internucleon potential, although 
there is some ambiguity with experiments involving 
electromagnetic transitions since any observed parity 
breakdown could also be attributed to the electromag- 
netic interaction. However, there has so far been no 
indication of parity nonconservation and the point 
remains academic. Nevertheless, the experimental limits 
on parity nonconservation in nuclear processes continue 
to decrease and it becomes important to investigate 
theoretically the extent to which parity nonconservation 
should be expec ted in such pre »cesses.® 

[he purpose of the present work is to obtain some 
idea of the form and order of magnitude of the parity 
nonconserving (PNC) internucleon potential which may 


be present as a result of interactions between nucleons 


through the now well established parity nonconserving 
2 the general form a PNC 
internucleon potential must take is discussed from the 


weak interactions. In Sec. 


viewpoint of invariance requirements and in Sec. 3 a 
letailed calculation is made of the PNC internucleon 
potential resulting from the universal four-fermion 
theory of weak interactions. 


* This work is supported in part through an Atomic Energy 
Commission contract by funds provided by the U. S. Atomic 
Energy Commission, the Office of Naval Research, and the Air 
Force Office of Scientific Research 

t On sabbatical leave from the Clarendon Laboratory, Oxford, 
England 

1N. Tanner, Phys. Rev. 107, 1203 (1957). 

?R. E. Segel, J. V. Kane, and D. H. Wilkinson, Phil. Mag. 3, 204 
1958 
>D. H. Wilkinson,’ Phys. Rev. 109, 1603, 1611, 1615 (1958). 
‘F. Boehm and U. Hauser, Bull. Am. Phys. Soc. Ser. II, 4, 460 

1959 

5TIt is usual to indicate the magnitude of the naity non 
conservation by a factor § [T. D. Lee and C. N. Yaug, Phys. Rev. 
104, 254 (1956)] which is a measure of the relative strengths of 
parity nonconserving and parity conserving interactions. Thus for 
a nuclear state of predominantly one parity, 3? represents the 
fractional weight of admixed states possessing opposity parity. 


2. FORM OF THE PNC INTERNUCLEON POTENTIAL 
FROM INVARIANCE REQUIREMENTS 


Eisenbud and Wigner® have shown how to construct 
the most general parity conserving internucleon potential 
from invariance arguments. Their assumptions are that 
for two nucleons 1 and 2, the potential must be a 
symmetric function of the operators fr, pis, o, &®, 
2, and «® where ry is the spatial separation of the 
particles, pie their relative momentum, eo, o® their 
spin operators, and +“, <@ their isotopic spin operators. 
This function is required to transform as a spatial 
scalar quantity, to be invariant under time reversal 
and to commute with the total charge operator 
1+3(7.°+7,). Furthermore, since the potential con- 
cept only has significance at low nucleon velocities, pi2 
is considered to appear at most linearly. These require- 
ments then considerably limit the form that the 
internucleon potential can take. 

In the present case, essentially the same requirements 
obtain except that now the PNC potential must trans- 
form as a pseudoscalar rather than a scalar. The same 
types of argument as presented by Wigner and Eisenbud 
can then be used and it is found that the most general 
(subject to the prescribed restrictions) PNC potential 
must have the following form: 


Static Terms (i.e., independent of p,») 


Oatic= Fie" (eX Y)CVir(ri2) +e «2 Vir (rie) 
+775 Vir (riz) + (72 +72) Viv (riz) J 
+ fiz: (0 +0) (2 Xe) Vy(riz), (1) 


where V3, Vin, Vir, Viv, and Vy are unspecified func- 
tions of 112. 


Velocity Dependent Terms 


Here the situation is more complicated and there is 
much more arbitrariness. Thus, the following symmetric 
spatial terms 


(0? —o@™)- pio; 


(o! a )* Bis i(o = oO’) + Fyo% 12° Pig, ‘rn 


6 L. Eisenbud and E. Wigner, Proc. Nat. Acad. Wash. 27, 281 
(1941) 
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can be combined with any of the following isotopic spin 
terms 


= aie ~ 
1, 7 ss Tz Tz 5 


(7,°0-+7,), 


each combination being associated with some unspeci- 
fied function of riz. Similarly, the following antisym- 
metric spatial terms 


(eo 


+o" )*Pi2; 


1 


can be combined with ( te “te ) and some unspec ified 
function of rj. 

It is to be noticed that no terms corresponding to a 
spin-orbit coupling appear since such terms can only 
appear in the form of a scalar quantity. 

One final point has to be discussed, namely, whether 
a one particle PNC potential can be constructed. This 
has some interest in that it might be required, for ex- 
ample, to add a parity nonconserving part to the nuclear 
shell-model potential. It turns out that a static one 
particle potential cannot be constructed. Thus, although 
o-rV (r) is a pseudoscalar, it is not invariant under time 
reversal and can only be made invariant by combining 
it with either 74. or 7_; the resulting term, however, then 
no longer commutes with the nucleon isotopic spin. On 
the other hand, o-pV(r) is a perfectly well-behaved 
PNC one-particle potential and is the only possibility. 

We now consider in detail the form of the PNC 
potential resulting from the four-fermion description of 
weak interactions. 


3. PNC INTERNUCLEON POTENTIAL FROM 
WEAK INTERACTIONS 


One of the most profitable ways of regarding the weak 
interactions is to interpret them as resulting from a self- 
interacting current’ J,. Thus the interaction Hamil- 
tonian can be written 


Hin=—3(J.J.+H.c. ] 
with 
J,=(Iit, Jat, Ist, — Jat], 2) 
’ 
where the current operator is the sum of a polar vector 
part J," and an axial vector part J,4 and may include 


lepton, nucleon, pion, and strange particle terms. Thus 


my 


J,=G{ IN ray, 1+y5).V —tv2 (14.0,20— 100,774) 


+ilin(1+ye}+-- 


} (3) 
2 


1X 10~*° erg cm*, where G is determined from 
B- and w-decay data. In (3), N, z, v, e-- + are field func- 
tions for the nucleon, pion, neutrino, electron. 

The presence of the pion term is by no means certain. 
Further, as will be seen later, the most important 
contribution to the PNC internucleon potential re- 
sulting from this self-interacting current does not appear 
if this term is absent. It was originally introduced by 


with G 
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7R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 
(1958). 


, )*Pi2— ‘(oe Dit¢ 2 )*Tieli2° Piz rio" 
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Feynman and Gell-Mann’ in order that J," should be } and f 
conserved so that the apparent equality of the polar | stron, 
vector coupling in 8 decay and yw decay could easily be | 
accounted for. 
With J, given by (3), Hine then consists of a sum of wher 
4-fermion, 2-fermion—2-boson, and 4-boson terms, (jf norm 
course a PNC internucleon potential will arise from the It is 
ordinary 8-decay interaction, nter 
GUN y,(1+ys)74V [ey,(1+ys)r] type 
tribu 
through the interchange of an electron-neutrino pair lead 
However, this potential would be of order G? and there. 
fore very small. On the other hand, with the self. 
interacting current description there are terms of th U 
form 
H,=G(LNy,(1i+ys)7aV Ny, (1+ys)7_A { 
and 
, 
H.=Gv2{(Ny,(1+y5) 7.1 rr 
7_O ut TO yt H. } 5 
both of which lead to PNC internucleon interactions of 
order G. The former corresponds to a contact interaction 
while the latter has to be conside red in conjunction wit} 
the usual strong nucleon-pion interaction and leads toa 
potential of finite range I 
raking the four fermion interaction H, evaluating nol 
for plane wave nucleons and retaining only terms of first 
order in the nucleon momentum, the following expres- 
sion is obtained for the internucleon potential pot 
reg 
U G/4)(1l—e og ~ 7 ; Te” )6( P12) rep 
G/4Mc)(oe o ir 
Pio(e')-¢ Ts’ Ts” )O(E ( Wa 
ref 
It is to be e static terms are parity 9 
erving. The parity ery term is velocity de- 
pendent and is a coml of two of the possit é 
terms listed in Sec. 2. Because of its velocity dependence, 
however, it is not expected to be very important and its 
importance is likely to be even further diminished be- po 
cause of the inhil t effect of the repulsive core naturt Pe 
ol he strong eo potential on a contact fe 
nvera 1O! ss 
Phe PNC pot rising from Hz» will result, i ™ 
lowest ordet rom d f the ype shown in Fig. 1 
In the ill I 
H V2Gi| r.0°(47_Va roV ar 
TO°(4yVr4—74V 75) |, (7 
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PARITY NONCONSERVING 
ind for the purposes of the calculation we take for the 
strong pion-nucleon interaction 


Hy,= (4r)\(f/u)e-Ve-n, (8) 


where p is the pion Compton wavelength and f the re- 
normalized pseudovector coupling constant (/?~0.08). 
It is then a straightforward matter to calculate the 
nternucleon potential resulting from diagrams of the 
type 1(a) and 1(b). It turns out that there is no con- 
tribution from diagrams 1(b) and that diagrams 1(a) 
ead to 





—-Gffi1 2 i 
U <> —-2 s 
Qrhclr’ ur’ pr 
-(0) X o@ [* Dig? — 7,7, ], (9) 
vhere F=f. Thus in Eq. (1) 


Vi= Viv=Vy=0; 


Gyri 2 4 
+ +— | aye, 
6 


Qrichkr’ § pr® 


Vir = Vin 


This potential has been deduced with no cutoff in 
momentum Properly we should have used 

=~ M. However, the error introduced by taking 

<= only appreciably affects the properties of the 
potential for values of r<h/Mc and it is just in this 
region that the strong internucleon potential has a large 
repulsive core. Thus, no appreciable error is introduced 
provided that Ue is used in conjunction with a nuclear 
wave function having a correlation function p(r) which 
reflects the effects of the repulsive core and vanishes for 
i h/Mc. 


space. 


4. DISCUSSION 


The first pe int to be noted about the PNC internucleon 
potential (9) and also (6) is that its isotopic spin de- 
pendence, which can be written 3(7_7,%+7,%7_®), 
is such that the potential only has nonvanishing matrix 
elements when a neutron and proton are interacting 
with one another; there is no PNC interaction between 


INTERNUCLEON 
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like particles. This follows at once from the nature of the 
primary process H» responsible for the interaction. 

Secondly, although the PNC potential! was calculated 
using the four fermion contact theory of weak inter- 
actions, it is clear that essentially the same result would 
be obtained if the four fermion type interactions 
stemmed from an intermediate charged boson theory. 
The only effect would be a slight modification in the 
radial dependence of the potential. 

Finally, we have to estimate the order of magnitude 
of this potential compared to the usual strong inter- 
nucleon potential. Perhaps the most significant com- 
parison to make is with the lowest order (f?) contribu- 
tion Vy» to the central part of the strong potential. The 
comparison is then between contributions calculated to 
the same order in f and made with the same approxima- 
tions (e.g., no recoil). We therefore consider the orders 
of magnitude of Viz and Uy. at r=7= 1.8 10-* cm, the 
average distance between nucleons in nuclear matter. 


. (Ui2)=Gf?/hcF; (Vi2)~ f?/F, 


and the ratio 
F= (U12) {V 12) =G/ hc? = 10 e 


This estimate is, of course, very crude since spin and 
isotopic factors, averaging over wave functions, etc., 
could introduce factors of the order 10 or more. How- 
ever, this figure is sufficiently close to the most recent 
limits! (F< 8X10-®) on ¥ to warrant more detailed in- 
vestigation of the way such a potential will manifest 
itself in nuclear processes; such an investigation will be 
the subject of a subsequent paper. Suffice it to say here 
that if experiments should show that ¥<10-*, then this 
will be a strong indication either that the vector current 
J,” is not conserved or that the concept of a self- 
interacting current or intermediate boson theory of 
weak interactions is incorrect. 
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The paramagnetic resonance spectrum of Yb** in CaF» was obset 
spectrum is described by a cubic spin Hamiltonian 3 =¢8H-S-+ 
= (886.5+1.5) 10-4 cm™, A! = (243.24+0.4) X10 cm™, P=}, [3=3 


ved at 20°K and 3 cm wavelength. The 
1S-I with g=3.426+0.001, S=4, A™! 


rhe ratio of magnetic moments 


is p)78/y17! = 1.374,+0.005. The optical spectrum shows lines of 9774A, 9770A, 9763 A, and more diffuse 


and unresolved bands at 9080 and 12730 A. The paramagnetic spectrum 
I’; doublet. The other levels are removed by at least a few cm™ leading to an isotroy 


for the lowest I’; level. 


INTRODUCTION 


FE spectra of trivalent cerium and ytterbium are 

complementary, and are the simplest configura- 
tion in the rare earth group. We have recently investi- 
gated the paramagnetic and optical spectrum of Ce** 
ina single crystal of CaF2.! We here present data of 
these spectra for ytterbium in CaF». This ion can with 
ease be substituted for Ca?* and the point symmetry of 
a cubic field is preserved. These spectra indicate that 
the cubic field parameters in the rare earth ion are 
relatively small, and that the initial splitting is only 
a few cm™. The substance is probably a very good 
material for a three-level submillimeter maser. 


THEORY AND EXPERIMENTAL RESULTS 


The ground state of Yb*+ is 27,2. The next level is 
2F'5,2 and is removed by about 10300 cm~, The ground 
state can therefore be considered to be spanned by 
J=7/2 manifold. This level splits up in a general 
cubic field to sixth order into a doublet I; at —18c— 12d, 
a quartet I's at 2c—16d and a doublet I's at 14c—20d 
The J=5/2 level similarly splits into a quartet Ts at 
—4c and a doublet I; at +2c. The constants c and d 
are constants of the crystal field potential and signify 
the 4th and 6th order contribution. It is expected that 
c will be negative in the case of f! electrons (Ce**) and 
positive in the case of f™ electrons (Yb**) for eight coor- 
dinated compounds. The lowest level in our case will 
therefore be the I’; doublet.? 

The effect of an external magnetic field H on thes« 
levels is easily calculated. Closed expressions can _ be 
given for the [100], [110], and [111] directions. As 
suming that the separation of the various I levels is 
larger than AGH where A is the Lande g factor (8/7 in 
the case of Yb**), these expressions can be expanded 
in power of AH/c. They yield linear Zeeman effect 


* Supported in part by the U. S. Air Force Research and De 
velopment Command, through its European Office 
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is explained as arising from the 
vic g value of 3A or 24/7 
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tropic g factor of 3A or 24/7. The next level will give 
rise to anisotropic g factors which along the [100] 
directions have values (22/6)A, 2A, (10/6)A, and A. 
Figure 1 shows the splittings of the various levels. 

The lowest level I’; can be expressed in a cubic spin 
Hamiltonian 


a¢= g8H-S+AI-S with S=1/2 and g=3A. (2) 
The transitions are given by 
H=Hy—Am{(1+ (A/2H,)* | 
— (A?/2H)[1(1+1)—m?], (3) 


in which J=1/2 for Yb!" and 5/2 for Yb'¥. The 
correction in the first bracket is the perturbation carried 
to third order which proved to be necessary since the 
¢ factor is relatively large. 

A single crystal of Cal’, with about 0.05% by weight 
of ytterbium fluoride was grown in a manner previously 
described.! A spectrum was observed at 20°K and at 
3 cm wavelength. The spectrum showed an intense 
line at g=3.426+0.001 flanked by hyperfine structure 
components with an interval of A;’"=566.1+1.5 and 
A,!8= 763.2+1.5 gauss where Ay measures the interval 
between the m=-+5/2 components. Correcting to third 
der [see Kq. (2 J we find {171 (886.5+1.5)X 10 4 
m7 and A'#= (243.2+0.4) 10-4 cm™. The ratio of 
the magnetic moment p!4/y'7!= 1.3749+0.005. Deter- 
mining (1/r*) from the observed fine structure splitting 
in this crystal* we find |y'”'! =0.41;+0.05 and |!” 

0.57+0.05. The ratio of A!” /g=2.587X 107 is a few 
percent lower than that found by Cooke and Park 

2.669 10 


).° This crystal promises to be a suitable 
host for measurements on y-y correlation of radioactive 
ytterbium nuclei as well as a possible material for 
Méssbauer type experiments. ' 

In addition we found a number of weaker lines with 
total intensity less than 10% which were highly aniso- 
tropic and not all of which showed an extremum along 
me of the cubic axes. The nature of these lines will be 


‘B. Bleaney, Proc. Phys. Soc. (London) A68, 937 (1955) 


5A. H. Cooke and J. G. Park, Proc. Phys. Soc. (London) A69, 
282 (1956) 

*R. L. Méssbauer, Z. Physik 151, 124 (1958); Z. Naturforsch 
l4a, 211 (1958 
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investigated further; in part they arise from ytterbium 
surrounded by an axial field. The strongest of the 
anisotropic lines was found to have a g factor of 1.47 
which could possibly be the transition within the Ts 
quartet, I.e., the transition between 


(7/12) Wr/2— (5/12) Wasj2— (8) Wasyo+ (3) Nase 


which gives a g factor of (32/21)A~1.52. 

The optical spectrum was investigated at room and 
liquid air temperature. In the visible and ultraviolet 
spectrum we observed strong bands and lines which are 
transitions to a different configuration. In the near 
infrared, lines were found at 9774, 9770, and 9763 A, 
flanked by a number of weaker lines. In addition there 
are diffuse and unresolved bands at 9080 and 12370 A. 
The expected transitions for magnetic dipole selection 
rules are indicated in Fig. 1. This would give rise to an 
optical crystal fine structure spectrum at 20c+12d, 
14c+12d, —6c4-16d, 16d, —12c+20d. Since we do not 
know the relative magnitude of c and d nor the exact 
nature of the selection rules it is difficult to fit 3 lines 
to 5 or more predicted transitions. At any rate the 
total separation is 32c—8d and this equals to the 'y—T's 
separation of the ground state. Experimentally this 
separation is found to be about 12 cm~. It is seen, if 
this interpretation is correct, that the cubic field is 
relatively weak and that the initial splitting is not very 
much larger than the Zeeman energies usually used in 
electron spin resonance experiments. It is to be noticed 
that Dieke and Crosswhite’ find absorption lines at 
9708.8 and 9722.8 A or a splitting of about 15 cm™ in 
the crystal field of triclinic ytterbium trichloride. This 
is of the same order of magnitude as that found by us. 
On the other hand the relative intensity of the weaker 
paramagnetic absorption lines indicate a larger splitting. 

Further work at 4°K and using a high resolution 
spectrometer is being planned. 
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Angular Distribution of Fragments from Fission of Au'*’ with Carbon Ions* i 
— , \ : 
GLEN E. Gorpon, ALMON E. LARSH, AND TORBJ@RN SIKKELAND ont 
Lawrence Radiation Laboratory, University of California, Berkeley, Californi | nt 
(Received January 20, 1960 bare 
ext 
The kinetic energy and angular distribution of fragments from fission of Au"? with 123- and 93-Mev carbon T 
ions have been determined by observation of the fragments in gas scintillation and solid-state detectors. prov 
Between 20 deg and 160 deg in the center-of-mass system, both angular distributions lie slightly above a of a 
1/sin@ curve, falling below it beyond those angles. The anisotropies [«(0°)/o(90°)] are 4.7 and 3.8 for 123 ee 
and 93-Mev carbon ions, respectively. The most probable fragment kinetic energies in the center-of-mass 
system are 73+3 Mev and 71+3 Mev. are 
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Fic. 1. Angular distribution of fission fragments in the lal 


oratory system. Upper curve, Au’?+123-Mev C®; lower curve J. S. Fraser a J. C. D. Milton, Proceedings of the Secon 
Au"? + 93 Mev C®, United \ 11o0Nn if lernalional ¢ ni erence n tite Peace al [ 
ftomic Energy, 1958 (United Nations, Geneva, 1958), Vol 
* This work was performed under the auspices of the U. S p. 216 
Atomic Energy Commission. 2 Clyde Fulmer, Phys. Rev. 108, 1113 (1957 
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The targets were 100 to 200 ug/cm? of Au vaporized 
onto 0.1-mil Al backing foil. Corrections for energy loss 
n the target material were made empirically by bom- 
barding a series of targets of various thicknesses and 
extrapolating the energy to zero thickness. 

The solid-state detector consisted of a p-n junction 
produced by diffusion of m-type impurity into one face 
of a p-type Si wafer. Charged particles passing through 
the depletion layer create electrons and holes. These 
are collected and the pulses are amplified and recorded 
is described above. The junction was reverse-biased 
by a 9v potential. Under this condition, the edge of 
the depletion layer extended to ~ 1.254 below the sur- 
face of the detector and had a total thickness of ~ 30x. 
[he resolution and stability of the solid-state counter 
were much better than for the gas scintillation chamber. 
It should be possible to produce a solid-state detector 
in which the depletion layer extends to the surface. 

The data were analyzed by assuming that the most 
probable kinetic energy represents the kinetic energy 
per fragment when symmetric division occurs. The plot 
of kinetic energy as a function of laboratory angle was 
fitted to calculated curves to obtain the values of the 
most probable kinetic energy per fragment in the 
center-of-mass system, and the ratio 

n=2/V, 
where v is the velocity of the compound nucleus in the 
direction of the beam, and V is the velocity of the 
fragment in the moving system. 


F 


ISSION FRAGMENTS OF Au!?? 1611 

The analysis yields » values of 0.223+0.01 and 
0.190+0.01, and Ex(c.m.) values of 73+3 Mev and 
71+3 Mev for 123- and 93-Mev bombardments, re- 
spectively. These » values were used to transform the 
laboratory angular distributions (Fig. 1) into the 
center-of-mass system (Fig. 2). Within experimental 
error, the » values represent full momentum transfer 
by the bombarding particle to the fissioning nucleus. 

The following details of the results should be noted: 
(a) The center-of-mass angular distributions are sym- 
metric about 90 deg, within experimental error. (b) Be- 
tween 15 deg and 165 deg on the 123-Mev curve, the 
points lie somewhat above 1/sin@, in fair agreement 
with Griffin’s predictions.’ (c) The shape of the 93-Mev 
angular distribution near 0 deg and 180 deg is in better 
agreement with the predictions of Halpern and Strutin- 
ski* than with those of Griffin. 

Preliminary results with 160-Mev O'* on Au"? con- 
firm the results of Quinton, Britt, Knox, and Anderson.® 
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3 James J. Griffin, Phys. Rev. 116, 107 (1959). 

41. Halpern and V. Strutinski, Proceedings of the Second United 
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This paper contains the results of attempts to obtain a set of phase sh 


above the 3-3 resonance. 


fts valid in the energy region just 


We have found it possible to extend the family of phase shifts found by the workers at Dubna at an energy 


of about 300 Mev. The features of this set of phase shifts is that ai, a 


, are positive and a3 is negative and 


small. We find in addition that 6,3 is positive and 5,5 negative. At 600 Mev the results are probably consistent 


with a resonance in the dy state, but do not conclusively indicate suc 


h a resonance. This resonant state, 


however, decays a sizable fraction of the time into a final state with two mesons. There are indications 
that at energies of 400 to 500 Mev that most of the single pion production comes from s and fj states 


LARGE peak in the r~-p cross section at about 
850 Mev was discovered by counter groups work- 
ing at the Brookhaven cosmotron.! 

In 1957 and 1958 workers at Cornell? and California 
Institute of Technology* showed that the cross section 
for the processes 

yt+p— +p, 


— at-+n, 


showed lumps in the energy region corresponding to a 
m-p scattering energy of about 600 Mev. Wilson‘ 
demonstrated that the total m~-p cross-section mea- 
surements were in fact consistent with there being two 
peaks in the m~-p cross section in this energy region; 
one being at 600 Mev and the other at about 900 Mev. 
Counter measurements confirmed the existence of the 
two peaks.®.6 

The angular distribution of the photo-r’’s is domi- 
nated by /=} amplitudes all of the way from threshold 
to 900 Mev. With this result it was clear that the 
600-Mev peak in the m--p cross section must be 
largely attributed to a ; or a d, state. Peierls’ pointed 
out that the photoproduction data was indeed consist- 
ent with an enhanced d, state. Following a suggestion 
by Sakurai,* Stein? has measured the polarization of 


* Assisted by Grants from the U. S. Atomic Energy Commission 
and the Wisconsin Alumni Research Foundation. 

1R. Cool, D. Clark, and O. Piccioni, Phys. Rev. 103, 1082 
(1956). 

2 J. W. DeWire, H. E. Jackson, and R. Littauer, Phys. Rev 
110, 1208 (1958); P. C. Stein and K. C. Rogers, Phys. Rev. 110, 
1209 (1958); M. Heinberg, W. M. McClelland, F. Turkot, R. R. 
Wilson, W. M. Woodward, and D. M. Zipog, Phys. Rev. 110, 
1209 (1958). 

3F. P. Dixon and R. L. Walker, Phys. Rev. Letters 1, 142 
(1958) 

*R. R. Wilson, 1958 Annual International Conference on High 
Energy Physics at CERN, edited by B. Ferretti (CERN Scientific 
Information Service, Geneva, 1958). 

5H. C. Burrowes, D. O. Caldwell, D. H. Frisch, D. A. Hill, 
D. M. Ritson, R. A. Schluter, and M. A. Wahlig, Phys. Rev. 
Letters 2, 119 (1959). 

¢ J. C. Brisson, J. Detoef, P. Falk-Vairant, L. van Rossum, G. 
Valladas, and L. C. L. Yuan, Phys. Rev. Letters 3, 561 (1959) 

TR. F. Peierls, Phys. Rev. Letters 1, 174 (1958). 

8 J. J. Sakurai, Phys. Rev. Letters 1, 258 (1958). 

*P. Stein, Ninth Annual International Conference on High- 
Energy Physics, Kiev, 1959 (unpublished). 


protons from photoproduction of r°’s. His results ind. 
cate a large degree of polarization at 90° in the center. 
of-mass system. These data thus strongly indicate that 
the second peak in the wr -p cross section has the 
opposite parity of the 3-3 resonance and is very likely 
due to a d;, =} state. The purpose of this paper is t 
an attempt at a phase shift analysis of the 
m~-p scattering in this energy region with the existing 
data. The most extensive data are those of Crittenden 
ad al” obtained with a propane bubble 
chamber. The determination of the inelastic and charge 


describe 


which were 
exchange cross sections are probably not very reliable 
Recently counter data on elastic scattering and inelastic 
scattering have been added at lower energies." Als 
there seems to be no data on 2*-p interactions between 
500 Mev and 1 Bev 
data are (1) the rapid decrease in the charge exchange 
cross section between 300 and 600 Mev, and (2) th 
large amount of inelastic scattering at 600 Mev. This 
indicates a qu lit 
in the J=4, [=3 
at 600 Mev. The 600-Mev resonance is very likely 
strongly damped by inelastic The other 
peculiar feature of the data is the rather strange shap 
of the differential elastic section at 370, 430, 46 
Mev as shown in Fig. 1. The do/dQ curves are humped 
in the forward hemisphere and are concave down- 
ward." This of an interference 
between p- and d-wave spin flip terms. 

The differences of the two p-wave amplitudes, as 
shown in Fig. 2, give the p-wave spin flip amplitudes 
In order to have the experimentally observed angular 


Che crucial features of the existing 


itive difference between the resonanc 


tate and the resonance (if it is one 
proc esses. 


CTOSS 


sh ipe is characteristi 


distribution, the d waves must be split in a similar 


fashion, (i.e., 5:3 positive and 6), negative). Reversing 
the signs of the p and d phase shifts would not give 


results consistent wit 


the relatively small charge ex- 


change cross section. This is the prime argument for 


1 R. R. Crittenden, J. H. Scandrett, W. D. Shephard, W. D 
Walker, and J. Ballam, Phys. Rev. Letters 2, 121 (1959). 
uL. K. Goodwin, R. W. Kenny, and V. Perez-Mendez, Phys 


Rev. Letters 3, 522 (1959), also W. A. Perkins, J. C. Caris, R. W. 
Kenney, E. A. Knapp, and V. Perez-Mendez, Phys. Rev. Letters 
3, 56 (1959) 
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x-NUCLEON PHASE SHIFTS 


the track of phase shifts investigated. The charge ex- 
change cross section thus resolves a Fermi-Yang type 
ambiguity for the J=} phase shifts. 

In the energy region from 350 to 600 Mev we use s, 
», and d waves to fit the angular distributions. The 
data fit are ideally r++, m+, w°+n angular dis- 
tributions and the w+ and z~ inelastic cross sections. 
This means that we are fitting 17 data and have at our 
disposal 20 parameters with which to do this. These 
parameters are the phase shift and the amplitude of 
the outgoing wave for each angular momentum and 
isotopic spin state. This is to be compared to lower 
energy m-p scattering where one fits 9 data with 6 
parameters. The situation at the higher energy is not 
hopeless however since one expects considerable con- 
tinuity from lower energy on physical grounds, (cau- 
sality for example). If the absorptive processes have a 
cross section not too different from 7A? then one can 
absorb in an important fashion at most two partial 
waves. The J = 3 absorption in this region is quite small 
and the J=4 absorption is not too much larger than 
rc’. Thus we are fitting 17 data with perhaps 12 pa- 
rameters. Thus up to 500 Mev one can probably do a 
phase shift analysis. The 7=} phase shifts except for 
ay; are not changing very rapidly and the peculiar 
shape of the w~ differential elastic distribution can only 
be attributed to the spin flip interference if we are 
limited to s, p, and d waves. The lack of much of a peak 
at 0° in the x~ differential elastic distribution makes 
it impossible to have much absorption in the dy state 
which fact makes it seem most likely that the absorp- 
tion is in the s and p, waves. As soon as a large peak 
develops in the forward hemisphere, as usually occurs 
when large absorption takes place, then the results of 
a phase shift analysis become rather ambiguous. Table I 
gives the results of our phase shift analysis. At 600 Mev 
one can note that there is considerable ambiguity in 
our results. The results are particularly sensitive to 
the amount of elastic charge exchange scattering. To 
obtain this information one must distinguish between 
the processes 


and 
n+p — dx°-+n. 


To do this is experimentally difficult. 

The errors quoted in the table were obtained by 
varying the input data within the experimental errors. 
Unfortunately the =, d wave phase shifts are not 
very well determined. This is because of the particular 
shape the x+-p differential cross section. 

In the course of this investigation several programs 
were written to search for phase shifts. The final pro- 


Fic. 1. Experimental data and curves determined in the phase 
shift analysis. The two lower energy curves were taken from the 
data of Goodwin et al. (see reference 11). Their low-angle point is 
excluded from consideration because of the possibility of Coulomb 
interference. 
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Pic Vector diagram indicating the preferred orientatio1 
of the p-wave amplitudes for the correct interference in the spit 
flip scattering 


gram fits r~, r+, and 7° differential elastic cross sections 
and the inelastic cross sections. It is possible to vary 
any or all of the phase shifts and amplitudes. The 
computer minimizes the difference between the observed 
and calculated points by successively varying the vari- 
ous phase shifts and amplitudes. 

This particular family of phase shifts were discovered 
by Zinov and Korenchenko” and we have extended it 
to higher energy. We have made no particular effort to 
search for other families because this family fits 
smoothly onto the lower energy Fermi type phase 
shifts. However, whenever we started the computer 
a considerable distance from this set of phase shifts 
at energies below 600 Mev it converged to the set of 
phase shifts given. 

At 370 Mev we used the x 
and the w+ data of Grigor’ev and Mitin." At 430 we 
used the m~ data of Goodwin ef al. and the same 7* 
phase shifts as at 370 except for a33 which was free to 
vary. It was found necessary to clamp 433 and 635 at 


data of Goodwin!" e? al. 


2V. G. Zinov and S. M. Korenchenko, J. Exptl. Theoret 
Phys. U.S.S.R. 33, 1307 (1957) [translation: Soviet Phys. JETP 
6, (33) 1006 (1958)], also B. Pontecorvo’s report in the Ninth 
Annual International Conference on High-Energy Physics, Kiev, 
1959 (unpublished). 

1%3N. A. Mitin and E. L. Grigor’ev, Soviet Physics 
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rase I. Phase shifts and amplitudes. 
370 Me 430 Me 460 Mev 600 Me 
a 37° +2 44°+2 41.6°+5 59.7°47 
0.96 as 84+0.10 0.34 +0.05 0.62 +0 
3 32.4°+2 32.4°8 28.3°+1.0 —32.5°T3 
1.08 1 0.86 +0.04 0.73 
77 9 3 12.5 8.7 2 10.9 
n 0 06 Ou 0.1¢ 1.00 TY 0.1 v 
: 0.05 16 
asi 5.8°+3 5.8 0 ) 19.546 
1.08 1.0 0.98 +0.02 0.937" 
Y 2.8 3 ¢ 0.7 0.5 12.5 4 
6 
7 1 0 1.0 0.01 1.99 +0.01 0.32 
; j 3 160 1 5°'re 
i 0 
1 1.00 0.01 1.0 ¢ 
4.5 1 18.5° +2 18.3 7° 
0 1 0 
1.( 1.0 1.00 0 0.5240 
5°= , 2.8 +0.7 3.51) 
1.08 1.08 99 +0.01 1.0+0 
1.¢ 1 1.6+1 0.5° +0.1 5.6 
, 1 1.00 +0 1.00 ) 
3 3.7 +0.1 —3.3 72 
0 
5 1.05 : 1. 0 1.0 +¢ 
»| x 
values which are roughly a mean of the values 


Foote" ef al. and Mitin." 

At 460 Mev the zm and 7° data are those of Crittenden 
; the w* those of Willis.!®° Our 7= 4 phase shifts 
of the families that Willis 


ive pl ase shifts are similar 


and Grigor’ev 


él al. and 


agree very close Vv with one 
had found and also the d-w 


in character to those of Foote ef al." 
At 600 Mev we u ed the 


data of Willis after renormalizing it. 


data of Crittenden eé a 


4 


and the 7? 
We important results here are as follows 
1. The largest J=3 amplitude at 460 and 600 Mev 
is ine dy The result 


leel the 


are probably consistent with 
resonance in the d; tate, but do not conclusively indi- 


cate such a resonance. The state decays into a two- 


meson final state a large fraction of the time. 
) The } j 


Dubna phase shifts are extended into a higher 


energy range ar features of these are that 


a, and a ire positive a is negative. 
3. a is positive and seems to increase through this 
energy range Both a ind Qi; Must have rather con- 


siderable imaginary parts. This is not surprising if one 


makes simple threshold arguments concerning pion 
production by pions. In the former case one can have 
an s- and a p-wave pion produced and in the latter a 


pair of s-wave ora pair ol Pp Wave pions. 
47. H. Foote, O. Cha erlain, E. H 


( Wiegan« und T. Yy ul 
i6Ww.J.W PI Rev 


Rogers, H. M. Steiner 
s. Rev. Letters 4, 30 
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Polarization in Pion-Nucleon Scattering and the Second and 
Third Pion-Nucleon Resonances* 


MICHAEL J. Moravcsik 
Lawrence Radiation Laboratory, University of California, Livermore, California 
(Received January 25, 1960) 


The polarization of the recoil nucleon in pion-nucleon scattering is studied from the point of view of pro- 
viding a means of distinguishing among the various angular momentum assignments proposed for the higher 
pion-nucleon resonances. It is shown that polarization in this reaction is just as useful a guide as polarization 
in photoproduction. In particular, a measurement of the polarization at and in the neighborhood of 90° in 
the energy range between the first and third resonances should give a fairly convincing verification of one or 


the other of the prevailing assignments. 


I. INTRODUCTION 


CONSIDERABLE amount of work has been 

done by now on the angular momentum assign- 
ment! of the second and third resonances which appear 
to exist in the pion-nucleon interaction, and various 
® to verify such assign- 
ments. In this paper we investigate the polarization of 
the recoil nucleon in pion-nucleon scattering from the 


schemes have been proposed* 


point of view of providing clues to the angular momen- 
tum assignment of these higher resonances. It is shown 
that such polarization experiments can give just as re- 
able information in this respect as do the similar 
polarization experiments in pion photoproduction. In 
fact, perhaps the situation in scattering is even more 
favorable because there are fewer states (the considera- 
not complicated by the photon multipoles) 
ind because the magnitudes of the amplitudes are 
uniquely related to the phase shifts, while in photo- 
production only the phases of the amplitudes are 
determined by the phase shifts. 


tions are 


Before going into details, however, it might be worth 
pointing out that none of these schemes, not excluding 
the present one, provides an unambiguous proof for 
any assignment. It is always possible to also achieve a 
given prediction by a sum of small terms from many 
angular momentum states. The only really unambiguous 
way of verifying an assignment would be a complete 
phase-shift analysis with a unique solution for scatter- 
ing, and a corresponding amplitude analysis for photo- 
production. As we go to higher and higher energies, 
this becomes increasingly difficult, and in fact one be- 
gins to question the usefulness of talking about angular 
momentum states in the first place. The situation is 


further complicated by inelastic channels, making the 


*Work done under the auspices of the U. 
ommission 


Wilson, Phys. Rev 


S. Atomic Energy 
( 


‘R.R 


110, 1212 (1958) 


* RK. F. Peierls, Phys. Rev. Letters 1, 174 (1958) and Phys. Rev 
118, 325 (1960 
H. H. Bingham and A. B. Clegg, Phys. Rev. 112, 2053 (1958) 


‘J. J. Sakurai, Phys. Rev. Letters 1, 258 (1958). 
°M. J. Moravesik, Phys. Rev. Letters 2, 171 (1959). 
SL, 


1959). 


I’. Landovitz and L. Marshall, Phys. Rev. Letters 3, 190 


phases complex. In the absence of a unique way to 
verify assignments, therefore, one has to contend with 
plausibility and consistency arguments such as given 
in this paper. 


II. FORMULAS FOR POLARIZATION 


The derivation of the expressions for the polariza- 
tion is straightforward and has been discussed, for S 
and P waves, e.g., by Bethe.’? Using his notation 
(Bethe’s e is usually denoted by P), we have 


P=e=(J,-L)/(,4+L), (1) 


(2) 


where fg and fg are the no-spin-flip and spin-flip ampli- 
tudes, the latter taken at g¢=0. A generalization of the 
argument given in this reference gives immediately for 
fa(l) and f(l), the contributions to the two amplitudes 
in the 7 angular momentum state, 


with 
T= | faFifa|*=( fal?+ | fol?:2 Imfa*fe), 


fa(l)=((I+1)ar4+lar]Pi(x), (3) 


(4) 


Here a,, and a, are the amplitudes in the J=/+}3 
and J=/—} states, respectively; Pi(x) is the /th 
Legendre polynomial, and P;'(x) its derivative with 
respect to x, both being functions of x=cos@, where 6 is 
the scattering angle in the c.m. system. Just as in the 
other schemes trying to distinguish between competing 
assignments, we will neglect the channels 


and 


e ‘# fg (1) = sin6La; — ay, |Pi'(x). 


inelastic 
altogether. 
Since J,+J_~o, where o is the unpolarized cross 
section, we have 
eo~Imfa* fa, (S) 
so that we will study the behavior of Im/,*fg for the 
various assignments for the resonances. 


7H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson, and Company, Evanston, Illinois, 1955), Vol. II, pp. 
64-66 and 79-81. The original calculations for the polarization 
were done by E. Fermi, Phys. Rev. 91, 947 (1953), and by S. 
Hayakawa, M. Kawaguchi, and S. Minami, Progr. Theoret. Phys. 
(Kyoto) i, 332 (1954). 
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We will consider x-— p elastic scattering, where both 
isotopic spin states are present. The amplitude for this 
process in fact consists of two-thirds T=} contribution 
and one-third T7=$ contribution. Thus, e.g., denoting 
by @3:(P) the amplitude in the P states with T=} and 
J=4, we have the contributions of the S, P, D, and F 
states to f, and fs for the process 7 +p—2-+ as 
follows: 
fa= Fai (S)+}as:(S) 

+{2[$a1s(P)+43a33(P) ]+[an(P)+3ea1(P) J}. 
+ {3[$a15(D) +4a35(D) ]+2[4a13(D)+4a33(D) }} 
x (3a°— 3) + (4[4air(F) + $a37(F) ] 
+3[$a15(F) +4435(F) }} { je — 3), (0) 
and 
fae~** (sind) 

= {(4an(P)+4an(P)]—[4ara(P)+4as3(P)} 

+ {L$ a13(D)+$a33(D) J—[$ais(D) + $435(D) ]}3x 

+{[$ais(F) + $a35(F) ]—[3air(F) +4a37(F) ]} 

X[(15/2)a29—3]. (7 


Here the a’s are related to the phase shifts by 


a;; (Ll) = ei sinéd;; (2). (8) 


We will be interested in those two terms in the re- 
sulting expression for siné“' Im(f.*fs) that are propor- 
tional to 1 and x, respectively. These are given by 
A =Im{[$a1(S)+4as1(S) — a15(D) —4a35(D) —3a13(D) 

- 4433(D) }*[4an(P)+ 443:(P) ae 2433(P) ian 4 a33( P) 

—a13(F) —3435(F)+a17(F)+3a37(F) |} (9 


for the absolute term, and 


B=Im{[$a13(P)+3433(P)+3a1:(P)+4a31(P) 
—4a,7(F) — 2a37(F) —3ay5(F) — 3435(F) }* 
X [4a1(P)+4431(P) — 3413(P) —4a33(P) 
— a15(F) —$435(F) +417(F) +3437(F) ] 
+ [4a (S)+4a3:(S) — a15(D) — 4.435(D) — 3.413(D) 
—$433(D) |*[2a13(D) +433(D) — 2a15(D) — a35(D) }} 
(10) 


for the coefficient of the x term. Finally, let us remark 
that 


Ima,*a,= sind, sind, sin(6,.—6,), (11) 


whose geometrical meaning is illustrated in Fig. 1. 
The absolute value of the expression in Eq. (11) gives 
twice the area of the triangle formed by the two ampli- 
tudes, and its sign depends on the sign of 5,,—6,. 


III. THE HIGHER RESONANCES 


In arguing about the assignments for the higher 
resonances we will encounter three kinds of products 
of the a’s. We might have the situation where two a’s 
belonging to small phase shifts are multiplied. Their 
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contribution will be very small, because both the ty 


sides of the triangle 


id the angle between them Wl 
be small. The second situation arises when a resonant. 
state amplitude is multiplied by a small amplitud 
This arrangement will have a small contribution, be. 
cause one side of the amplitude triangle is small, by 
it will nevertheless be much larger than the first type 


of term, because tl 


1e other side of the triangle and th, 
angle will be large. Finally, the third kind of expressio; 
will consist of the product of two medium-sized ampli. 
the two phases are in different quad. 
rants, gives the largest contribution. We shall consider 


tudes, which, if 


only the largest of such contributions and neglect am 
other types, although, just as in photoproduction, suc} 
“smaller” terms might alter the quantitative pictur 
considerably. 

The variou 
assignments are qualitative and rely on the sign and 
magnitude of e. For instance, Peierls? has argued that 


first and 


arguments distinguishing between the 


in the energy region between the secon 
resonances the 


two important yhases are 6 3(P) an 


513(D), and they differ by an angle of the order of 90° 





his resulted in large polarization in the case of photo- 
assuming the Peierls assign- 


n thi 


production.‘ In our case 
ment, the dominar 


Im{[ — $a,3*(D) ]f 


L 


? 


t term of A region is 


3433(P) }} 
(2/9 


Ima,3*(D)a3z3(P), (12 


which tends to be large in terms of the above classifica- 
tion. If, however, the second resonance is in a P state, 


as Wilson! claimed, then t 


term in A, since there are no terms consisting of th 


here would be no such “large” 
products of two P amplitudes. As far as sign goes, for 
the Peierls assignment, Ima,;*(D)a33(P) would be posi- 
tive, and hence, by Eq. (5), e would be positive. 

Similar results for B, as well as for the third reson- 





ance, are tabulated in Tables I and II. These tables 
assume that the lower resonance state has a phase 
/ 
/ 
/ 
\ 
\ 
Fic. 1. Illustra Ima,* whose absolute value is twice the 
area of th angle fined by the two amplitudes. 
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POLARIZATION IN 


TasLe I. Sign and magnitude of A and B (defined by Eqs. (9) 
and (10) in the region between the first and second resonances]. 
S=small, L= large. 


Assignment of 


second resonance P(4,3}) D(4,3) 
=e S +L 
B § a 


TABLE II. Sign and magnitude of A and B [defined by Eqs. (9) 
and (10) in the region between the second and third resonances ]. 
S=small, L=large. 


Assignment of 
the second 


andthird P(4,3) P (4,3 D(4,3) D(4,%) 

resonances D(},}) F (3,$) D(3,3) F (3,3) 
A +I § $ —L 
B a +L —L S 


shift in the second quadrant while the higher one in the 
first quadrant. The experiment utilizing these tables 
would consist of measuring e at 6=90° (which gives A) 
and also in the neighborhood of this angle (to establish 
the sign and magnitude of B). 

The precise definition of “large” and “‘small” as 
used in this paper of course depends on the contribu- 
tions from the nondominant terms, as well as on the 
detailed relationship between the phases. As an ex- 
ample, however, if one assumes that only the a33(P) 
and a@;;(D) amplitudes contribute at an energy where 
$33(P)= 135° and 6;3(D) =45°, then one has 


f,(90°) = —2e'*/4(v2/2), 
fs(90°) = —4e**'/4(V2/2), (13) 
so that 
fa|?=2/9, jfg|?=1/18, Imfa*fs=1/9, (14) 
which then gives, by Eqs. (1) and (2), 
Imfa* fs 
e = 0.80. (15) 
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APPENDIX 


It might also be useful to summarize briefly the 
information that can be obtained from a simple dif- 
ferential cross-section measurement, since this is usually 
a part of a polarization experiment anyway. It will be 
evident from such a summary that differential cross 
sections are quite unsuitable for the purpose of dis- 
tinguishing among the assignments and that polariza- 
tion experiments are in fact necessary. 
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If over-all factors are neglected, the differential cross 
section is given by 


dao/dQ~ | fa\?+| fal?, 


with f, and fs given by Eqs. (6) and (7). 

One conceivable scheme for distinguishing among 
assignments would be to measure the shape of the 
angular distribution af the resonant energies. If we 
assume that only the resonant state contributes, then 
the shapes are given by 1 for the S(4) and P() states, 
by 3a°+1 for the P($) and D(}) states, by 5at—2a?+-1 
for the D($) and F(§) states, by 175a°— 165a4+-452°+-9 
for the F(Z) and G(%) states, etc. This scheme has the 
following handicaps: 

(a) As a special case of the Minami® ambiguity, the 
two states with the same J have the same angular 
distribution and total cross section. 

(b) Even the different angular distributions look 
rather similar (see Fig. 2), so that fairly accurate 
measurements of the relative differential cross section 
in the whole angular range would be needed to dis- 
tinguish between them. The measurement of absolute 
cross sections, however, can give some information in 
this case about the resonant state. 

(c) The small phase shifts are likely to contribute 


(A.1) 


more here than in the case of polarization, because it is 
the cosine of the phase-shift differences that enters 
instead of the sine. 

Another conceivable scheme would be to consider 





do/d2 ARBITRARY UNITS 














Shapes of the angular distributions of pion-nucleon scat- 


Fic. 2. 
tering in total angular momentum states J =}, $, and }. 


8S. Minami, Progr. Theoret. Phys. (Kyoto) 11, 213 (1954). 
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the interference terms between neighboring resonances state amplitudes differ in phase by an amount of th 
at an energy somewhere between the two resonant order of 90°, as it is conjectured, then these inter. 
energies. These interference terms would produce odd ference terms are likely to be very small and could } 
powers of x in the angular distribution if the two reson- _ easily masked by contributions of the small phases, 
ances have different parities, but only even powers if It appears, therefore, that polarization measure. 
the parities are the same. Thus a measurement of the ments, although more difficult to carry out, provide 
differential cross section at two angles symmetric about much better information about the assignment of the 
90° could give some information. This scheme, however, resonances than do the simple differential cross-sectio, 
is not very promising either, since if the two resonant- experiments. 





PHYSICAL REVIEW VOLUME 118 NUMBER 6 JUNE 15, 196 
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of C, N, O, and Fe by Medium Energy Protons 
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A number of nuclide formation cross sections have been measured, using the Berkeley 184-in. cyclotron, 
to assist in the interpretation of the data on cosmic-ray-produced nuclides in the atmosphere and in iron 
meteorites. 

Cross sections of H® and Be’ have been measured in bombardm« 





nts of rganic targets containing nitrogen 
and oxygen by protons of energy 225-730 Mev. Semicart CH;N;0) targets were used to obtain cross 
sections in air nuclei. The targets were prepared by mixing with a few percent of aluminum dust to permit 
reliable monitoring of the beam. Polyethylene, aluminum lactate, and Plexiglas targets provided elementary 
cross sections in carbon and oxygen 
The cross sections for the production of the long lived isotopes ( 3 105 yr) and Al*® (8105 yr) at 
730 Mev, and of a number of short lived radionuclides at 500 and 730 Mey, in iron bombardment by protons 
have been measured. These data and those of earlier workers suggest some modifications in empirical rela 
tions used for predicting spallation cross sections in the case of nuclides close to st 
I. INTRODUCTION by Benioff at a proton energy of 5.7 Bev. We hav 
. . ¢ studied the cross section he f ati f H® and 
HIS paper describes the results of a selective —_ for the formation of H’ ane 
, . ¢ . ¢ 3e7 in bombardment f organic targets containing 
study of cross sections for the production of some ; : eS aye argets containing 


isotopes in the bombardment of carbon, nitrogen, ™!ttogen and oxygen by protons of energy between 22 


oxygen, and iron by protons of energy between 225 and 730 Mev. The targets were chosen seal ah rmit — 
and 730 Mev. The targets and the isotopes have been UTEMENtS OF the average H* and Be’ cross sections fora 
chosen with the aim of evaluating the data on cosmic- ™!*ture oF nitrog = d oxygen corresponding to that 
ray-produced isotopes in the atmosphere and in iron the atmosphere. Elementary cross sections in carbon, 
meteorites. and in some cases in nitrogen and oxygen, have been 
The natural rate of production of tritium in the 8'V®& . 
atmosphere by cosmic rays have been calculated by In iron bombardments we have studied the cross 
Currie et al.! and Firéman and Rowland? using the ‘é tin lor tae produ tion of long lived isotopes, Al 
formation cross sections of tritium in nitrogen and ind Cl", and short-lived isotops 3) Be’, Na”, Cl et i f 
oxygen by protons of energy, E2450 Mev. However, K**, and Mn*-* at proton energies 500 and 130 Mev 
substantial isotope production in the atmosphere occurs These measuremet ts were made in order to interpret 
due to nucleons of lower energy (Lal et al.*) and it the results of Shedlovsky et al.° and of Honda® in this 


° ‘ wrator who '} of ie emic- r ad 
becomes essential to know the cross sections at lower /@boratory, who have studied cosmic-ray-produced 


Ose : : 6 Cys KA iS fn oe 
energies. Similarly, in the case of the isotope Be’, the T#@!0-nuchat Be®, AP, Cl, K®, and Mn® in som 
only measurements in nitrogen and oxygen are those ‘'!0M Meteorite x 

The energy range studied was limited by practical 


* On leave from the Tata Institute of Fundamental Research considerations, but it provides for the present a rea- 


Bombay 
'L. A. Currie, W. F. Libby, and R. L. Wolfgang, Phys. Rev 

101, 1558 (1956) ‘P. A. Benioff, P Rev. 104, 1122 (1956); Thesis, Universit 
2 E. L. Fireman and F. S. Rowland, Phys. Rev. 97, 780 (1955). of California, Radiation Laboratory Report (unpublished 
D. Lal, P. K. Malhotra, and B. Peters, J. Atmospheric and J. Shedlovsky, M. Honda, and J. R. Arnold (to be published 


lerrest Phys. 12, 306 (1958). 6M. Honda, Geochim. et Cosmochim. Acta. 17, 148 (1959) 
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CROSS SECTIONS FOR THE PRODUCTION 


gnable basis for extrapolation to energy regions of 
importance in such studies. A detailed discussion of the 
production rates of the isotopes produced by cosmic 
rays in the atmosphere and in meteorites will be pre- 
sented elsewhere. 


Il. TARGET MATERIALS AND IRRADIATIONS 
a. Carbon, Nitrogen, and Oxygen Targets 


In view of the difficulties in bombarding nitrogen and 
xygen gases, we have chosen organic targets containing 
nitrogen and oxygen. For determining the contributions 
to isotope production in carbon, we have used poly- 
thylene (CHe)n. Other targets chosen were semi- 
arbazide (CH;N;0), Plexiglas (Cs;0eHs), 7 and alumi- 
num lactate, Al(C3H;O3)3. Semicarbazide was con- 
sidered to be a very suitable target since it contains 
nitrogen and oxygen in about the same proportions as 
n the atmosphere. For determining the cross section 
separately in oxygen, aluminum lactate formed the 
best choice in view of its relatively high content of 
xygen. 

The size of targets used was 1.2 cmX0.7 cmX0.7 cm 
within 15%). The targets were bombarded in the 
nternal beam of the 184-in. Berkeley Cyclotron at 
lifferent radial distances to correspond to energies 225, 
3), 400, and 730 Mev. The beam intercepted the target 
perpendicular to the face of linear dimensions, 1.2 cm 
x0.7 cm. Absolute cross sections were based on the 
monitor reaction Al*?(p,3pn)Na™*. In the 
polyethylene and Plexiglas, the targets were prepared 
by stacking thin sheets. Three aluminum foils (thick- 

ness 6.52 mg cm”) included in the stack for 
monitoring the beam. The Na* activity was measured 
in the central foil.8 The edges were then carefully 
machined so ‘that the target and the monitor foils 
projected equal areas to the beam. Alignment of the 
monitor could not be done with confidence in the case 
f the semicarbazide target. In order to avoid this 
lificulty, which one always faces in the case of powder 


case of 


were 


targets, we mixed the powder homogeneously with pure 
uluminum dust (3.47% 
arbazide-aluminum 


by weight). Cakes of semi- 
mixture and aluminum lactate 
vere then prepared in a hydraulic press. The cakes were 
properly shaped for the purpose of bombardments by 
filing on fine Sandpaper. 

In some of the targets, we placed a 1-mm thick target 
slice, facing the leading edge of the beam which could 
be easily removed at the end of bombardment. In the 
remaining 1-mm was removed by 
scraping. This was considered necessary to prevent 
recoil losses, which are serious only in the case of 


targets a slice 


Various trade names (Plexiglas, Crystalite, and Lucite) are 
sed in industry for this type of material. The composition of the 
material used by us conformed to this formula. The analysis was 
urried out by Dr. E. Jeung and Dr. D. Sisson of the chemistry 
lepartment of the University of California, Berkeley, to whom 
ve are indebted 3 i 
*G. Friedlander, J. Hudis, and R. L 
263 (1955 . 


Wolfgang, Phys. Rev. 99, 
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tritium. A semiquantitative analysis of the beam 
intensity as a function of distance from the leading 
edge, using the reaction Al?’(p,3pn)Na™, showed that 
the intensity decreased exponentially with a_ half 
thickness of ca 1 mm. 

The various targets were bombarded for time periods 
ranging from 10 to 40 min. The beam currents varied 
between approximately 0.01 and 0.2 microamperes. 
With the higher beam currents, the targets showed some 
signs of heating. Polyethylene and Plexiglas targets 
showed light yellowish-brown coloration at the edges. 
The tritium cross sections, however, were found to be 
the same as obtained with lower beam currents within 
the experimental errors of measurement. That is, we 
detected no loss of tritium with the beam intensities 
used, when the leading edge (1 mm) of the targets was 
removed. 


b. Iron Targets 


The iron targets were bombarded at 500- and 730- 
Mev proton energies in the internal beam of the 
cyclotron. The arrangement of the target was different 
in the case of short- and long-lived isotopes. 

The targets for the measurement of short-lived 
activities were prepared by stacking thin sheets of iron 
foils and aluminum foils of thicknesses 19.8 and 6.52 
mg cm™*, respectively. The number of iron foils was 
three in two target assemblies and ten in one. The size 
of the stacks was 5 cmX1 cm. The beam currents were 
of the order of 1 microampere and the duration of 
bombardment was 5-30 minutes. 

For the measurement of cross sections of long lived 
activities, Al?® and Cl**, we bombarded a sheet of cold 
rolled steel of dimensions 5 cmX5 cmX0.15 cm in 
such a way that the beam intercepted the target ap- 
proximately normal to the 5 cmX0.15 cm face. The 
beam current was ca 1 microampere and the exposure 
lasted for two hours. In order to estimate the path 
lengths of protons in the target, we measured the 
radioactivity of the target through a lead slit at 
intervals of 0.5 cm using a survey meter. It was found 
that the target was not aligned parallel to the beam 
trajectory and the average proton path in the target 
was ca 1.5 cm. Absolute cross sections were based on 
the cross section for production of K* which was deter- 
mined by us in shorter bombardments of iron foils 
using an Al monitor. 


III. TARGET PROCESSING AND COUNTING 


a. Organic Targets 


The F'8 and C" activities were first allowed to decay. 
Usually the time of waiting was 24 to 36 hours. The 
Na™ activity in the aluminum monitor (central foil) 
and other organic targets containing aluminum was 
determined by a beta-gamma coincidence technique 
or by counting the 1.39-Mev gamma radiation in a 
100-channel gamma spectrometer employing a NaI(TI) 
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[ase I. Measured Be’ and H’ cross sections. (Average cross section 
below the cross section values give the number of independent 


Polyethylene 


A 


Energy (C CN;0), 
(Mev) Be? H* Be’ 
225 8.2+0.6 7.0+1.1 ~ 8.8+0.3 13 
(2) (1) (10) 
300 10.3+0.7 7.0+0.8 vee 
(2) (2) 
100 9.6+0.7 8.6+1.0 10.7+0.8 
(2) (2) (2) 
730 11.6+1.2 7.6+1.2 10.9+0.8 33 
(1) (1) (1 
crystal. The aluminum monitor activity was also 


checked every time on a methane flow proportion 


al 


counter. .The calibration of these instruments is de- 


scribed in Appendix A. The Be’ activity was the 


nN 


determined in the various targets by counting the 
5 o 


479-kev gamma radiation in the photopeak. The target 


were then completely burned ina combustion furna 
(quartz) and the resulting water was collected in ad 
ice trap. 

In some samples, from runs at low beam intensit 
the tritium activity was counted by a liquid scintillatic 
method*® (Packard Tri-carb.) Water was added to 
phosphor solution of toluene-ethanol-dioxane-naphth 
lene, following Kinard” except for the use of POP( 
instead of a-NPO. Solution volumes were about 10 n 
The counting efficiency was determined in each rt 
_using a tritium standard supplied by the Nation 
Bureau of Standards (stated accuracy +1.5%). 
most runs the efficiency was 12-14% in a 10-80 
channel. 

In the remaining samples where the tritium activi 
was high, its activity was measured following the te 
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ce 


ry 
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yn 
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nique of Currie et al.' The water collected after com- 


ABLE II. Measured cross sections in iron (mb). 


Produc t 340 Mev 


} 
DY 


nuclide Half-life 730 Mev® 500 Mev’ Rudstam 
Mn* 291 days 33 28 12 
Mn® 5.6 days 13 16 12.9 
K* 22.4 hr 0.88 (1.0) 0.59 0.4 
K® 12.52 hr oe tao) re 0.7 
Cl} 55.5 min 0.21 (0.32) 0.12 0.045 
Ch 37.3 min 0.83 0.47 0.17 
Cr 3.1X105 yr 68 eee +. 
Cry» 32.4 min 0.59 0.38 0.11 
C]*"+-C}** tee 1.42 (1.6 0.86 tae 
AP 8X 105 yr 0.47 . 
Na” 2.58 yr 0:36 0.02 
Be? 53 days 2.9 
* Data in parentheses were obtained from an iron target (44 mg cr 
placed behind one of the thick targets, and monitored by an aluminum foil 
b G. Rudstam, P. C. Stevenson, R. L. Folger, Phys. Rev. 87, 358 (1952 
Note added in proof.—A careful analysis of the decay scheme of 


A1*6 


Rightmire et al., Z. Naturforsch. 13a, 847 (1958) yields for its half 
value of 7.38 K108 yr (84.6% 8+). The corresponding cross sectior 
on at 730 Mev is 0.43 mb 


® See, e.g., 


oF E 


J. R. Arnold, Science 119, 155 (1954) 
Kinard, Rev. Sci. Instr. 28, 293 (1957). 


ea 


Semicarbazide 





AND D LAI 
per atom in various organic targets in mb.) Numbers in parenthey 
measurements made. Mean cross sections are given. 
Plexiglas Aluminum Lactate 
C;02). (CO), 
H Be H Be? H? 
7+0.9 90+0.5 8.7+1.0 8§.2+0.4 
¢ 4 2 (4) 
11.9+1.2 10.5+1.6 ep 
1 l 
11.2408 22.2435 
2) (1 
5+5.3 10.5+0.7 
1 (2 
bustion was vacuum distilled over zinc maintained 
1ed 
415°C. The evolved hydrogen was then passed throug 
a red hot palladium thimble and put in a gas counte 
having a volume of 190 ml. The counter was then fille 
to atmospheric pressure with methane and operate 
in the proportional region. The partial pressure 
hydrogen the counters was kept between 3 and} 
cm Hg. In this range, the plateau and the backgrow 
counting rates were found to be reproducible. Sir 
sufficient ol hydrogen was available from tl 
urge ve 1 check on the reliability of the counting 


data by filling additional counters. Results of duplicat 
} 


agreed witl 








I ree cast 1in the statistical error 
of counting 
The calibration of the counters used in this work 
has been described by Gonzalez-Vidal. 
b. Iron Targets 
I procedures used for the extraction 
various activities are described in Appendix B. In th 
case of short ved activities the sa nples were deposited 
2 2.3 cm* circular filter disk by the filter chimne 
ethod. JT d ere then mounted on standar 
uminum 01 nd covered with a thin Mylar 
film. 1 mg Che eak activities of Al®® and Cl 
vert ( vel beta-counter™ (backgrour 
0.2 coun 
IV. RESULTS AND DISCUSSION 
Che measured cr ections for the formation 
Be’? and H? j I targets and for the variou 
radio lid targets, are summarized 
Tabl I : EE ectively These data are base 
on value f cro ection for the monitor reactio! 
\l?7(p,3pn)Na™, of 9.3 mb at 225 Mev, and 11 mb at 
300-730 Mev (for d ission, see Benioff’). Corrections 
for the production of Be’? and H* in aluminum present 
in the targets were found to be negligible. Approximate 
Be’? and H’ cr iluminum at our bombard 
1]. Gonz \ t [ versity of California Radiati 
Laboratory R UCRL-8330, Be 1958 (unpublishe 
We are Dr. G Vida ; s to use th 
i. 2. Oe ira, R \\ g W. F. Li Nev. 5 
Instr. 24, 511 (1953 
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ment energies were inferred from the data of Baker 
et al.® and Currie."* The target thicknesses used were 
ess than 1 g cm™ in all experiments except in the case 
f iron targets used for the measurement of cross 
sections for Na*”, Al’*®, and Cl**. The average proton 
track length in these experiments was ca 1.5 cm (ca 
12 ¢ cm”). Isotope production due to low-energy 
secondary neutrons and protons produced in the 
targets can be estimated from the data on the number 
f secondary particles produced in nuclear emulsions 
by particles of different energies (Camerini et al.’®). 
We find that secondary corrections amount to less 
than 2% in most targets and are of the order of 10% 
n the thick iron targets. However, in this case we used 
K® as the internal monitor and the cross sections of 
Na”, Al’*, and Cl** are not expected to be modified to 
any appreciable extent. (Table IT.) 

Uncertainties in cross sections due to loss of radio- 
nuclides escaping the targets because of their high 
velocities of emission are unimportant except in the 
ase of tritium. We have experimentally checked this 
n the case of Be’, where we have measured its cross 
the 1 mm outer disks of organic targets. 
[These agreed with those obtained for the rest of the 
target within the experimental errors of measurements.) 
We have attempted to evaluate the upper limit of the 
fraction of tritons escaping the targets by using the 
energy spectrum of tritons of 2-30 Mev as measured 
by Bailey'® who has studied tritons produced in the 
bombardment of carbon by 190-Mev protons. For our 
targets (0.7-1.0 g cm-?) we estimate that the loss of 
tritons of energy less than 30 Mev is less than 5%. 


section In 


The losses would have been much greater if ‘we had 
not removed the edge 1 mm thickness from the targets.) 
Currie et al.! have measured tritium cross section in 
various targets as a function of depth. They find that 
most tritons produced in the bombardment of targets 
between carbon and lead by protons of 450 and 2200 
15 Mev (range <120 
and corrections in targets of 1 g cm™? thickness 
are negligible. Loss of tritons is probably slightly over- 

mmpensated in our experiments due to a greater 
number of tritons recoiled in from the leading edge 
than those lost from the target, as the beam intensity 
lecreased exponentially inwards with a half thickness 
of ca 1 mm. 


Mev have energies less than 
mg cm 


There exists a possibility of underestimating tritium 
to escape of tritons which have 
energies in excess of 30 Mev, for which the efficiency 


cross sections due 


f retention by the target is poor. If we make the s- 
sumption that the proportion of tritons among protons 
Baker, G. Friedlander, and J. Hudis, Phys. Rev. 112, 1319 
A. Currie, Phys. Rev. 114, 878 (1959) 
/. Camerini, W. O. Lock, and D. H. Perkins, Progress in 
( smi Ray Phys edited by J G. Wilson (North Holland 
Publishing Company, Amsterdam, 1957), Vol. 1. 

’L. E. Bailey, thesis, California 


l 
ws, 


University of Radiation 


Laboratory Report UCRL-3334, 1956 (unpublished). 
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does not vary much with energy, an analysis of Bailey’s 
data in 190-Mev bombardments of carbon shows that 
tritons of energy greater than 30 Mev constitute less 
than 18% of those below 30 Mev. In the results pre- 
sented in Table I, this correction has, however, not 
been made in view of the uncertainty in this calculation. 


a. Be’ 


As seen from Table I, Be’ cross sections are based on 
at least two determinations in most cases. The sta- 
tistical errors can be evaluated from the ten deter- 
minations in semicarbazide at 225 Mev. The standard 
deviation of a single determination is found to be 
+10%. Individual cross section values in multiple 
determinations at a given energy agreed within 20%, 
thus supporting the estimated errors in cross section 
values. The estimated statistical errors are given in 
Table I. 

The only measurement reported in the range of our 
measurement is by Marquez and Perlman,'’ who have 
studied its cross section in the bombardment of carbon 
by 335-Mev protons. Their value of 12 mb has been 
multiplied by 36/41 for later revision of their monitor 
cross section,‘ C®(p,pn)C", and further reduced by 1.2 
mb since they used a value of 10% for the branching 
ratio of 479-kev gamma ray. We have used the value 
of 11% which has come to be more commonly used in 
the literature. The corrected value of 9.5 mb is in 
excellent agreement with our results (Table I). The 
excitation function of Be’ in carbon based on the data 
of Dickson and Randle'* up to 156 Mev, of Baker et al.” 
at 1.0, 1.8, 2.2, and 3 Bev, and of Benioff‘ at 5.7 Bev 
and present measurements, is given in Fig. 1. The 
values of Dickson and Randle'* have been raised by 
11.2% since they have used a branching ratio of 12.3%. 

The elementary cross sections in nitrogen and oxygen 
can be calculated from the data in Table I. They are 
found to be equal to that for carbon over the entire 
energy range studied within 10%. The Be’ cross section 
in all cases seem to increase with energy between 225 
and 730 Mev. This is probably due to an increasing 
contribution Be’? formation by direct knock-on 
processes. 


to 


b. H' 


rhe errors in tritium cross sections are found to be 
larger than in the case of Be’. The standard deviation 
of a single determination, based on the six independent 
cross-section values obtained for semicarbazide target 
at 225 Mev, is found to be +16%. The estimated sta- 
tistical errors are given in Table I. 

The excitation function of tritium in carbon between 
225 Mev and 6 Bev is given in Fig. 2. Our value of 
8.6+1 mb at 40@ Mev is in good agreement with 7.3 
mb obtained by Currie et al.’ at 450 Mev. 

Marquez and I. Perlman, Phys. Rev. 81, 953 (1951). 

18 J. M. Dickson and I. C. Randle, Proc. Phys. Soc. (London) 

A64, 902 (1951). 
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We have calculated the average H* cross section per 
atom for a mixture of 3 nitrogen and 1 oxygen atoms 
using the measured cross sections in carbon and semi- 
carbazide. This gives us the tritium cross section for 
an average atom in the atmosphere. The H? excitation 
function for air is shown in Fig. 2. The calculated points 
at 0.45 and 2.05 Bev (Currie et al.'), 2.2 Bev (Fireman 


and Rowland?) and 6 Bev (Currie) have also been 
included. 

The elementary cross sections in nitrogen and oxygen 
can be obtained at a few energies from Table I. The 
cross section in nitrogen is 16+2 mb at 225 Mev. The 
cross sections in oxygen at 225 Mev, 300 Mev, and 
400 Mev are found to be 1344.5, 19+6 and 36+7 mb, 
respectively. The value at 400 Mev is in fair agreement 
with the value of 28 mb reported by Currie et al. at 
450 Mev. Unfortunately our data do not yield elemen- 
tary H® cross sections in nitrogen and oxygen at 730 
Mev and therefore we have not drawn the excitation 
functions separately for these elements. However, it 
seems that the excitation functions in nitrogen and 
oxygen agree with that for air within 15%, for energies 
2 225 Mev. 


c. Cross Sections in Iron Bombardments 














The various measured cross sections in iron bombard- 
ments at 500 and 730 Mev are summarized in Table IT. 
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The statistical err 1 cross sections are estimat - 
to be about 20°% for e nuclides, Cl and Al**® jj 4 
the rema gv { the errors are small rand expecte 50 
o lie between 10 and 15%. In Table II, we have var 
listed the cro ( yns In Iron at 340 Mey as measur 
by Rud The production cross sections f 
nuclides of i umber less than 44 are seen to 
increasing rap lly energy, the slope being steeper 
for lighter mass numbers in this energy region. However 
the cro sf I ratios for isotopes, e.2., C}38/( 
K#”/K*. are nearly constant at different energies. J 
facts can be sed » ¢ mate the cross section of t 
long-lived re Ci ind Al? at other energ 
where their cro ecti ire not measured. No cr 
section ( f radio-nuclides of chlor 
potassium and sodium « ron in the Bev reg 
and estim of cr ection in this region could | 
based on measureme opper 
An empiri reiatlo has. been developed 
Rudstam” for the prediction of formation cross sections 
a(A,Z), of des in a particular spallation group for 
targets of lying between 50 and 75: 
o(A,Z)=exp| PA—Q—R(Z—SA 
Reference le to Rudstam” for discussion 
paramete Pr. OF &. aS. Ih relation has beet 
how pre ections of various nuclid 
within fa » in general. A study of the ava 
ible cr ection 1 iron bombardments showed tl 
if we confine ves to product nuclides with mi 
numbers between 20 and 45 with values of |Z— SA} <1, a 
a relation of type 1 can be fitted to agree within ca 30 ta 
with the me ured value Most of the cosmic-ray- I 
produced nuclide tudied in iron meteorites fall B 
this criterion 
The parameters be chosen in several different 
i1Vs since the dat ire few: we find that the simples n 
’G. Rudstam, P. C. Stevenson, and R. L. Folger, Phys. R . 
$7, 358 (1952 E 
~G.R i ala, 1956 iblishe 
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way is to use the values of P* and S as given by 
Rudstam™ and determine the values of R and Q. The 
yalue of R which fits the measured values best is found 
to be 1.9 in the case of iron bombardments studied so 
far (340-730 Mev). This can be seen from the yield 
istribution curve, Fig. 3, where we have plotted 
no—PA+Q0 vs (Z—SA). The measurements of 
Schaeffer and Ziahringer® of cross sections* of argon 
isotopes, A***785.% in iron at 430 Mev have been 
included. The values of Q based on R=1.9 are 9.39, 
641, 6.14, and 4.06 a: 340, 430, 500, and 730 Mev, 
respectively. 

rhe yield distribution curve based on the value of 
R=1.37, which was found by Rudstam” to give the 
best fit for all product nuclides in iron spallations at 
340 Mev, is shown by the dotted line in Fig. 3. Whereas 
this is indeed the best value for representing cross 
sections for nuclides over a wide range, it leads to a 
serious underestimation of cross sections of nuclides 
Z—SA} <1. A similar situation 
is observed in the spallation of V, Mn, Co, and Cu at 


various energies'?~2!.?5; 


f mass 20-45 with 


; the cross sections of nuclides 














ic. 3. The yield distribution of nuclides produced in 


iron spallations 


2D. W thesis, University of Califernia Radiation 
UCRL-3793, 1957 (unpublished). 

® The value of S used is 0.472, P is found to be independent of 

mass and only energy dependent. It can be expressed by 


10.2 | 100 Mev<E<5.7 Bev. E is 
The value P at 5.7 Bev was measured by 


Barr, 


Mey 


xpressed ir 


Barr (see reference 21 


%Q. A. Schaeffer and J. Zal Z. Naturforsch. 13a, 346 
1958); Phys. Rev. 11, 674 (19 

4 A and A® cross sections have been reduced by 0.6 and 0.1 
nb to take into account the contribution from decay of C8, K%8, 
and C}*, respectively 

**G. Friedlander, J. M. Miller, R. Wolfgang, J. Hudis, and E. 


27 (1954 
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close to stability, e.g., P®, Na’, Na”, Ti*®, are under- 
estimated by 50-100% when the value of R used is 
that obtained from a best fit for all nuclides. 

Summarizing, the formation cross sections of nuclides 
in iron spallations for nuclides which fal] in the range, 
mass number 20-45, |Z—SA|<1, can be described 
fairly accurately (e=0.3)?6 by relation 1, with S=0.472, 
R=1.9, and P=10.2 E~°-®. The values of Q have been 
given for 340-730 Mev. At other energies it can be 
calculated by equating the total isobaric cross sections 
to the inelastic cross section for the target, o;. 


e~°S Po ;(R/m)'Lexp(PA:)—exp(PA,/2) }". (2) 


A, is mass of the target. 
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APPENDIX A. CALIBRATION OF 
COUNTING INST® UC TENTS 


The calibration of the gar spectrometers and the 
methane proportional bet. -ounter was done by two 
independent methods: (1) Two I'* sources were pre- 
pared on thin zapon film and calibrated®’ on a 4m beta 
counter. The sources were mounted on the standard 
aluminum supports used and counted for their gross 
beta activity, and the 364 and 284 kev gamma radi- 
ations in the photopeak, under the conditions empioyed 
for the sample counting. This provided an absolute 
calibration for the mixed beta radiation of I'*! (87.2%, 
Enax0.61 Mev), and the photopeak efficiency for ~360- 
kev gamma radiation. Absolute photopeak efficiencies 
for other gamma energies were then calculated using 
the relative intrinsic photopeak efficiencies measured 
by Lazar et al.2° for the two NalI(TI) crystals used 
(beveled 3 in.X3 in. and cylindrical 1 in.X1 in.). 

(2) The absolute activity of an artificial Na™ source 
prepared by bombarding an aluminum foil (6.52 mg 
cm~*) was determined by the beta-gamma coincidence 
technique. Its beta activity and the counts in the 1.39- 
Mev photopeak was then measured under conditions 
similar to that employed for sample counting. This 
provided an absolute calibration for 1.4 Mev and the 


6 ¢ is the root mean square error of the logarithm of the pre- 
dicted and observed 

27 We are grateful to Mr. M 
calibration work. 

28 N. H. Lazar, R. C. Davis, and P. R. Bell, Nucleonics 14, 52 
(1956). 
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Blaine for doing most of the 
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photopeak efficiency for the 1.39-Mev gamma 
radiation. 

The counting efficiencies obtained by the two 


methods agreed within 4%. 


APPENDIX B. CHEMICAL SEPARATION AND 
COUNTING OF RADIO-NUCLIDES 
FROM IRON TARGETS 


1. Short Lived Activities 
Chlorine 


The iron foil was brought into solution by the 
addition of dilute sulphuric acid (1:3) (or in 1M CuSO, 
solution), and treated with 3M HNO; 17 mg chlorine 
carrier was added. Silver chloride was precipitated with 
an excess of AgNOs, filtered, dissolved in NH,OH, and 
reprecipitated using excess nitric acid. The precipitates 
were dissolved in NH,OH*and the solution passed 
through 5 ml of iron-hydroxide-dispersed cation ex- 
change resin column (Dowex 50) in the ammonium 
form (Merrill et al.”). Silver chloride was precipitated 
from the effluent, deposited on a filter disk, washed 
with alcohol, dried, and counted. The chemical yields 
were greater than 90%. 

The samples were counted on a beta counter and a 
gamma spectrometer over a period of about 6 hr. Cl*® 
and Cl*"+Cl** activities were separately determined 
from the decay curve of gross 6 activity. Cl® activity 
was also determined from the counts in the photopeak 
at 246 kev (44.7%). The gross decay curve of the counts 
in the photopeak around 1.6 Mev was analyzed using 
the Biller plot® to resolve the counting due to the 
1.6-Mev gamma of Cl®§ (31%) and 1.52-Mev gamma 
of Cl® (41.3%). Thus Cl® activity could be determined 
in three ways and Cl** in one way. The Cl*™ activity 
was determined by subtracting Cl** from the total 
Cl*"+ Cl*§ activity measured by beta counting. 


Potassium 


Four mg potassium carrier was added. The filtrate 
from the first precipitation of AgCl was treated with 
HCl to remove excess Agt. Iron (III) was extracted 
with isopropyl ether from the 8M HCI solution of the 
sample, and excess acid was evaporated from the 
aqueous layer. A small excess of NaOH was added and 
precipitates were removed. The potassium salt was then 
precipitated by the addition of sodium tetra-phenyl- 
boron (Flaschka*!) in the presence of formalin and 
Mg-EDTA. The precipitates were collected on a glass 
filter and passed through the filter by dissolving in 
acetone. The filtrate was warmed and acetone was 
evaporated by an air stream. The white crystals were 
deposited on a filter disk and dried for counting. The 
J. Merrill, M. Honda, and J. R. Arnold, Anal. Chem. (in press) 
%*W. Biller, thesis, University of California Radiation Labo 
ratory Report UCRL-2067, 1953 (unpublished); A. C. Wahl, 
Phys. Rev. 99, 730 (1955). 

31H. Flaschka, Z. anal. Chem. 136, 99 (1952). 
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chemical yields (70-90%) were determined gray 

metrically. The activity of the potassium sample wa; | 
followed on a beta counter for 10 days and the Col 
tributions of K® and K* were determined by th 


Biller’s plot method 


Beryllium 


The chemical procedure was similar to the one used | 
by Baker et al.® After an anion exchange and a, 
acetylacetone extraction, the beryllium oxide wa 
obtained, and counted in the gamma spectrometer fo; 
the 479-kev gamma ray in the photopeak. The chemica 
yield was 81% as determined gravimetrically. 


Sodium 


One mole of NaOH was added as carrier. After a 
iron extraction step by isopropyl! ether the solution wa 
made to 10M HCl and passed through an anion ex. 
change colt 
the 


solution by b 


imn. Fe(OH); scavenging was performed o1 
effluent. NaCl was then precipitated from th 
bbling HCl gas in the water-acetone (1:1 
Barr 


solution 


to be 70% by the 


Che chemical yield was determined 
Mohr’s volumetric method. The Na 
activity was determined by counting on a gamma 
spectrometer in the 1.28-Mev peak and also by § 
counting. 


Manganese 


Six mg of manganese carrier was added along wit! 
holdback carriers of Co and Cr. Mn(OH), was re- 
peatedly precipitated in HCl) and alkaline 
(NH,OH he addition of NaClO,; (Barr 
HO», re spectively. The chemical yields were Ot 
and 90% as measured by the EDTA titration method. 

The Mn®™ a tivity was determined by. counting the 
0.73-Mev gamma ray in the photopeak. The sampk 
was found to have V*8 impurity. The Mn® activity was 
counted after a period of about 3 months in the photo- 
peak of 0.85 Mev 


ac idic 
solution by t 


and 


2. Long Lived Activities, Al’® and Cl*® 
Cl} 


< iron target was dissolved in dilute H»SO, 
1 reflux condenser after adding 35 mg 
of chloride Carrier and a 
AgCi was r peated described earlier 
The ammoniacal solution of AgCl was passed throug! 
a 10 ml of a cation exchange column in NH,R form to 
\g(NH Che 
through 7 mi of 
HC] 
addition of NH,OH (excess 
NH,Cl ed by 


still contaminated to a small extent. The chloride salt 


rystal of copper sulphate 


y precipitated a 


remov' 
pa ssed 


column. 


filtrate was concentrated and 
HR cation 
was evaporated after the 
to obtain NH,Cl. Pure 


sublimation. The sample was 


form exchange 


The filtrate 
was obtat 


1 Ix ] 
Was dissolved n 


water, passed through a cation ex- 
change column and 34 mg of NH,Cl was recovered by 
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the sublimation process. Its beta activity was measured 
on a low-level counter (this sample is designated Cl-1). 

A second purification of the sample was carried out 
by passing through a 15 ml anion exchange column 
Dowex 1) in nitrate form. The column was eluted by 
5M NaNO; solution acidified to pH=3 (Rieman and 
Lindenbaum). The elution curve of Cl- was obtained 
by argentometric titration by using a fraction collector. 
The AgCl precipitates in different fractions we recol- 
lected on filter disks after acidifying to dissolve chro- 
nate which was used as an indicator. The specific 
activity of Cl in the three major fractions obtained 
agreed within the experimental errors of counting 
(ca 10%) (Cl-2). 

A third purification of the sample was carried out by 
repeating the cation exchange and sublimation steps 
(]-3) ; the measured disintegration rates of the samples 
were 14+0.6 (Cl-1), 1641.3 (Cl-2), and 1741.0 (Cl-3) 
disintegrations/min after correcting for the chemical 
yields. 


Al?6 


The targets were dissolved in HCl by passing HCl 
gas. Iron was oxidized to Fe*+ by adding H.O:. 53 mg 
equivalent Al,O3; of aluminum carrier was added in 
each sample along with Be, NH,* and Cs carriers. Iron 
was removed by the isopropyl ether extraction from 
8M HCl sample solution. The aqueous layer was 
evaporated to dryness. The residue was extracted in 
sodium acetate solution. Sodium tetraphenyl-boron was 
added with a few mg of NH,* to precipitate potassium 
fraction. The filtrate was treated with NH,OH to 
precipitate the hydroxides of Be, Al, and others. 
Acetone was used to remove excess ammonium tetra- 
phenyl-borate in the hydroxides. Aluminum was sepa- 
rated by 1M NaOH in solution and the hydroxides 


2W. Rieman, III, and S. Lindenbaum, anal. Chem. 24, 1199 
1952). 
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were precipitated from nearly neutral solution. A 9M 
HC! solution of the sample was passed through an 
anion exchange column in the RCI form. The ice cold 
ether-HCl solution of the sample was saturated with 
HCI gas and AICl;-6H.O was separated in the form of 
white crystals (Gooch’s method). 

The chloride was dissolved in water and a mixture of 
holdback carriers, Zn, Cu, Ni, Co, Fe, Mn, Cr, and V 
(a few mg each) was added. 

(1) Hydroxides were precipitated by adding am- 
monia in the presence of H»Oz and dissolved in a hot 
HC! solution. An excess of NaOH was added and 
aluminum was separated. (2) The chloride was pre- 
cipitated by Gooch’s method. (3) The aqueous solution 
was passed through a 30 ml cation exchange column in 
the HR form. 0.4M oxalic acid was used to elute 
aluminum (Merrill et al.2°). 1-3 column volumes of the 
effluents were treated with sulphuric acid and the 
oxalic acid was decomposed by heating. (4) Copper 
sulphide scavenging was performed in the 0.3M HCl 
solution. (5) About 10 mg of Sr carrier was added and 
SrSO, removed from the acidic solution. (6) The solu- 
tion was made to 10M HCl and passed through an 
anion exchange column. 

Purification steps 1-6 were repeated once and steps 
1, 2, and 3 were repeated several times. The chemical 
yields in the two targets analyzed were 7 and 21%. 
The latter sample was counted for its beta activity on a 
low-level counter (Al-1). Two samples were combined 
(Al-2) and purified by steps 1, 4, 5, and 2, after the 
addition of hold back carriers. The sample was counted 
and purified again by steps 3, 4, 1 and 2 (Al-3). 

The measured disintegration rates of the three 
samples Al-1, Al-2, and Al-3, were 2.90.6, 1.70.2, 
and 1.7+0.2 dis/min per 10° dis/min K*, respectively, 
after correcting for chemical yields (the aluminum 
content of the iron target was found to be ca 0.01%). 
The results of Al-2 and Al-3 were used for the cross- 
section calculations. 
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The production rates of radioisotopes P®, P%, and S* in argon, 
and of Be’ in oxygen have been measured by exposing argon and 
water to cosmic rays at mountain altitudes for periods of two to 
four months during 1959. The measured values at \=51° N 
atmospheric depth 685 g cm™ are 7.6X10~°, 6.2X10~*, 1.410 
atoms(g argon sec! of P®, P%3, and S*, respectively, and 
9.0X10-* Be’ atoms(g oxygen) sec”. 

Isotope production rates for all regions in the atmosphere have 
recently been calculated by Lal et al. The measured production 
rates are higher than the calculated rates by factors of 1.1, 1.8, 
1.4, and 1.8 in the case of radioisotopes Be’, P®, P%, and S* 
respectively. In this comparison, account has been taken of the 
fact that cosmic-ray intensity has decreased by about 15% since 
1948, the time period to which the calculations apply. The meas 
ured production rates in oxygen are assumed to apply to air sincé 


I. INTRODUCTION 


1 


HE use of short-lived isotopes produced in the 

atmosphere by cosmic radiation in the study of 
meteorology requires a knowledge of their production 
rates as a function of position in the atmosphere. Lal 
et al.! have calculated the rate of production of four 
such isotopes (P*, P*, $5, and Be’) which are produced 
in the cosmic-ray ‘induced spallation of atmospheric 
argon, and nitrogen and oxygen, respectively. The 
relative variations of production rates of isotopes in 
the atmosphere were based on the variation of stars of 
particular sizes in which they are produced. Fortu- 
nately, this information could be obtained fairly ac- 
curately since extensive experimental data on stars and 
neutrons are available at several latitudes and altitudes. 
However, relevant cross sections for the formation of 
isotopes in N, O, and A targets were not available, and 
the absolute production rates of the isotopes had to be 
partly based on the general features of nuclear spal- 
lation systematics. The absolute star production rates 
were obtained by normalizing at \=50° (geomagneti: 
latitude) and atmospheric depth 680 g cm~? where the 
rate of production of stars in nitrogen and argon has 
been measured.? These data had to be corrected by a 
factor of about inefficiency of the 
used for the detection of small stars. In 


2 because of the 
instrument 
view of these uncertainties, it was therefore considered 
important to measure absolute isotope production rates 
at some point in the atmosphere. 


We have now measured the natural production rate 


of the radioisotopes P®”, P*, and S* in argon and of Be’ 


* On leave from the Tata Institute of Fundamental Resear 
Bombay, India 

1T). Lal, P. K. Malhotra, and B 
Terrest. Phys. 12, 306 (1958 

2W. W. Brown, Phys. Rev., 93, 528 


Peters J Atmospheri il 


1954 


ineering, University of California, La Jolla, California 
cross sect s to } I have been found to be the Same 
in nitrogen ar | ox ygen over most of the ene rey region of interest 

rhe procedure us« y Lal et al. yields a fairly accurate pictur 
of the variation in pro tion rates with altitude and latitude j; 
the atmosphere sotope production rates in all regions of th. 
atmosphere ca ybtained by normalizing thej 
calculations at the p : re our measurements have bee 
made. The calculate duction rates of thes« isotopes in the 

yposphe tosphere corresponding to observe 
cosmic-ray intensit ng 1948-49, are given. The available dat 
on th I trat {f the isotopes in rain-water and their 
average eal 10 ites are pared with their revise 

ction rates. Fr h a comparison, more definite co 

clusions car r iwn thar therto possible in view of the more 
iCc¢ i 4 al > 
in oxygen by exposing argon and water at two mounta 
altitudes for periods of two to four months 

The new estimates for isotope production rate 
which are believed to be correct within +25%, ar 
compared with tne Va lable geochemical data on their 

II. EXPERIMENTAL DETAILS 
A. Exposure 

Water w exposed in plast swimming pools at 

Mt. I \=51°, 610 g cm ind at Echo Lak 


*) 


(A= 51°. 685. 2c Colorado, U. S. A. Details are 


given n Table I Vater was first decontaminated of it 
natural Be’ content by passing it through a 2-liter 
column of Dowex 50 in the HR form, or by a ferr 
hydroxide preci} Che degree of decontaminatio 
was not checked experiments 41V and OI’. In experi 
ment 5W the water from the pool in experiment 4H 
A ed r | ' Dowex 50 colum 
The a of Be’ w measured in the column. I: 
this experi the amount of Be? present in the po 
at the time I exp ire known to be less than 2° 
of that observed at the end of exposure. The amount 
of Be’ activ ty ton g of water) found in expr riments 
1H and 6W was about 2 and 6 times higher than that 
found in 5W, showing incomplete decontamination for 


our purpost 
filled wit 


Standard e (1A) argon tanks were 
argon to about 150 atmospheres and then exposed at 


relevant details of the 


Mt. Evans and Echo Lake. All 


exposure 


The inside Walls of t 


tanks were coated with polystyrene (~3 mg cm 

ifter m« cle by sand blasting. About 
500 cc of polystyrene solution in toluene was first 
poured nto the tank ind the exces solution was 
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Taste I, Swimming pool exposure details. (Diameter of pool ~1.5 meters.) 
Initia] 
average Initial Final Wt. of 
Location depth of wt. of wt. of carrier 
Expt. ol water water water Period of exposure added 
No. exposure (cm) (kg) kg) (1959) (mg BeO) 
4W Echo Lake 23 420 395 March 19-June 22 150.2 
SW Echo I ake 23 395 370 June 23-August 25 150.2 
6 Mt. Evans 25 460 245 June 24-August 26 150.2 


drained off. To ensure uniform coating the cylinders 
were rotated slowly while they were dried by a stream 
of dry air. A violet dye in the polystyrene solution 
permitted visual inspection of the completeness of 
coating. Two coats were usually necessary. One atmos- 
phere of air’ was left in the cylinders, to ensure that 
the phosphorus and sulfur atoms formed oxides rather 
than complex organic compounds on chemical inter- 
actions with the coating of the wall. 

In order to determine the amount of radioisotopes 
produced in the interactions of cosmic rays with the 
wall of the cylinder, 
exposed \ Fable IT). 


an empty cylinder was also 


B. Chemical Extraction of Beryllium, Phosphorus 
and Sulphur from Targets 


(1) Beryllium 


Water was passed through two cation exchange 
50W-X8) in parallel. The columns 
were eluted by 3 liters of 34 HCl. Hydrogen peroxide 
was added to the effluents and excess HCI was neutral- 
zed by bubbling NH; gas. Iron and beryllium hy- 
droxides were precipitated at pH=7-8. The hydroxides 
were separated and dissolved in 8M HCl. Iron was 
extracted by isopropy! ether. Radiochemical purifi- 
cation of beryllium was carried out using the solvent 
extragtion method developed by Merrill et al.‘ 


columns (Dowex 


(2) Phosphorus and Sulfur 


\rgon gas was passed through two bubblers (Pyrex 
filter sticks) containing approximately 1M NaOH and 


PaB.e II 


Location 


(Argon tank exposure details. (Approximate weight of an 


0.1% KMnQO, solution in water and one bubbler con- 
taining approximately 1.5M@ HNO, and 0.1% KMnO, 
solution in water. Hereafter we will denote these 
bubblers as alkaline and acidic bubblers, respectively. 
Carriers of phosphorus (KH2PO,) and sulfur (H2SO,) 
were added to the solutions. The bubblers were ar- 
ranged in series. The bubbling rate was approximately 
5-10 liters a minute. At this rate the size of the bubbles 
was the order of 1 mm. 

After the gas had been passed, the wall of the 
cylinders was washed first with an alkaline solution 
(NaOQH+KMn0,) containing phosphorus and sulfur 
carriers (alkaline wash). The polystyrene film was then 
stripped off by dissolving it in a solution of 0.5% 
‘“Hyamine” = (p-diisobutyl-cresoxyethoxyethyl — di- 
methylbenzylammonium hydroxide, a quaternary am- 
monium Packard Instrument Company) in 
toluene. This precaution was taken in order to avoid 
any chance of reaction of phosphorus and sulfur oxides 
with the steel walls. The carriers were extracted from 
the toluene wash solutions by shaking with 0.05M 
NaOH solution and (Bromine was 
added to improve the separation of organic and aqueous 
layers and for oxidation of trace species.) 

ferric hydroxide precipitations were carried out in 
the bubbler, alkaline wash and the aqueous extract of 


base, 


some bromine. 


toluene wash solutions. Radio-chemically pure mag- 
nesium-ammonium phosphate was extracted from the 
hydroxides using the technique of Marquez and Costa,°® 
and then ignited to Mg»P.O7, and deposited for 
sulfate extracted from the 


filtrate in the hydroxide step, and converted to sulfur 


counting. Barium was 


empty tank =49 kg. Average wall thickness ca 5 g/cm?.) 


Initial wt. Final wt. 


Expt No. of of of exposure of argon of argon 
No tanks exposure 1959 kg) (kg) 
1A 1 Echo Lake March 19-June 24 12.8 11.4 
2A 2 Echo Lake March 19-July 7 25.6 25.0 
{ Echo Lake March 19—June 23 
3A * and plus 25.6 24.2 
| Mt. Evans June 23—August 25 
4B 1 Echo Lake July 7-August 25 Empty 
() tl va he poly t ene ] 
We are indebted to Dr. W. I. Libby for this suggestion 
‘J. R. Merrill, M. Honda, and J. R. Arnold, Anal. Chem. (to be published 


L. Marquez and N. L 1038 (1955) 


Nuovo cimento 2, 


Cy sta 
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TABLE III. (P®-+ P*) counting data 


————— | 















Carrier Carrier 
added recovered Area of Net counting rate 
Expt. Mg2P20;eq. Mg2P20; deposit (counts/min) 
No. Sample (mg) (mg (cm?) and date (1959) 
Ist alkaline bubbler* 102 69.0 g 0.05+0.04 June 27 2 
2nd alkaline bubbler 102 15.2 8 0.06+0.04 June 2! 
1A {acid bubbler» 102 75.0 8 0.01+0.05 July 1 
alkaline wash® 102 84.0 10 1.56+0.13 June 27 
{toluene wash4 102 Sample lost 
(1-4) alkaline bubbler 408 265 15 0.14+0.05 July 13 
4 alkaline wash 30.6 10.3 17 1.38+0.06 July 9 
a 14.3 8.4 2.13+0.08 July 10 
{toluene wash 102 46.4 10 0.17+0.04 July 12 
alkaline bubbler 204 173.8 7 0.02+0.03 September 13 
alkaline wash 15.0° 38.0 20 1.06+0.06 September 3 
34 } 21.6 21 0.43+0.03 September 15! 
toluene wash 102 83.4 7 0.08+0.03 September 13 
lacid wash of uncoated tank 102 117 20 0.03+0.02 September 21 
4B alkaline wash 204 175.8 7 0.10+0.03 September 132 
toluene wash 102 83.0 7 0.02+0.03 September 13 F 
* Alkaline bubbler refers to bubbler containing NaOH (1M) and KMn0O, (0.1%) solution. N bers refer to first and second bubbler in 
Acid bubbler refers to bubbler containing HNOs (1.5M) and KMn0O, (0.1 solution ¢ 
© Alkaline wash refers to washing of inside tank surface with solution of NaOH (1M ol 
4 Toluene wash refers to washing of inside tank surface with solution of Hyamine in toluene to 
¢ The amount of Mg2P2O7 recovered was 114.1 mg. Extra phosphorus arose from contar tior “s 
! Deposited on Lucite sample holder; the rest were mounted on copper holders 1 
« Counted on counter B; other sampies were counted on counter A ; 
no 


which was deposited for counting by sublimation (Goel 


natural K® (KCl 


The counting efficiencies for P® 


et al.®). and P* were obtained by an interpolation. " 
Several reagent blanks of phosphorus and sulfur were P 
C. Counting of Samples prepared to check on the contaminations from natural 7 
The 479-kev gamma radiation of Be? (11%) wa and fission activities. The sulfur and phosphorus blanks * 
“KC Le é aqdiail as °° - ~% » 
; ‘ : showed a positive but small activity of 0.02 net counts 
measured in a mercury shielded gamma spectrometer ; a 42s , : ; fe “ 2¢ 
. nap a as Segara epioh min. The individual rates ranged from 0 to 0.05 
employing a NaI(Tl) (2-in. diameter) well crystal. The ite fonts 
is . a inmate co S in. 
background in a channel comprising about 75% of the th 
photopeak was 6 counts/min. The counting was carried III. RESULTS AND DISCUSSIONS CC 
out on a 100 channel analyzer (R.I.D.L.). The _ ehh S Po. W 
counting efficiency in the photopeak was experimentally he chemical yield of beryllium in experiment sit 0 
g I I I 
Peet a “ : s fe e 766 ‘able I). The -groun 
determined to be 17.8+0.9% by counting a Be? source Was found to be 76% (Table I). The background and h 
calibrated by two independent methods.’ the sample were counted alternately for a period of a 
= ¢ 4 : ro ¢ 70 h ce "Ty re ee caine : fF the 
rhe beta counting of phosphorus and sulfur activities about 70 hours. The pulse-height distribution of the . 
a A + ectinte acreed well atl } sume < 
was carried out on a low-level beta-assembly* employing et activity agreed well with that obtained for an € 
2 : : : : 9 ihe ee ? coven - ' _ a 
a cylindrical thin-wall (window thickness ~1 mg cm~2) ttificial Be’ sample. The total counting rate in the c 
= a Tr . mak wac f ( > Os ) c . 
counter. Two counters were used. Their background Photopeak was found to be 1.10.12 counts/min. n 


counting rates were 0.25 (counter A) and 0.35 (counter 
B) counts per min, respectively, when used inside an 
8-in. steel shielding and operated in anticoincidence 
with cosmic-ray guard counters. The samples were 
mounted on either Lucite or copper split cylindrical 
halves. Background counting rates were always taken 
with the supports before samples were deposiied. 

The counting efficiencies under the conditions of 
sample mounting were determined for S*, Co™, Cs!*7, 
TP standard solutions supplied by the National 
Bureau of Standards (specified accuracy, +2-3%) and 

6 P. S. Goel, N. Narsappaya, C. Prabhakara, Rama, and P. K 
Zutshi, Tellus 11, 91 (1959). 

7M. Honda and D. Lal, preceding paper [Phys. Rev. 118, 1618 
(1960) | 


8T. T. Sugihara, R. L. Wolfgang, and W. F. Libby, Rev. Sci 
Instr. 24, 511 (1953). 


The details of the chemical yields, and net counting 
rates of phosphorus and sulfur activities are sum- 
marized in Tables III and IV, respectively. The 
chemical yield of phosphorus is not known in the case 


of experiment 3A because of contamination of stable 
phosphorus which is believed to have come from the 


sand (and wall) in the 
polystyrene. Due to an oversight, the tank was not 


tank which was not coated with 
cleaned in this case. The chemical yield in this case 
was assumed to be 85%. This uncertainty, of course, 
does not affect the measurements of the ratio P*/P™. 

Tables III and IV shows that 
most of the phosphorus and sulfur activity appears in 
wall of the tanks. The amount 
| 


An examination of 


alkaline washings of thi 


of activity in bubblers and in the toluene wash of the 


tank ranges between 0 and 10% of the activity found 
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TABLE IV. S* counting data. 


Carrier added 


RATES OF Be? IN O 1629 
Wt. of S Area of Net counting rate 
deposited deposit (counts/min) 

(mg) (cm?) and date (1959) 

3.5 4.9 0.03+0.02 July 17 

4.6 4.9 0.01+0.04 July 18 


Other samples were lost 


Expt S eq. 
No. Sample (mg) 
1A acidic bubbler 15.5 
alkaline wash 15.5 

alkaline bubbler 31.0 

2A {alkaline wash 62.0 
toluene wash 31.0 

alkaline bubbler 62.0 

34 jalkaline wash 62.0 

os toluene wash 62.0 
acid wash of uncoated tank 31.0 

4B alkaline wash 62.0 
ad toluene wash 62.0 

® Counter B 


in the alkaline wash of the tank walls. Within the errors 
of counting, on'y the activity in the toluene wash seems 
to be significant. We have, therefore, neglected the 
activity in the bubblers in our calculations; this does 
not introduce an error of more than 5%. 

A very small activity in the blank cylinder is found 
in the case of S* and P® activities. The observed activi- 
ties are of the order found in blank samples, except in 
the case of phosphorus activity in the alkaline wash. 
If this counting rate is taken seriously, the contribution 
to P® production from the wall amounts to less than 
2% of that found in argon. 

The counting rates given in Table III are due to both 
the phosphorus activities P® and P*. Their individual 
contributions were estimated by counting the sample 
with and without absorbers (10, 25, and 50 mg cm~?) 
over periods of 2-4 half-lives of P®. The activity of P® 
has been obtained from counting rates with external 
absorbers. (The soft beta radiation of P®* is strongly 
absorbed). The counting rate due to P® has been 
estimated in two ways: (a) by subtracting the estimated 
counting rate of P® from the total counting rate with 
no absorber, and (b) by following the gross decay curve 


TABLE V. The ratio 


Estimated individual 
counting rates from 
absorption measurements 


Sample No. (counts min) 


wt. of Mg2P20;) p2 ps 
1A (84 mg) 1.32 0.24 
2A (14.3 mg) 1.8 0.33 
2A (10.3 my) 1.12 0.26 
2A (combined) (21.6 mg) 0.2 0.09 
3A (38 mg) 0.80 0.26 
3A (21.6 mg) 0.31 0.12 


*W. Biller, thesis, University 
99, 730 (1955). 
”W. F. Libby, Phys. Rev. 103, 1900 (1956). 


of California Radiation Laboratory 


14.2 4.9 0.06+0.04 July 19 

33.0 9.8 0.39+0.04 July 19 

23.8 4.9 0.10+0.04 July 20 

18.1 4.9 0.01+0.02 September 16° 
30.2 9.8 0.48+0.03 September 17 
20.7 4.9 0.06+0.03 September 17* 
7.2 4.9 0.02+0.03 September 21 
29.6 4.9 0.06+0.03 September 13* 
24.7 4.9 


0.00+-0.03 September 17 


of the composite activities with no absorber. The 
analysis was carried out using Biller’s plot method.® 
The counting rates assigned to P* and P® are sum- 
marized in Table Y. In these calculations, the absorp- 
tion coefficients for these activities were calculated 
using the relation, 0.693/u=t;=38E'-, given by Libby” 
for cylindrical geometry; uw and # are the absorption 
coefficient (cm? mg~) and half thickness (mg cm~*) for 
Al absorbers. The validity of this relation was con- 
firmed by us for Tl? and Cs’ beta radiations. The 
half thickness for vinyl acetate absorbers was found to 
be 10% higher than that for Al absorbers. 

The calculated ratio of the production rates of P® 
and P® taking into account the counting efficiencies, 
self absorption in the sample and the duration of 
exposure, are given in the last column of Table V. The 
agreement between different determinations is good 
considering that the counting rate due to P® is small 
compared to that due to P®. The mean value of the 
ratio is found to be 0.82 with a measured standard 
deviation of 0.17. 

The calculated rates of production of the various 
isotopes at Echo Lake, A=51° N, atmospheric depth 


P#/P® at production. 


Estimated counting 
rate of P® using 





Biller’s plot Ratio 
method Date Pp /P2 at 
(counts/min) (1959) production 

vee June 27 0.90 

0.30 July 10 0.60 

0.25 July 9 0.72 

vee August 27 0.77 

0.35 September 3 1.09 

0.12 September 15 0.81 


0.82+0.17 


Mean value 


Report UCRL-2067 (unpublished); A. C. Wahl, Phys. Rev. 
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raster VI. Measured rate of production of isotopes in oxygen and argon at \=51°, 685 g cm 
Production rate, atoms| g target (O or A Se 
Nuclide Expt. No. Measured rate Mear Calculations of Lal et al. 
Be? Su 0.90 10 0.90 10 0.98K 10° 
2A 1.3710 he < 
S 34 1.40 10-5 1.4 X10 0.88 10 
- 1A 0.74 10-5 
2A 0.79 10 0.7610 0.48 1075 
3A 0.74X10~° 
ps 1-3)A (see Table 6 0.62 10 0.52 10-5 
685 g cm™ are summarized in Table VI. The ratio of — by mesons is 6% of total; the contribution to isotop 


isotope production rates at Echo Lake and Mt. Evans 
was taken to be 1.62 (Lal et al.'). According to this 
ratio, we find that 66% of the observed S® activity was 
produced in the exposure at Mt. Evans. The close 
agreement between the results from experiments 24 
and 3A (Table VI) in fact support the value used for 
the relative isotope production rates at 
locations. 

The production rates have been corrected for the 
small absorption of the isotope-producing component 
in the target, and the covering materials, including the 
roof (1-in. wood+;)g-in. Al) below which the argon 
tanks and the swimming pool were stored. The ab- 
sorption of the star producing radiation in condensed 
matter has been reported by several authors 
In particular the absorption half-thicknesses 
in carbon, ice, aluminum, and lead have been reported 
We have obtained the absorption coefficients in argon 
and steel (tanks) by assuming an A! dependence. The 
corrections amount to +6% and + 17, in the case of 


the two 


{see 


Rossi! 


water and argon exposures, respectively. 

Exposure in condensed matter on a mountain differs 
somewhat from the actual case of isotope produc tion 
in free atmosphere. There exists a possibility of over- 
estimating the production rate due to disintegrations 
produced by fast + mesons, and capture of negative 
m@ mesons at rest. mesons are more numerous than in 
the case of free atmosphere for two reasons: (a) fast 
m mesons produced in the condensed target and sur- 
rounding materials produce disintegrations; in the 
atmosphere they mostly decay since the interaction 
mean free path in air (in cm) is very large; (b) slow 
m- mesons produced in the surface rocks and sur- 
rounding materials may lead to isotope production. 
The production frequency of fast + mesons in nuclear 
disintegrations and the capture rate of slow m~ mesons 


at mountain altitudes have been studied (Camerini 


et al.”; Barton et al."). From these data we estimate 
that the upper limit of nuclear disintegrations induced 


1B. Rossi, High-Energy Particles 
wood Cliffs, New Jersey, 1956 

2U. Camerini, W. O. Lock, and D. H. Perkins, Progre in 
Cosmic-Ra‘ Physic edited by J G. Wilson (North Holland 
Publishing Company, Amsterdam, 1957), Vol. 1. 

3 J. C. Barton, E. P. George, and A. C. Jason, Proc. Phys. Sox 
(London) A64, 175 (1951). 


Prentice-Hall, Inc., Engl 


production seems to be less than 1% under the con- 


ditions of the ¢ kperiment 


IV. ISOTOPE PRODUCTION RATES IN 


THE ATMOSPHERE 

Isotope produc tion rate in different regions of the 
atmosphere can now be obtained by normalizing the 
calculations of Lal et al vith the measured pro 
duction rates at A=51° and a mospheri depth 685 g 
cm~*. Our measurements have been made during 
pe riod of hig! unspot activity The cosmi ray in- 
tensity exhibits a long term periodic variation opposite 
in phase to thi lar sunspot activity. During the 
period of yosure ( nspot activity was unusually 
high, and the cosmic-ray intensity was therefore very 
ow. ( e isotope production rates with time 


can be estimated from the observed variations of the 


slow neutron component. The neutron intensity 


" dec rea ed by 
to mid-1959." The calculations of Lal 
e pt riod 1948 since they are based or 


Climax, Colorado (A=48 
1954 


refer to tl 


620 g cm 


et al 
the measurements of latitude effect of neutron intensity 
during 1948. By 
comparing the sun pot activities during these periods 
(1948 1959) we ect] 
during 1948 should have been higher than during 1959 
by about 15% Taking this into account, we find that 


at 312 g cm measured by Simpson 


mate that isotope production rates 


in order to agree with our experimental observations 
the calculated values of Lal et al.! should be multiplied 
by 1 OO, | 82 | 37 | ] 83 n the case of isotopes Be’, 
P : P ind S respe vely 
\ VII. G t ’ 
I rr Tota 
Be 1 0 8.0 10 2.4X 108 
P l 0 8 010 2.4104 
P 1.310 6.6X 10 2010 
5 1.5 104 4.210 
\ve spnere 
Be’/] 100: S | 1.8 p3/p ().82 
'y.A.3 Sor I ite ymmunicatior 
J. A. Simpson, PI Rev. 83, 1175 (1951 
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TaBLeE VIII. Observed and expected deposition rates of Be? 


1956 
Be’ deposition rate (atoms/cm? yr) 4.8X 105 
p® deposition rate (atoms/cm? yr) 


3.1 108 
Minimum ratio, Be’?/P® in rains ae 


[The measured isotope production rates agree well 
with those calculated by Lal et al. in the case of Be’ 
and P*, but are appreciably higher in the case of P® 
and S**. The agreement in the case of Be’ was expected 
as its yield per star was estimated to be 4.2% based 
mainly on the then available Be’ production cross 
sections in carbon. The Be’ yield/star is probably 
known more accurately now as 4.9%.'® The agreement 
in the case of Be’ in fact leads to a confirmation of the 
star production rates in air calculated by Lal et al.' No 
cross sections for the production of phosphorus or 
sulfur isotopes in spallation of argon are as yet available. 
The disagreement in these cases can, therefore, not be 
definitely attributed to either an underestimation of 
the star production rates in argon or to isotope for- 
mation Cross se tions. 

The average global isotope production rates in the 
troposphere’? and in the stratosphere are given in 
Table VII. These values correspond to the cosmic-ray 
intensities observed during 1948-49, since at atmos- 
pheric depths less than 312 g cm™ the relevant cosmic- 
ray data used refer to this period. A detailed discussion 
of the time variation of isotope produc tion-rates in the 
atmosphere will be presented elsewhere. 


V. COMPARISON OF CALCULATED ISOTOPE 
PRODUCTION RATES WITH 
GEOCHEMICAL DATA 


The fall-out of the various isotopes has been deter- 
mined in tropical and mid-temperate latitudes from the 
measurements of isotope concentration in rains. The 
ratios of the Be’/P® and 
and P*/P®, Have been measured in individual rain 


18 


samples.°:'8!8 Observed fall-out rates and the isotope 


isotope concentrations, 


'6 The cross section for star production in a mixture of nitrogen 
and oxygen corresponding to the composition of air is 
[D. Lal, thesis, 1958 (unpublished 


225 mb 
Ihe cross section for the 
production of Be? in bombardments of carbon, nitrogen or oxygen 
by protons of energies, 225 to 730 Mev has recently been deter 
mined.’ The cross sections are found to be the same for the three 
targets at any given energy, within +10%. Assuming that this 
is also true for neutrons at lower energies, we have calculated the 
verage cross section of Be’ in air for the energy spectrum of cosmic 
ray neutrons at \=50°, 680 g cm~?. The average cross section is 
found to be 11 mb which gives for the yield of Be7/star, 11/225 
=4.9° 
Jased on mean summer and winter tropopause heights, as 
given by Byers in The Earth as a Planet, edited by G. P. Kuiper 


University of Chicago Press, Chicago, Illinois, 1954), Chap. 7 
'S B. Peters, J. Atmospheric and Terrest. Phys. 13, 351 (1959 
*D. Lal, Indian J. Meteorology Geophys. 10, 147 (1959). 
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and P®; and the minimum ratio Be?/P® at tropical latitudes. 


Period of measurement 





Expected 
1957 1958 values 
3.4 105 4.3 105 4.9105 
2.6X 108 4.3 108 2.6X 108 
100+10 60+5 100 


concentration ratios were compared with those expected 
on the basis of calculated production rates of Lal et al.! 
in the troposphere. The downward mixing of air from 
the stratosphere is known to be slow compared to the 
isotope half-lives so that most of the activity produced 
in the stratosphere decays in sifu. Experimental support 
for this argument was found from the observed fall-out 
rates of Be’ at widely different latitudes (Peters'’). 
The absolute fall-out rate of Be? was found to be close 
to the amount produced in the troposphere, which is 
nearly independent of latitude. The measured pro- 
duction rate of Be? as determined in the present work 
checks with the calculations of Lal et al.! and, therefore, 
confirms the interpretation that the observed fall-out 
of Be’ is due to its production in the troposphere alone. 
A similar comparison made for the case of P® showed 
that its fall-out was higher than that expected from the 
calculations of Lal et al.' by a factor of ~2. The agree- 
ment is now good, since the measured production rate 
of P® is found to be higher by 80% than the calculated 
value of Lal et al.! The observed fall-out rates of Be? 
and P® during 1956 and 1957 in tropical latitudes are 
compared with those expected using their production 
rates in the troposphere (Table VII) and a mean 
residence time of 40 days® in the troposphere, in 
Table VIII. The results agree within the uncertainties 
of fall-out estimates. 

The observed value of the minimum ratio of the 
concentrations of Be? and P® in individual rains is 
found to be in good agreement with the measured ratio 
at production (Table VIII). 

The fall-out of S** at Bombay has varied between 
3X10 and 1.5X10° atoms/cm? yr during 1956-1958. 
The value of 1.5 10° is higher than the total production 
rate in the atmosphere (Table VII) by a factor of ~3.5. 
This supports the conclusion® that an appreciable 
fall-out of S** is due to nuclear weapons. The fall-out 
of P®* and the ratios of the concentrations of P®* and 
P® in rain samples are found to be higher by about a 
factor of two than the values expected on the basis of 
present measurements. It seems difficult to explain the 
discrepancy by assuming that appreciable amounts of 
P* have been contributed by bombs, since all possible 
nuclear reactions favor the production of P®. It seems 
possible that the disagreement is due to the difficulties 
in the measurement of P* activity in rain samples.® 


*” PD. Lal, Rama, and P. K. Zutshi, J. Geophys. Research 65, 
669 (1960). 
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The interesting suggestion has been made that the rapid drop in the yie f mesonic A x rays in the light 
elements may be associated with the capture of u mesons into the metastable 2s state. The mechanisms for 
making transitions from the 2s to the 1s state and from various p states in* 2s state have been investi 
gated in detail for Li, Be, and B. It is found that the paradoxical reduction of A x rays remains unexplained 
1) Stark mixing of the mesonic 2s and 2p states by the electric fields of the atomic electrons allows ‘‘mixed” 
Auger-radiative transitions to the 1s state to compete favorably with radiationless transitions. These mixed 


transitions give a high-energy x ray and a relatively negligible (10 I ccitatior 
tribute to the observed K, yield. (2) Even if the above “‘mixed”’ transitions are ignored, there is no 1 


) 


nism which gets a large fraction of u mesons into the 2s 


tradict both theoretical estimates and observed A x-r: 


I. INTRODUCTION 


N condensed matter the long lifetime and weak 
nuclear interaction of a u« meson presumably ensures 
its reaching a K orbit before it decays or is captured by 
a nucleus. But precisely how such mesons are captured 
into atomic orbits and the details of their subsequent 
cascade down into the K state has been understood only 
imperfectly and without certainty. In fact in the case 
of the lighter elements (Lt, Be, B, and C) there is a 
striking and paradoxical discrepancy between theo- 
retical calculations and various reported data.' 

These data concern the yields of those x rays which 
are radiated when a u meson makes a transition into a 
K state or into an L state. In addition to such radiation 
there exists the possibility of Auger transitions in which 
the energy difference is carried away by a single high- 
energy electron. For transitions of mesons into the 1s 
state, Auger transitions are not expected to compete 
appreciably with radiation and a yield of close to 100% 
should be observed for the K x-ray yield. The measured 
yields? are given in Table I, where only the relative 
yields have the small quoted error. (Only those x rays 


*Supported in part by a grant from the National Science 
Foundation. This work was begun at the Brookhaven National 
Laboratory with partial support from the Air Force Office of 
Scientific Research of the Air Research and Development 
Command. 

1 A recent and comprehensive review of experimental and theo 
retical work on mesonic atoms is that of D. West, Reports on 
Progress in Physics (The Physical Society, London, 1958), Vol. 21, 
p. 271. Further references to work before 1958 are contained here. 

2M. B. and M. Stearns, Phys. Rev. 105, 1573 (1957). 
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state that at the same tim es not violently con 


iy yields fr 


emitted within about 510-8 
sec of the stopping of the u meson, but this is very long 
compared to even the most conservative estimate of the 
time the 1s state.) It is apparent 
that there is a sl p in the AK x-ray yield for the 
very light elements beginning with C. But 


are counted which arte 


it could take to reacl 
irp dre 
the argu- 

uld proceed enormously faster 
tran 


ment that radiation 


than electronic tions is not a delicate one 
and is quite convincing. The mesonic orbits in the n=2 
state have about 1/50 the radius of the surrounding 
K-state electrons. When a nakes a 2p > Is 
transition radiated dipole electric field is, as far 
as the electrons are concerned, identical to that of a 
point dipole located at the nucleus. An electron Auger 


transition can be gin to compete with a radiative transi- 


meson 


the 


tion only when the electron is much closer to the dipole 
than the wavelength of the emitted radiation, i.e., 
when kR,<1 where k 2r/X and R, is the expected 


radius of the electronic A state. With a u meson in the 


n=2 state around a 


nucleus of charge Z, the K elec- 
trons see an effective nuclear charge Z—1 and 
3 au Z V Ag 
kR,= ( 0.6 (1) 
S\m/JZ—1 Z-—1 


Here u/m is the ratio of » meson to electron mass and a 
is the Even for Li, RR~3 and 
we are enormously far from satisfying the criterion that 


hne structure constant 


Auger transitions reduce the K x-ray yield. A more de- 


tailed calculation confirms that the theoretical Auger 
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transition probabilities are about 300 times too small 
to explain the K x-ray yields reported in Table I.?4 
A qualitatively similar difficulty exists for mesonic L 
x-ray yields where the calculated Auger transition 
rates are about 35 times too small to offer an explana- 
tion of the measured reduction in yields.? Such greatly 
reduced yields have been reported in both w*® and u 
atoms. If the Auger rate for transferring energy to the 
nearby K electrons is too small then transitions involv- 
ing the more distant electrons in higher orbits or on 
neighboring atoms should be entirely negligible. Bern- 
stein and Wu® have indeed shown that collisional de- 
excitation of the mesonic atom’ cannot compete with 
radiation from the 2p state. The large energy released 
in transitions of a meson into the 1s state would cer- 
tainly seem to rule out any mechanisms, other than 
radiation or Auger transitions, in which a single elec- 
tron carries off the energy. The energy is much too high 
for collective electronic phenomena to be relevant 
while a single nucleus would have to acquire over 15 
Mev/c momentum to absorb that much energy. 

Since » mesons will not be immediately captured from 
alow s state the absence of u x-rays would seem to offer 
less possibility of explanation and we shall concern 
ourselves mostly with the «-meson yields. Recently 
Krall and Gerjuoy® have made the very interesting 
suggestion that, as far as the K yields of u mesons are 
concerned, perhaps the u meson may be trapped in a 
2s state from which a single quantum radiation is for- 
bidden. This can happen only in the light elements 
where, because of the effect of vacuum polarization, the 
2s state is slightly lower than the 2p. For higher Z the 
finite nuclear size is more important than the vacuum 
polarization in splitting the mesonic 2p and 2s levels 
and the 2s energy is pushed higher than that of the 2p 
level.2 In Table II various energy splittings are sum- 
marized. For Li, Be, and B the 2s, state is the lowest 
n=2 state. (When the hyperfine splitting is included 
one of the 2s, states of B" is raised by 1 volt; the other 
is lower by 1.5 volts. Both s states are still lower than 
the lowest p state.) For C the 29, state is lowest and a 


Taste I. Yield of K x rays from w-mesonic atoms. 


Element Li Be B Cc N 

Ka energy (kev) 19 33 §2 75 102 
Yield <0.16 0.3340.03 0.46+0.04 0.60+0.04 0.82 +0.07 

Ratio Kg to = 

all K x rays 0.78 0.78 0.80 0.77 


3G. R. Burbidge and A. H. de Borde, Phys. Rev. 89, 189 (1953); 
M. Demeur, Nuclear Phys. 1, 516 (1956). ; 

*M. B. Stearns, M. Stearns, and L. Leipuner, Phys. Rev. 108, 
445 (1957). 

®°M. Camac, 
905 (1955) 

6 J. Bernstein and Ta-You Wu, Phys. Rev. Letters 2, 404 (1959). 

7 T. Day and P. Morrison, Phys. Rev. 107, 912 (1957). 

*N. Krall and E. Gerjuoy, Phys. Rev. Letters 3, 142 (1959). 

*L. Foldy and E. Eriksen, Phys. Rev. 95, 1048 (1954). 


M. L. Halbert, and J. B. Platt, Phys. Rev. 99, 
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TABLE II. Energy differences (in ev) between pairs of n=2 
states in u-mesonic atoms.* 


Li Be BY cB 








2py—2sy 3 4.6 1.5 —7 
2py—25y 3.7 7 7.3 +5 
2s, hyperfine splitting 0.2 0.6 y E. 0 


* The first two rows include only vacuum polarization and finite nuclear 
size effects.» The maximum p-state hyperfine splittings are less than 4 
those of the s state. 


u meson could not be trapped in the 2s state for long 
times”; but we shall postpone consideration of these 
atoms. 

In the following sections two conclusions will be 
drawn about the significance of the metastability of the 2s 
state of u mesons for the K x-ray yields in Li, Be, and 
B. First, even if all « mesons did get into the 2s state, 
a kind of “mixed” radiative-Auger transition takes 
place with high probability and is experimentally 
indistinguishable from a simple radiative transition. 
This alone gives more apparent K x-ray yield in, for 
example, Li than has been observed. Second, the as- 
sumption that a majority of u mesons get into the 2s 
state leads to a number of independent contradictions 
with calculated rates, and with the reported x-ray 
yields from atoms. 


II. “MIXED” TRANSITION RATE FOR 
2s — 1s TRANSITIONS 


A uw meson in a 2s state around a point nucleus cannot 
get to the ground state by single photon radiation. 
Since in the light nuclei (Z <6) the 2 level is some few 
electron volts higher in energy than the 2s level, transi- 
tions to the 2p are not possible here. The two-photon 
transition rate is quite negligible in comparison to other 
processes which we shall consider. (Ross1.27~ 1.6X 10°Z® 
sec.) 

The extra nuclear electrons may well immobilize the 
mesonic atom in the lattice and probably partially 
screen the yu orbit from the electric fields of extra atomic 
electrons and nuclei. The presence of these electrons in 
the « mesonic atom suggest two mechanisms for the 
2s— 1s transition. One is the possibility of conven- 
tional Auger transitions which are discussed in the next 
section. The other is a kind of mixed Auger and radiative 
transition which, in light atoms, gives a large contribu- 
tion to the 2s— 1s transition rate. These “mixed” 
transitions result in a photon which carries away most 
(~99%) of the energy and a transfer of one unit of 
angular momentum together with a small amount of 
energy to the surrounding electrons. For the light ele- 
ments these compete favorably with the canonical 
Auger effect only for 2s — 1s transitions since the latter 
are greatly reduced in this case. 


0 B. L. Ioffe and I. Ya Pomeranchuk. J. Exptl. Theoret. Phys. 
(U.S.S.R.) 23, 123 (1952). 
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To calculate the “mixed” transition 


sider a w meson in a 2s 


rate 
state around a nucleus of 
charge Z; surrounding the méson and nucleus are x 
electrons whose combined wave function is designated 
Yo(t1,8e,-*+,%,). The interaction between the » meson 
and the electrons is included in Yo only in taking the 
effective nuclear charge seen by the electrons as Z—1, 
instead of Z. The residual perturbation is 


we con- 


" I 1 
H, ae D 2 
l=j r;—T, r; 


The perturbation H,; causes some small amount of 
mixing among the various states which a w meson may 
have when the electrons are neglected (or even when 
their average charge distribution has been taken into 
. The mixing is largest with those states whose 
not too far from that 
particular the 2s state of the ~ meson will 
mix appreciably with the 2p state which differs from 
it by an enormously smaller energy than that between 
the 2s and states with different ”. Thus A» the 
energy difference between 2s and 2p for the u atom, is 


account 
energy is 


T 
ili 


of the unperturbed 
state 


only a few electron volts in the lighter atoms whil 
Ao,-3p~ 800Z? ev. 

The mixing of some 2p state with the 2s state of th 
Mm (accompanied, of course, by mixing of excited elec- 
tron states with Yo to conserve angular momentum 
modifies the selection forbids a_ singl 
quantum to be radiated in the transition to the 1s 
state. 

The single quantum emission rate is simply the 
mixed-in fraction of 2p state times the normal 2p — 1s 
radiation rate for the u meson. This simple result follows 
from the excellent accuracy of two approximations. The 
average energy of excitation of the electron states ac 
the 2p uw-meson state is so much smaller 
the 


rule which 


] 


companying 
(by roughly than 
emitted photon energy that we may, with impunity, 
neglect its effect in slightly reducing the photon energy. 
Secondly, the mixture of the final 1s state with other 
states, as well as the mixture of the initial 2s state with 
states other than the 2p state give a quite negligible 
(less than 1%) correction to the calculated transition 
rate. The fraction of 2p mixing is given by 


the electron-muon mass ratio) 


(Wm, 2P| Hy) Wo,2s)|? 
‘> Ym, 2p| My yp m 
(E,.— Eo)? 


— 
m XU 


where ym is the mth excited state of the m electrons and 


yo,25) is the state function for the uw meson in a 2s 
state and the electrons in the state Wo. Such a state 


function is an eigenfunction of the entire Hamiltonian 
minus #7, and factors into the product |y Ex- 
ac tly similar considerations hold for Vm, 2p . In Eq. (3 


2s 


the 2s and 2p states are treated as exactly degenerate. 


For the cases of interest E,,—E) > 10(Z— 1) ev which 


[ 
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is much greater than the 2s— 2p energy difference. Sing 


r;| for any of the electrons is generally over 100 times 


larger than (r,| we may use the expansion 


| / m|)! 
Lz a Py Cos? Pp, cosé,, ) 
r - » ! 
e,|" 
as Pn 4 
r 1 
After the substitution of Eq t) into Eq. (2 and 
Eq. (2) into Eq. (3) the result for f can be simplified t 
n 
ey / 
Ym| 2 ¢ ) 
+ 1¢ 
: | 4 2 | c 
En—f 

ere |(2p|s! 2s),] e square of the matrix element 
ol be veen | ) é ind the nl QO 2p state for the 
u meson and 

[(2p|s| 2s), [2= (9/Z2) (m/u)2ae?, (6 

1 ) > 
where s the electronic Bohr radius. 

The sum | 5) can be pe rformed exactly. We 
note first that 2 electrons interacting among themselves 
ind wit! xed point charge Z 1 bey ne ¢ lato 

r n 
3 n Z—1)¢ : 7 
( I; 
In such sum the Coulomb interaction among the 


electrons cancels exactly. From Eq. (7) we have" 


When E }. (8 combined with Eq. (5) the energy de- 
nominators cancel and the sum over m is quite trivial 
Equations 5), (6), and (8) then give 
Y m em non FF; 
Li > . 
(WEE in). 0 
PA lu A | } F;/* 

In a Hartree approximation for the ground-state 
wave function in Eq. (9) the expectation value of 
r,-r,;/|r,/* vanishes unle j. With this simplification 
Eq. 9) becomes 

Q sm l n a 

he of / 

hon ( ¥ ) (10 
o*X\ pn Z—1 I I; 

rhe transformation of the matrix element of a point dipol 
field whe taken betwee Coulomb wave functions has beet 
pointed out to m¢ Dr. Gian Carlo Wick to whom it was com 

nicated | Dr. E. Guth. I am happy to thank both of them 
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> 1s radiation rate, 


The 2p 


Reop+ie’ = 1.4X10"Z! sec, (11) 


The rate for the mixed 2s — 1s transition of a u meson 
Roewis™, is the product of the fraction (9) or (10) 
and the rate (11). 


III. AUGER TRANSITION RATE FOR 
2s — 1s TRANSITIONS 


Auger transitions in u-mesonic atoms foliow the same 
selection rules as those for electric dipole radiation but 
in a qualitative rather than absolute way. Thus while 
a meson in a 2s state is rigorously forbidden to ac- 
complish the jump to the 1s state solely by radiation of a 
single quantum, the Auger transition probability, while 
two orders of magnitude smaller than that for a 2p — 1s 
\uger transition, is not negligible. Whenever one of the 
atomic electrons appears inside of the relatively small yu 
orbit the transfer of energy from the » meson to the 
electron becomes possible, but since the radius of the 
2s w orbit is about 1/50 that of a A electron the proba- 
bility for finding the electron in such a position is only 
of order 10-4. This probability is quite unaffected by 
the particular environment in which the entire mesonic 
atom happens to be.” 


For a uw meson in a 2s 


orbit around a nucleus of 
atomic number Z the rate for an Auger transition to the 


ground state is given by 


V322!|Wz_1(O) |? met my 3 
3223| yi(0) | #3 \u 


This rate includes a factor of two for the Auger effect 
of two K electrons. Here m and yu are again the electron 


(12) 


and u-meson masses, respectively, and 
¥z-1(0) * 
¥i(0) 


is the probability for finding a given one of the A elec- 
trons at the Z nucleus relative to this same probability 
in atomic hydrogen. If the partiai screening of one A 
electron by the other were to be neglected this ratio 
would be (Z 
the electron is the nuclear charge minus the u-meson 
charge. Actually it is slightly less. The coefficient C? 
is unity in that approximation which assumes that the 
ejected Auger electron’s wave function is a plane wave. 
For the particular Auger transition considered here the 
ejected K electron is given more than 150 times its 
binding energy and this is expected to be a rather ac- 
curate assumption. Burbidge and De Borde’ 


1)® because the effective charge seen by 


have 
2 The A electrons alone give almost the entire probability. 
But even for the electrons in higher orbits which are much more 
affected by the atomic environment there is abundant evidence 
from Knight shift measurements that the probability for finding 
an electron at the nucleus is about the same in the free atom as 
in a solid 
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calculated this same transition rate without such an 
approximation, assuming only that the ejected electron 
sees only a nuclear charge Z’. A comparison of their 
result with Eq. (12) shows that 


my exp(my) 
PE rm gh (13) 


sinhry 


where y= (4m/3yu)'Z’/Z and C# is a “correction factor 
of order one,” but which is in general less than one. 
Since for the purposes of our argument only an upper 
limit for the transition rate is needed we shall take 

"exp(ry), Z’=Z—1, and ry=0.25(Z—1/Z). Then 
the Auger rate, assuming two K electrons able to par- 
ticipate in the transition, satisfies 


; exp(my) |Wz_1(0) |? 
Rosare®& 2.0 10°— on 


| (14) 
Z* | ¥(0) | 


sec}, 


with the correct value only slightly less than the limit. 
For two K electrons which see a nucleus plus yp 
meson of net charge Z—1, the approximate effect of 
the screening of the electrons by each other has been 
estimated by the Ritz variation method with a simple 
product of exponentials as a trial function. The resulting 
wave function™ is that which would obtain if each K 
electron sees an effective charge of Z—1—5/16. Then 


1 |Wz_1(0)|? ( a 4" 
—~|=(1-_). 
Z| (0) | 16Z 

[The case of Z—1=2 has been calculated more ac- 

curately in the Hartree approximation by Wilson and 

Linsen.“ Then find |y¥z_1(0)/¥:(0)|?=4.6 while Eq. 
(15) gives 4.8. ] 

With this same approximation 


| 2 dor,-r;| 21 
Cv = ¥e)=22(1-—), (16) 
| 2.3 1 | r;|* | 16Z 


IV. COMPARISON OF “MIXED” AND AUGER 
2s — 1s TRANSITION RATES 


(15) 


From Eqs. (9), (11), and (14) the ratio of. mixed to 
Auger transitions is slightly greater than 


0.0122? exp(—y)do n ry t;| 
=—— cP (vo yo). (17) 
(1—21/16Z)3(Z—1) ix=1 | r,/3 


If, because of previous Auger transitions, both K- 
electron states were not filled, then Eq. (17) would give 
a lower limit for r. The mixed transition depends essen- 
tially on the expectation value uf 1/r for the electron 
cloud around the nucleus and so gives a considerable 
contribution even if no A electrons are present. The 


8H. A. Bethe and E. E. Salpeter, Handbuch der Physik 


(Springer-Verlag, Berlin, 1957), pp. 232-4 


4 W. Wilson and R. Linsen, Phys. Rev. 47, 681 (1935). 
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Table III. Radiative rates and upper limits for Auger rates of u 
mesons in various states of light atoms. 





\ Ele ; 
\ ment Li Be B Li Be B 
Tran- Maximum Auger rate 
sition Radiative rate (sec™) (sec™!) 
3p— 2s 4X10" 110" 3x10" 7x10" 15X10" 2x10" 
3p >1ls 310" 9x10" 210" 1x10" 2 x10" 3x10" 
4p— 3s 5X10" 2X10" 4x10" 4x10" 6 X10" 8x10" 
4p >2s 2*10" 510" 1K10" 1K10" 2 10" 2x10" 
4p >Ils 1X10" 410" 9x10" 310° 4 10° 5x10° 
pure Auger rate, on the other hand, is proportional to 


the square of the electron wave function at the nucleus 
which is almost completely that of the K electrons. 
However, in Li, Be, and B the » meson remains in the 
2s state of the light atoms for longer than 10~"° sec. 
In a solid an ejected electron should be replaced and the 
K shell filled (by electronic Auger transitions) in much 
less time that this." 

We shall evaluate the sum in Eq. (17) only for the 
two K electrons. Then if the Hartree approximation 
is even qualitatively reliable for the determination of 
Yo, it follows from Eq. (10) that the omission of other 
electrons under estimates the ratio (17) 

From Eqs. (17), (15), and (16) we obtain 


0.0242* exp(—rry) 
a Cine (18) 


(Z—1)(1—21 N6Z)? 


For Li, Be, and B, Eq. (18) gives minimum K, 
yields of 42%, 48%, and 52%, respectively. In the 
case of Li this is over twice the observed yield. But 
there are sufficiently delicate points in the calculation 
that it may be felt to be insufficiently convincing. There- 
fore we turn now to an entirely different argument to 
show that the metastability of the 2s level cannot 
possibly suppress the Kq yie Id suffi iently to agree with 
the reported experimental data. 


V. TRANSITIONS OF uw-MESONIC ATOMS 
INTO THE 2s STATE 


The lower bounds for the K, x-ray yields of Li, Be 
and B of Sec. 


IV are based upon the assumption that 
100%, of the u mesons pass through the 2s state. How- 
ever, strong arguments can be offered which suggest 
that only a small fraction of mesons would be expected 
to do so. Even if all the 2s mesons made Auger transi- 
tions to the 1s states, (disregarding the result of Sec. 
IV), the remaining mesons would give a K x-ray yield 
far in excess of those which have been reported. 

This conclusion depends upon two considerations: 
the specific mechanisms which exist for a meson to get 
into the 2s state from higher states and the 2p — 2 


14 E. H. S. Burhop, The Auger Effect (Cambridge University 
Press, New York, 1952). 
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transition rate. We begin our argument with the firs 
of these subjec ts. 

For those mesonic 
than that of a K electron, Auger transitions and electro. 
magnetic transitions rather haga obey the same 
dipole selection rule, A/= +1. Thus transitions into the 
2s state occur only from an a state, n22. Table I] 
gives various u-meson transition probability estimates 
from the 3p and 4¢ levels. 

It is clear that Auger transitions with An=2 are 
negligible. The 2s can be appreciably populated only 
by Auger transitions from the 3p or 2p 
radiative transitions. But from any p state the radiative 
transition probability is always much larger for a transi 
tion directly to the 1s state than for a transition to the 
2s state. Moreover the rad api 3p — 1s transition is 
much faster than the 3p — 2s Auger transition by about 
a factor of 4, 6, and 10 in Li, Be, and B. 
reject the supposition that mesons enter the 2s state 
by transitions from 3, 4p or higher p states. Not only 
would too few mesons make transitions into the 2s 
state even if they all started from the 3p state, but we 
would also obtain a large yield of Kg x rays from the 3p 
state in contradiction to the observation that the yield 
of Kg x rays is at most only about 20% of the K 
yield. We are thus led to the 
energy 2p— 2s Auger 


tates whose radii are much smaller 


levels or by 


Therefore we 


assumption that low- 


transitions are what populate 


the 2s state. 
It is then necessary that 

be much faster than the 2p 

the latter trans 


1e 2p — 2s transition rate 
> 1s radiation rate since 


tions will always contribute to the K 


x-ray yield. In Li, Be, and B the radiation rates are 
1.110" sec 3.4 10" sec™!, and 8.210" sec™, re- 
spectively. Even if the argument of Sec. IV were to be 


ignored the 2p > 2s transition rates must be 
than those of Table IV 
x-ray yield from ex 

For th 
transitions 


greater 
in order to keep to the 2p > 15 
eed ng tne observed values. 
Table II the 2p > 25 
would not be possible in t 
Rather it is 


energies of Auger 
he free u-mesonic 
the perturbation of the m=2 electron 
states into a band that permits 


transferred to these electrons. 


atom. 
small energies to be 

(The transfer of five or 
10 electron volts to a neighboring nucleus without 
electronic excitation is much less probable because of 
the enormous momentum transfer that would accom- 
pany it.) 


The minimum transition Table IV are 
theoretical estimates. 
Li is particularly striking. When 


Li the effective 


rates of 


enormously larger that simple 
The case of u-mesonic 


a uw meson gets inside the A shell 


nuclear charge seen by the electrons is reduced to two. 
TABLE IV. Mir im 2 » 2s transition rates to 
suppress 2p — 1s x rays in u-mesonic atoms 
Element Li Be B 
Minimum rate (sec 6X10 8x 10% 1.0 10" 
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(Li v 
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trans 








X-RAY YIELDS FROM u-MESONIC ATOMS 


As far as its electron cloud is concerned y-mesonic Li 
acts like a He atom inserted into metallic Li. If both 
K electrons are present there is no large piling up of 
hand electron wave function around the neutral core 
(Li nucleus, w~ and 2K electrons) as there is near all 
of the Lit cores which form the periodic lattice. There- 
fore in the neighborhood of u-mesonic Li we may expect 
the band electrons to behave much like a degenerate 
gas of free electrons with Fermi energy of about 4 volts 
characteristic of metallic Li. For this model the 2p — 2s 
transition rate for Li is 


kt dk k'mdQ’ Z |? 
Ropsoe= 2m f 2 f dr — exp[i(k—k’)-r]| 
. Jo | 


(2m) 


xe! ](2p|2|2s),[2, (19) 


with the notation of Eq. (5). The upper limit of the 
integral is the Fermi momentum k;. The lower limit / 
lepends upon the energy of the transition, A:3, or 3.7 
ev:l== (kP2—2MA)! if A<k/?/2M and l=O0if AZ=R/?/2M. 
The momentum &’ is (k®?+2MA)?. In the case of Li 
/~0 and the transition rate is 


16mA phim? (a2-+1)!—x 
Ropoce f vdx in | 
3r « (x°+1))+x 


X me! |(2p|z| 2s)yP~2* 10" sec. (20) 


This result is more than two orders of magnitude less 
than that of Table IV; it is expected to be approxi- 
mately valid if both A electrons are present during the 
mesonic 2p—2s transition. Whether this is a reliable 
assumption depends upon the detailed mechanisms for 
filling holes in the electron A shell. 

In the lighter elements when a y-mesonic Auger 
transition ejects a A electron the hole is filled chiefly 
by electronic Auger transitions between two L shell 
(band) electrons. There exist experimental values for 
this rate in carbon and heavier elements which agree 
reasonably well with various theoretical calculations'®:'*; 
the observed and the calculated rates are found to be 
about 5X10" sec"! with no Z dependence for all ele- 
ments with Z>6. If this were valid also for Li then 
presumably the K shell would be full when the meson 
makes a transition from the 2 state. As far as the band 
electrons are concerned p-mesonic Li with one K elec- 
tron missing has the same charge as all the other 
“normal” Li atoms in the lattice. It takes around 
2mh/k; for a band electron or hole to move from one 
atom to the next and so this is about the time it takes 
for the band to adjust to the altered charge when a K 
electron is ejected. In Li this is 2X10~'* sec, much 
shorter than all other relevant transition times. This 
means that, on the average, there is one L electron 
close to a uw Li when a single K electron is missing. In 


16 A summary of data from numerous experiments is given by 


C. D. Broyles, D. A. Thomas, and S. K. Haynes, Phys. Rev. 89, 
715 (1953), 
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this case (but probably not for Be or B) the 5X10" 
sec! rate may greatly over estimate the rate at which 
K shell holes are filled. And so we must examine the 
2p — 2s Auger transition rate for » mesons in Li when 
one of the Li K electrons is missing. (The lifetime for a 
3d w meson in Li is more than 10~” sec which should 
allow time for both K-electron states to be occupied 
before the transition to the 2 state; then only a single 
K electron is missing immediately after an Auger 
transition from the 3d state. Moreover even if we sup- 
pose that two K electrons were missing, u-mesonic Li 
would average two L electrons in its neighborhood so 
that the fast 5X10" sec™ transition rate for filling one 
of the K-shell holes would probably obtain qualitatively 
even for Li.) 

For this case of mesonic Li with a missing K electron 
we represent the band electrons by the Bloch function 

¥x(r) =exp(7k-r) uy (r)Q!. (21) 

The function u(r) is periodic in the lattice and for 
small k significantly large only close to one of the Li or 
u-Li atoms. The normalization is such that /odr| u(r) |? 
=1 where 2, the region of integration, is the atomic 
volume surrounding a given Li atom. The 2p— 2s 
transition rate is given by Eq. (19) with exp[i(k—k’)-r] 
replaced by Yx(r)yx*(r). 

To take into account, and even exaggerate, the in- 
creased amplitude for finding a conduction electron 
near a mesonic lithium ion, we shall first describe the 
conduction electrons by a superposition of 2s and 2p 
atomic wave functions: 


Yu=> [a(k) ¢2.(r—a)+b(k) ¢2p(r—a) ]2!, (22) 
a 

with a?+8?=1. ¢o., ¢2p are the wave functions of 
valence electron in its ground (2s) and excited (2p) 
state in the normal Li atom. The particular 2 state is 
that which is a pure m=O state with respect to the k 
direction. The summation is over all positions of Li 
nuclei. 

For low k and rather large atomic separations both 
of which obtain for the conduction band in Li metal 
Eq. (22) is expected to be qualitatively reasonable near 
the ions and the mesonic 2p — 2s transition rate de- 
pends upon the matrix element of z/r*. 

The contribution to the 2p — 2s transition rate from 
terms in Eq. (22) with a#0 is much smaller than the 
rate of Eq. (20) and will be neglected. 

Therefore 


(v k’ | “\n)| 
r| - 


[2 k, 
(su r)| —| gop( Le (R)b*(k’) +a*(k’)b( nb 
r k 


lz k, 
< (ex(r|- ¢2p(r) —I1Q. 
|r| k 


(23) 
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The argument which gave Eq. (8) can also be applied 
here to give 


}(¢2.!/r*| gop) | =[8m/e2(Z—1) ] | (¢25! 2 


where 6 is the 2p—2s energy difference in the atom 
Lit*++y--+a single K electron+an n=2 electron. We 
shall overestimate this splitting by using the 2p—2s 
energy difference of the normal atom: 6=1.6 ev. The 
matrix element is conveniently evaluated by using for 
¢2, and ¢o, the Slater wave functions" for Li, (65/3) }r 
<exp(—br) and (c§/r)'r exp(—cr) cos, respectively, 
where 6=c=0.65 and lengths are measured in units of 
a. The bracket in Eq. (24) is then 2.2a@9 and for Li 


| Wer 12/78] Wa) | < (3X 10-*/a¢")Q. (25) 
A direct estimate of the L.H.S. of Eq. (24) with these 
same Slater wave functions gives 
[We |s/r?| yx) | = (8X 10-2/a¢*)2. (26 

This latter bound is larger than that of the inequality 
(25) because the matrix element of z/r’ between de- 
generate electron wave functions in an atom should 
vanish according to Eq. (8) while this fails to be true 
for the approximate Slater wave functions. The matrix 
element of z/r* is expected to be much smaller than 
casual estimates because of this particular property of 
the electron wave functions. Nevertheless, even with 
the value of Eq. (26) the mesonic Auger transition rate 
2p— 2s is tremendously less than that of Table IV. 
For Li Eqs. (26) and (19) give about 10! sec 
Eqs. (25) and (19) give about 10° sec~'. Both rates are 
smaller than the minimum rate of Table IV by mor 
than two orders of magnitude. 

Another approximation to the 2p— 2s Auger rate 
follows from the use of the Bloch functions 


while 


bh 


=) exp(ik-r) ¥ ¢o,(r+a). 2 
a 


Vx (1) 


Again almost the entire contribution to the matrix 
element of z/r’ comes from the term with a=0. With 


these band wave functions the 2p— 2s rate in Li is 
(approximately) 
me? 2k;5 2mAk,; 
Rop+28F (kP+2mA)!} + 
(3m)8 3 3 
X [dee] 1/7] ¢2e)(2s|2/ 2p). (27 


For the expectation value of 1/r we use the already 
introduced Slater wave function for the 2s electron in 
Li. The rate Rop+2, is then approximately 2X10" se 

Thus a variety of different approximation scheme 
confirm that the expected 2p— 2s transition rate in 
u-mesonic Li is not nearly fast enough to compete 
favorably with radiative transitions to the 1s state. We 
then have no mechanism to get u-mesons into the 2s 


state which at the same time does not violently con- 
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estimate. 


either an observed datum or a _ theoretical 


VI. HIGHER TRANSITIONS AND x-RAY 
YIELDS OF z-MESONIC ATOMS 


rhe 


uppreciably populate the 2s state can be drawn from 


conclusion that there exists no mechanism to 
independent arguments based upon the observed yields 


of K x-rays in 7 atoms. 


A mw meson in an ns state of Li will undergo nuclear 
capture at a rate | = 3X 10'7/n? sec. For higher 
Z this capture rate increases roughly like Z*. This js 


many orders of magnitude faster than transition rates 
out of the s state 
Li, Be, or Ba x 
lower s states is lost as far as any possibility of its pro- 


for 2 <6 in the lighter atoms. Thus j 


meson which enters into one of the 


ducing a K x ray is concerned.’ The experimental situa- 
tion is as follows: the 5 eld of K x rays for these three 
r-mesonic at tween 15 and 20%; most (about 
5% of the K x rays are | FF ’ Thus we conclude that 
roughly 15% of the pions make the 2p 


oms is be 


4 


~J 


> 1s transition 
in these elements 
nucleus from the 2 


But a pion can be captured by a 





state. Since this capture rate is not negligible next 
to the 2p— 1s radiation rate more than 15% of 
pions reach the 2p tate. If it can be established that 
most pions do get into the 2p state, then this same re- 
sult is expr ted for uw m« n 
The radiat ) rate for a 2p m meson is approximately 
R, 1.7 10"%Z! sec (28 
The nuclear ture rate from the 2 state is pro 
portional to the fraction of the time that a 2p pion cat 
be found within the nucleus which is (ZR/a)*/120 
where R is the nuclear radius and a is the 2-mesoni 
Sohr radius For 1 tate this fraction ipproxl- 
mately 3(ZR/a)*. Therefore if we assume that captur 
is equally probable everywhere within the nuclear 
volume the ratio of 2p to 1s direct capture rates is tht 
ratio of these fractions. If capture were pre ferentially 
at the edge then tl ratio would be 5/3 larger. There- 
fore a lower limit for the ratio is 
R27! f #2R 
(29 
Ryis®? 160\ a 
Phe vidth of the  .$ r-mesonit X-Tay in Be corre- 
sponds to a 1s capture rate of (1.80.3) 10! sec 
Since the 1s rate is proportional to Z* we have for the 


capture rate for mesons from the 2 state 


R, P~4.4 10"Z*R?/a? sec. 3() 
tT, Siater, P Rev. 36 1930 
° M. Stear ’ M. B. Stearns, Phys. Rev. 107, 1709 (1957 
M. Cama 4. D. McG e, J. B. Platt, and H J Schulte 
Phvs. Rev. 99, 89 1955 
* D. West and E. Bra Phil. Mag. 1, 972 (1957) and 2, 957 
1957 
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X-RAY YIELDS 
For a nuclear radius R= (%/m,c)A! the 2p absorption 
rate satisfies 


Ry2,*?> 2.4Z®4 4109 seco. (31) 


In addition there is the mixing of a small amount of 2s 
state with the 2p from the Stark type perturbations 
of the K electrons. This gives rise to a capture rate of 
approximately 3Z*X10" sec~' which is much smaller 
than the radiation rate. Lastly there is the possibility 
of 2p — 2s transitions despite the fact that even in Li 
the nuclear 2s interaction pushes that + level hundreds 
of volts above the 2p. The width of the level is almost 
as large as the shift so that the transition is not entirely 
forbidden; however, its rate is expected to be much 
less than that of the energetically favorable u transition 
and it will be neglected. From Eqs. (28) and (31) the 
yield of Ka x rays from x atoms equals 

V Ka(x) © fop(1+1.44 'Z?X 10), (32) 
where fo, is the fraction of pions which enter the 2p 
state. For Be, Z=4, A'~S and VKa(x)~ fo,/2. A com- 
parison with the reported yield gives fo,~ 3 for Be, 
f,,~} for Li and f2,~3 for B. (This is in part addi- 
tional confirmation of the conclusion of the previous 
section that for ~ mesons which can also populate the 
2p level by 3s — 2p transitions, a major part reach the 
2p level; it is independent of any assumption about 
mechanisms for going from n=3 to n=2 levels.) 

We can now show that, in Be for example, the as- 
sumption that the 2p — 2s transition rate for ~ mesons 
is greater than that of Table IV is incompatible with a 
majority of pions reaching the 2p state. The assumption 
of rapid 2p — 2s transitions with splittings energetically 
comparable to those of Table IT predicts still other pion 
transitions in which the angular momentum /7 but not 
the principle quantum number m decreases. These will 
ead to a + meson ultimately getting into one of the 
higher s states from which it is captured or into the 
3p state from which it radiates a Kg x ray or goes to the 
2s state and is annihilated; in neither case is there any 
possibility of a contribution to the | yield. 

As long as n*<<280 the meson orbit radius is much 
smaller than the normal Bohr radius for a K electron. 
When a meson in such an orbit makes a very low-energy 
exothermal dipole transition ,/— n,/—1, the energy 
difference is transferred to radiation, band electrons, 
other atoms, etc. Because of the very small meson orbit 
radius compared to the inverse of the momentum trans- 
fer, the distance to the nearest neighboring atom, the 
wavelength of the band electrons, etc., it is a good 
approximation to keep only terms linear in r, or rs 
when calculating such transition rates. In other words, 
the transition electric field associated with a low-energy 
n, l—+ n, 1—1 transition is well approximated by assum- 
ing a dipole at the nucleus strength is 
nJ|t,.|n,/—1) and whose frequency is the energy 
difference E,,,,—E,..-1. Therefore whenever an n,/— n, 
/—1 transition has about the same energy as a 2p — 2s 
transition then the only difference in the. transition 


whose 


FROM 
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rates arises from the different dipole transition matrix 
element of the meson, no: matter what the detailed 
mechanism of the transition is. There are higher » for 
which E,,.—£n,.-1 for a meson is closely comparable 
to E2,;— E2,o for a wu meson. In these cases we can predict 
the minimum rate for n, /—> n, /—1 transitions in terms 
of the rates of Table IV and the ratio of dipole matrix 
elements. A comparison of the rate for these “sliding” 
transitions n,/—> n,1—1 with those of the “normal” 
transitions n,/— n—1,/—1 will give a picture of the 
cascade of m mesons from higher to lower n-values 
which is incompatible with the large fraction which 
reaches the 2p level. 

There are two not dissimilar effects which play the 
major roles in giving an m,/—1 state a lower energy 
than an n,/ state (/#1). One is vacuum polarization 
whose effect decreases with increasing m. The other is 
the partial screening of the nuclear charge by those 
electrons whose wave function is not entirely negligible 
within the meson orbits: K electrons and to a much less 
extent 2s electrons. This latter effect grows rapidly 
with increasing n. 

Vacuum polarization gives the main contribution to 
the 3d—3p splitting for r mesons. Despite the higher n 
this splitting need not be smaller than that between the 
2p and 2s states for » mesons. Level shifts for vacuum 
polarization increase sharply when the w mass is re- 
placed by a x mass. But more significantly for r.<<h/me 
the splitting is very small relative to the shift of all the 
states in an m-multiplet, but for r,~#/mc the two are 
comparable. Therefore although the average level shifts 
certainly decrease rapidly with increasing m, a par- 
ticular splitting may not. Finally, almost the entire 
3d—3p shift comes from vacuum polarization while 
much of the large 2p—2s shift is cancelled by the oppo- 
site splitting caused by the finite nuclear size. 

The 3d level shift for x-mesons in Be is negligible but 
the 3p level is considerably lowered because of the 
appreciable probability (about 15%) for finding a 3p 
in the region within the first node of this wave function. 
Almost the entire contribution to the 3p level shift 
comes from the expectation value of the vacuum 
polarization potential in this region. For Li, Be, and 
B the 3d—3p level splittings from vacuum polarization 
are very approximately 1.5 volts, 5 volts, and 10 
volts, respectively. A comparison with Table II shows 
that 3d—3p x-mesonic splittings do not differ qual- 
itatively from the w-mesonic 2p—2s splittings. It is 
higher in B, approximately equal in Be, and smaller 
in Li. Thus for Be in particular we can estimate the 
m-mesonic 3¢d—> 3p rate from the assumed 2p— 2s 
rates of Table IV and the known square of the dipole 
matrix element. For a transition from an m,/ to an 
n,l1—1 state we have" (in units of the meson Bohr 
radius) 

Oln? (n?—T*) 


a Tn.t.m™? 1 me’ | 2. 
on! 


— ’ (33) 
4(2/+-1) 
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The 3d — 3p x-matrix element is also slightly reduced 
relative to a u-matrix element by the inverse mass ratio. 
From Eq. (33), the minimum rates of Table IV, and 
the —y mas ratio we then have the lower limit for a 
a-meson making a 3d — 3 transition in Be, 


Ry34+3p"* > 2X 10" sect. 


This must be compared to the radiation rate and the 
Auger rate for 3d—>2p transitions. The former is 
4X10" sec!; the Auger rate for mesons, assuming 
both K electrons present and overestimating it slightly 
by neglecting the partial screening of one electron 
by the other, is 2X10" sec~'. Thus a # meson in the 3d 
state of Be would be expected to make a transition 
to the 3p state more than 33 times more often 
than to the 2p state. A 3p m meson can radiate a 
Kg x ray or be absorbed after a transition to the 
2s state but it cannot ever contribute a K, x ray. 
Therefore we are at least an order of magnitude short 
of explaining how 4 of the x mesons could ever get into 
the 2p state. Moreover since a 3p w meson in Be is 
expected to radiate to the 1s state at five times the rate 
of radiative and Auger transitions to the 2s state, the 
observed paucity of Kg x rays is an even stronger 
datum that indicates that 3d—>2p is faster than 
3d — 3p (by a factor of four). Again we are led to the 
conclusion of Sec. V that the 2p— 2s uw meson rates of 
Table IV, are too large by around two orders of magni- 
tude at least. 

Finally, the rates of Table IV can again be shown to 
be a great overestimate by considering the possible 
history of a w meson in a higher orbit (w~10) of Be 
or B. Only Auger transitions which transfer energy to 
L electrons can occur because K electrons are too 
tightly bound; the meson radiation rate is quite negli- 
gible here. De Borde*! has calculated such Auger rates 
assuming a complete shell of 2s and 2 electrons which 
overestimates the rate for m-mesonic Be. He finds a 
rate always less than 10" sec! for 9<n<12 so that a 
reasonable upper limit for the Auger transition m= 12, 
l=11— n=11, /=10 is 10" sec—. Each such transition 
from a high m state will introduce a hole in the con- 
duction band near the atom. Such a hole will move on 
to another atom in a time of order #/E, where E; is 
the bandwidth; this is of order 5X10~" sec for Be and 
so the band electron equilibrium is very rapidly re- 
stored near the r atom well before the next transition. 
We may also have “sliding” transitions n,/— n,1—1 
since An .=E,,.— £1120. An approximation to this 
splitting follows from the expectation value with re- 
spect to the Coulombic meson wave functions of the 
average potential from two K electrons which see a 
nuclear charge Z—1. As long as n?<m,/m= 280, it is 
legitimate to approximate the K-electron density within 
the pion orbit by |¥z_,(0)|?. Then 


Anni" 1= 1.4K 10-7(Z— 1)8n? (n—1)/Z? ev. 


(34) 


(35) 


21 A. H. de Borde, Proc. Phys. Soc. (London) A67, 55 (1954 
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For B, Ana~1.5 ev for n=8 and Ana~7.3 ev for 
n=13. Although these results are not quantitatively | 
accurate especially for higher » we may expect that 
for n~8 to 15, An,n becomes comparable to the split. 
tings of Table II for B. For large m and /=n—1 the 
transition rate for “sliding” transitions in B follows 
from Table IV and Eq. (33): 


Ry, i-on,1-18 "1 > 1.4X103(n—1)n? sec. (36) | 


For n~10 this rate is over an order of magnitude 
greater than the expected n,/— n—1,/—1 transition 
rate. For x-meson states with m values in this region, 
this argument based upon the rates of Table IV pre. 
dicts that “‘sliding” —>» transitions will dominate 
over conventional » — n—1 transition. Even if only 4 
smaller fraction of were to ‘“‘slide” in each 
n-level the effect continues over many n-levels. Thus 
the high » circular orbits will be depopulated in favor 
of more and more elliptic ones with ever smaller angular 
momentum. But only those mesons in circular orbits 
have a good chance of reaching the 2p state. A change 
of m via an Auger transition obeys the selection rule 
An=-—1 in addition to Al=+1. Moreover the matrix 
elements for AJ=—1 are generally much larger than 
those for AJ=+1. Thus the mesons in elliptic orbits 
will ultimately land in an ns state with n>1 and be 
absorbed ; they will have only a very small probability 
of getting to the 2 state in contradiction to the experi- 
mental observation and interpretation of the Ka yield 
from m-mesonic atoms.” Again we conclude that the 
2p — 2s transition rates of Table IV must be a great 
overestimate. This last argument unlike the first two 
does not involve any discussion of the mechanism for 
either 2p— 2s transitions or for n= 3— n= 2 transitions 


mesons 


VII. CONCLUSION 

It would appear from the foregoing that we are still 
without any theoretical explanation of the drop in K 
x-ray yield from the lighter u-mesonic atoms. Moreover 
evidence of a paradox is apparent even without any 
detailed calculation. Even if an explanation of the K 
x-ray yield were possible in terms of the metastable 2 
state such an explanation could have no relevance t 
the observation that the Z x-ray yield has almost dis- 
appeared when Z is less than 8, in strong contradiction 


2 For Z>6 the 3> level is lower than the 3d because of vacuum 
polarization and also lower than the 3s because of the effect of 
finite nuclear size on the latter. Therefore a ~ meson which gets 
into the 3p state cannot get out except by an Auger transition to 
the 2s state or radiation to is state. For oxygen the latter is about 
ten times more probable and so we would expect the observed 
reduction of the L x-ray yield but also that most of the K yield 
would be Kg. For Z<6 the 3s state is lower than the 3p state and 
the L,. yield might suddenly jump. The difficulty with such an 
explanation of the L-yield drop is the identification of the large 

75%) Ka yield in reference 2. The measured energies of Ka 
u-mesonic transitions for 0 and F have also be compared to La 
transitions in heavier atoms where the transition energies are 
predicted to be almost identical: M. Stearns, M. B. Stearns, 5 
DeBenedetti, and L. Leipuner, Phys. Rev. 97, 240 (1955). The 
agreement is excellent. 
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X-RAY YIELDS 
to calculated Auger rates. There is no metastable state 
except for 2s; the possibility of direct n=3-—>n=1 
radiative transitions (3p— 1s) is ruled out by the 
observation that more than § of the K x rays are K,”; 
it is impossible to suppose that the ~ meson doesn’t 
reach the low m levels because the yield of K x rays is 
close to 100% between Z=14 and Z=8 where the L 
x-ray yield is rapidly falling.’ Finally there exist direct 
measurements of the Auger yield in C when negative 
4 mesons are stopped in photographic emulsions. In 
\g or Br the meson is almost always captured by a 
nucleus before it decays and the high-energy electron 
which is the signature of a u decay is not seen. Whenever 
it is observed it is almost always from a uw meson which 
is captured into an orbit of C, N, or O. Capture of a 
meson by H is rare. Roughly § of those u- mesons 
which give the characteristic high-energy electron are 
expected to be captured in C. But from Table I we see 
that in C more than } of the uw~ mesons do not give the 
characteristic A x rays. If we assume that there exists 
some mechanism to transfer this 75 kev to an electron 
then this electron should be visible in a photographic 
emulsion in at least ;'y of those cases where a uo gives 
off its characteristic high-energy decay electron. In an 
analysis of 800 such w~ events Pevsner and Madansky”™ 
see one certain 75-kev electron and perhaps at most two 
more when over 60 would be expected from the A x-ray 
yield for u-mesonic C. Thus we are again faced with the 
paradoxical situation that the ~ meson somehow gets 
rid of at least 75 kev without either radiating it or 
transferring it to a single electron. 

In view of the difficulty in understanding this result 
it is perhaps significant that all of the unexplained re- 
duced yields of K x rays in u-mesonic Li, Be, B, and C, 
of the K x ray in r-mesonic Li where 2 direct capture 


*3 Private communication. 
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Fic. 1. K and L x-ray yields from « mesonic and +-mesonic 
atoms as a function of x-ray energy.?*5 


is not important, of L x rays from yw atoms with 
8<Z<14, and of L x rays from w atoms with 5<Z<12 
can all be described by the same yield curve when these 
yields are plotted not as a function of Z but as a func- 
tion of the x-ray energy. This is done in Fig. 1. For 
reasons that are not yet understood, all of these data 
can then be summarized in a single remark: when the 
energy of x rays from mesonic atoms gets below 75 kev 
the expectation for detecting them begins to drop 
rapidly. 
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The formal paradox concerning the vanishing of the | 


is examined in Killén’s formulation of electrodynamics. It is suggested th 


and the formal manipulation retained, by a regularizati 
of obtaining the spectral function of the photon com: 
regularization, in connection with the proof of the renor 


INTRODUCTION 


ERHAPS the most striking paradox obtainable by 

the application of certain commutation rules in 
quantum electrodynamics concerns the vanishing of the 
photon’s self-mass. This is an old problem with much 
history, encountered first in perturbation theory and 
later in the exact (Heisenberg representation) formula- 
tion of electrodynamics. The purpose of this note is to 
remark that this difficulty again appears in Kallén’s 
formulation,' and is connected in a deceptive way with 
the magnitude of the renormalization constants. The 
only precise mathematical conclusion to be drawn from 
this discussion is the oft repeated statement that one of 
the formal manipulations employed is improper; how- 
ever, one may imagine an alternate way out of this 
difficulty (regularization of the Heisenberg operators) 
with the effect of preserving the validity of such formal 
operations. 

In the usual formulation of electrodynamics [corre- 
sponding to Eqs. (1) and (2) below] an apparent 
inconsistency arises upon calculating the photon self- 
mass: a straightforward and eminently reasonable 
inference drawn from the canonical commutation rules 
requires that this quantity be zero, but its calculation 
yields a nonzero, and infinite, result. In lowest order 
perturbation theory one applies the Pauli-Villars method 
of regularization’ to eliminate this divergence, thereby 
bringing the computed result into agreement with th 
corresponding commutation relations. In higher orders, 
one may imagine the application of the quite formal 
regularization procedure of Gupta*® as having the same 
net effect. It will be assumed in this discussion that there 
exists a consistent method of regularization (allowed to 
contain unobservable ficticious regulating masses for 
which an indefinite metric and/or improper statistics 
may be employed, as in the Gupta method) which may 
be applied to the interacting fields in the Heisenberg 
representation, and which will provide agreement be- 
tween the computed predictions of the theory and corre- 


* This work supported in part 
dation 

1G. Kiallén, Helv. Phys. Acta 24, 417 (1952) 

?,W. Pauli and F. Villars, Revs. Modern Phys. 21, 434 (1949) 
Equivalently, such regularization causes the equal-times com 


xy the National Science Four 


mutator of two fermion currents, constructed from free-field 
operators, to vanish. 
+S. N. Gupta, Proc. Phys. Soc. (London) A66, 129 (1953) 
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yhoton self-mass, obtained 


by a formal manipulation, 
at this difficulty can be removed, 
rs. An 


nutator is described, and a px 





on of the Heisenberg operat alternate method 
ssible consequence of 


malization constants’ divergence, is briefly discussed 


sponding predictions inferred from the canonical com 
mutation rules. Since the formal operations to 


] 


performed shall yield mathematically inconsistent r 


re 
sults, this assumption appears necessary in order to giy 
meaning to the manipulations employed. 

In Killén’s formulation of electrodynamics it is 1 
surprising to find the identical “inconsistency”; an 
again, if vie desires to retai 
tions, this difficulty may be resolved by the assumptior 
of a regularization procedure. In this formulation, hoy 
ever, in addit 
the nece ssity of 


ion to the requirement of ‘‘consistency, 


such regularization may be related t 


value of the renormalization 
statement: unless the mec! 
regulated to zero, one ot the 
is necessarily Inhinite For the 
Kallén’s equations the assum] 


equivalent to the 


prest nt 
tion of regularization 


mass be regulated to zero; in the 
is an addit onal compile 


the method of Kallén’s argument concerning the diver 


gence ot the renormalization constants’ May lead toa 
inconclusive result when such regularization is con- 
sidered. 


STATEMENT OF THE PARADOX 


Phe equation 


in the usual formulation are 
I, i(e/2 [v3 ¥ (1 
~ Oa m)y my cAy Z 
where A=y,.1,. In Killén’s formulation, one writes t! 


equations for the re! 
the form 


rmalized operators and charge 


{p= N7J,+L(0A,—90,0.4. In 

(y.0.+m)y = Ky-+ ieAy : 
From the condition 

| ; - ) 0, ) 

LY 1,(0 0 0, ( 

‘The discussion leading to Eq. (13) indicates that the photor 

spectral function will tain a terr roportional to 6 («*); and! 

is difficult to understand h this can arise from a sum-over-states 

derivatior sata 

G i Kgl. Danske Vidensk. Selskab, Mat-fys. Medd. ¢/ 
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6 FORMAL PARADOX IN 


sssumed valid in both formulations, and the respective 
juations for y, it follows that 
[ dw (x),A,(O) Jzo=0=0. (7) 
From Eqs. (6) and (7) one may then infer the relation® 
[A.J u(x),A,(0) Jro=o=0. (8) 
The photon commutator 
Dy» (x) = —i(0| [A,(x),A,(0) ]| 0) 


is the spec tral representation 


L 


D(x) | dk” {p1(K7) buy t+ p2(k?)0,0,} D(x; x). 


xi In the usual formulation one may use Eq. (1) to obtain 
)D,,(x) = —10 [J u(x),A,(0) | 0), 
r),A,(0) |,0 


ane 1 > 

73 | au f ak e(x)e***76(k? +x?) 
y 

; Jar)3 « 


KK ko{ 610i —Ryuk,pro}. (9) 


ns At xy=O0 the left side of Eq. (9) must vanish which 
int nplies 

n } dk K- p(k =(). { 10) 
( In meson theory, this application of Eq. (8) yields the 


mechanical mass of the meson,’ 


bb | dk? k p\K ff dk* p(k"); 


electrodynamics one obtains a statement of the 
vanishing of the photon’s mechanical mass.* The “‘in- 
ors sistency” then arises because Eq. (10) is incompatible 


with the derived form of p; : p1(x2) = @6(k?) 4-a(k?) 5 o(K?) > 0. 
In Kallén’s formulation one may use Eq. (3) to 
btain 
2 OD,» (x) = 10 [ ju(x),4,(0) | 0), 

or 


1—L)I )Dy»(x)4 L0,0 6D 4,(x) 
iNVXO| LJ u(x%),A,(0) J} 0). 


The expression derived by Kiallén for D,,(«) is 


1 an 
D,, (x) | ant f dk e(k)e'* (+07 )Ons, 


(29)? Jo 


1 (Kk) 1 (K*) 
Ou» =5y,] 6(x?)4 tkyk, — 2M6(x*) |, 
kK KK 


* This “inferred” commutation rule and that of Eq. (13) are the 
; mathematically dangerous suppositions 

“H. Lehmann, Nuovo cimento 11, 342 (1954) 

*M. Gell-Mann and F. E. Low, Phys. Rev. 95, 1300 (1954). 
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from which one can calculate 


N*0| [AcJ4(x),A,(0) ]| 0) 


1 2 
-— | av {ak e(k)e**-76(k?+K*)RoRys, 
(2r)* Jo (11) 


a(x?) 


Rw = (1— Lb, ()+ hy (1-1) -14(2) 


K- 


At xo=0 the left side of Eq. (11) must vanish, which, for 
N 0, implies 


ao 


az) f dk w(x?) =0. (12) 


Unless L=1, the mechanical mass of the photon must 
again be set equal to zero. However, this choice of L is, 
at best, ambiguous, since the defining equation for A,, 
Eq. (3), is then meaningless; further, the charge re- 
normalization, Z;-'= (1— ZL), is then infinite, implying 
that the integral of Eq. (12) will diverge. As was the 
case with the integral of Eq. (10), the only precise 
statement to be made is that these integrals are neces- 
sarily infinite ; assuming the consistency of the remainder 
of the theory, the application of Eq. (8) is mathe- 
matically improper. If the condition of Eq. (8) is to be 
retained, a regularization procedure must be assumed. 
Che requirement that the integral of Eq. (12) must 
vanish was found by Goto and Imamura’ as necessary 
in order to obtain agreement with a formal application 
of the canonical commutation rules. 


DISCUSSION 


As is evident from the above considerations, the 
source of this difficulty lies in the form of the spectral 
representation for the commutator of the fermion cur- 
rent with the photon field. Because J,(x) satisfies the 
relation 0,/,=0, one can write 


(0! [Ju(x),A,(0) ]| 0) 


x 


= f dx? Q(x?) [64.k?— 0,0, |D(x; x), 


“0 


where the spectral function Q(x?) is composed of two 
essentially distinct parts: one part proportional to 6(«’), 
and the other proportional to that spectral function 
appearing in the commutator of two current operators. 
The requirement 


(0| [J u(x), »(0) ]|0)z0=0=0 (13) 


will be satisfied" if /% dx? Q(x?) =0, but the additional 
requirement of Eq. (8) implies that /o* dx? Q(x?) =0, 


9. Goto and T. Imamura, Progr. Theoret. Phys. (Kyoto) 14, 
396 (1955). The same point has recently been noted by J. 
Schwinger, Phys. Rev. Letters 3, 296 (1959). 

10 In Kallén’s formulation this condition reproduces the defining 
-quation for L in terms of x(x’). 
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which cannot also be satisfied without the assumption of 
regularization. 

It may be remarked that the necessity of such 
regularization can be demonstrated in an independent 
manner, by noting that there exists an alternate pro- 
cedure for the calculation of the photon commutator 
from that used by Killén. This method proceeds from 
the observation that the commutator obeys a second 
order partial differential equation, with specified “‘initial 
values” given by the equal-times commutation relations. 
One need not assume relations between matrix elements 
of the photon operators and their asymptotic values, but 
instead one may write the equations 


OD,,(x) = Ey» (x) =i0| [7,(x),A (0) ]/0), 
OE, (x) =2,(x) = —i(0| [7,(«),7-(0) J! 0), 


which have the unique solutions 
D,,»(x) - fay D(x—y, x0; 0)G,,(y) 
+ fry D(x,y)Ey»(y), 


E,, (x)= fe D(x—y, xo; 0)H,,(y) 


+fey 00D (x—y, xo; 0)7,+(y) 


+ fay D(x,y)ruv(y), 


where D(x,y) is that Green’s function satisfying" 


OzD= 5(x— y), D | 20=0= O29D/ x9=0= 0. 


The quantities G,,(x) and J,,(x) represent appropriate 
initial conditions for D,, and E,,, inferred from the 
canonical commutation relations; H,,(x) is obtained 
from the requirement : 0,E,,(x)=0, and is proportional 
to the integral of Eq. (12). Upon dropping all such 
photon mass terms, straightforward integration repro- 
duces Killén’s expressions for E,, and D,,. 

Finally, one may question whether a regularization 
procedure used in conjunction with Kaillén’s discussion 
of the magnitude of the renormalization constants does 
not of itself imply an inconclusive result. This is sug- 
gested by the following argument. Suppose that Killén’s 

uH. M. Fried, Phys. Rev. 115, 220 
integrals of this Green’s function are 


1 
fe D(x,y)D(y; 2)= 
ed 
and 


0 a¢@a 
fe D (x,y)-— —D(y; «*) 
Oy, OY, 


0,0,» 
=—[D(x; x) —D(x; 0) ]—5,45,4D (x; 0 
2 
kK 


(1959). The necessary 


[ D(x; x*)—D(x;0)], 


HERBERT M. F 





conjecture concerning the nature of the positive definite 
function m(x?) is correct; that is, there exists a lower 
bound to this quantity, say 2’(x*), which possesses the 
property” 


> Elim r (x7), 


Poe ce 


where & is a dimensionless constant and 2 («?) repre. 
sents the lowest order (Born) approximation: 


mw” (x?) = nO (x? — 4”) (14-2? / x?) (1 — 4m? ed 


with 7 a constant independent of m. It would then folloy 
that the integral 0% (dx2/x?)a’ (x2) diverges at its upper 
limit, which, following Killén, is equivalent to the 
statement that at least one of the renormalization cop. 
stants is infinite. However, suppose that, in analogy 
with the perturbation theory procedure, the effect 
of regularization is to replace m’(x?) by myeg’(x’ 

> i Cin,’ (x*), where the subscript z denotes the con- 
tribution of the ith fermion field, and the C,’ represent a 
set of coefficients so chosen as to ensure the vanishing of 
the integral 


is 4? 
lim dk° 


From Kiallén’s conjec ture one would expect 


T reg x"). 14 


ctr 


lim wm, (k >& lim 7°" (xk) =n 


Pees ce 


and in order for the integral of Eq. (14) to vanish at its 
upper limit one would then, among other conditions, 
require >>; C,’£;=0. (Actually, the C,’ should be chosen 
such that the complete photon mass integral vanishes; 
but if the number of regulating fields allowed has only a 
in perturbation theory, this condition 
realizable. Further, one might expect 


lower bound, as 
should always be 
that the £; would turn out to be independent of i, 
whereupon this condition would reduce to one of those 
familiar from perturbation theory and anticipated as 
necessary for the vanishing of the complete self-mass 
integral.) But the asymptotic limit of mreg’ (x?) is then 
zero, and the renormalization integral constructed from 
this function is “indeterminate” [of form f@ (d«?/x?) X0] 
at its upper limit; hence no statement concerning the 
convergence of this integral can be inferred from this 
type of argument. 

Note added in proof.—It should perhaps be empha- 
sized that the regularized renormalization constant 
(1— Leg)! be considered as distinct from the unregu- 
larized renormalization constant (1—Z)~. 

In fact, one might even expect a regularization pro- 
cedure to yield arbitrary values for the renormalization 
constants. This is suggested by considering the effect of 
regularization on that integral constructed from the 


2 This point has been questioned by S. G. Gasiorowicz, D.R 
Yennie, and H. Suura, Phys. Rev 


Letters 2, 513 (1959). 
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owest order approximation 7. The quantity 


oA? dk? a A 
lim | ©) (x?) —> 9] —-+2 In ~) 
Aro J; K? 3 mi. 


; logarithmically divergent and remains so when regu- 
ated by means of the standard conditions? 3°; C; 

>, Cym2=0, where Co=1 and mo denotes the elec- 
en's mass. It should be noted, however, that these 
relations represent the minimum number of such condi- 
tions required to ensure the vanishing of the photon 
mass integral. There is nothing to prevent the adoption 
f the further condition >>; C; In(m,/mo) =P, where P 
s zero or any selected finite number. The use of such an 
‘extended” regularization procedure requires an extra 
regulating field and changes the values of the coeffi- 
ients C;, for i21 (they are now logarithmically di- 
vergent with the regulating masses), but in no way 
iJters the results of the lowest order vacuum polariza- 
tion calculation. Regularizing in this manner, the value 


ANTUM 
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of this renormalization integral is proportional to the 
arbitrary number P. 

This discussion should, of course, not be regarded as 
exact in any way, or even correct; but rather as merely 
a kind of plausibility argument. Certainly, any precise 
statements concerning the effect of regularization on the 
magnitude of the renormalization constants must await 
the explicit demonstration of a consistent regularization 
procedure for the coupled Heisenberg fields. 
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The effects of possible superfluidity on the cranking moment of 
1 large many-fermion system moving under periodic boundary 
ditions are investigated within the framework of the theory of 
recently formulated by Bogolyubov. The 
ltonian is initially subjected to Bogolyubov’s general unitary 
isformation. The collective excitations of the fermions are 
then considered in the usual pair approximation; the appropriate 
anking terms are linear in the boson pair operators. On perform 
ng a unitary transformation which transforms away these linear 
rms, one obtains an expression for the moment of inertia of the 

tem which includes both the effects of possible superfluidity 
ind collective excitation. This expression, by virtue of its being 
stationary with respect to arbitrary variations in the amplitude 
ssociated with the latter unitary transformation, is then utilized 
8 a variational principle for the moment of inertia. For the 
normal state, the result previously obtained by the author, that 
the moment of inertia has the rigid value, is rederived in more 





superconductivity 











I. INTRODUCTION 


N a previous work by the author! (hereafter referred 
to as I), some of the consequences of particle- 
particle interaction on the cranking moment of a large 
many-fermion system moving under periodic boundary 
onditions were investigated. In particular, it was 
shown that the shift in the rigid moment of inertia due 
to collective excitations consisting in mass-renormalized 
particle-hole pairs could be obtained exactly without 
*Work performed under the auspices of the U. S. Atomic 


Energy Commission. 


'R. M. Rockmore, Phys. Rev. 116, 469 (1959). 


compact form. For the superfluid state, one finds that collective 
excitations effect a marked increase in the superfluid moment at 
intermediate coupling strengths although the resulting moment is 
still quite small compared to the rigid value. In contrast to the 
normal state case, where particle-hole pairs play a major role, this 
increase is almost entirely due to excitations consisting of particle- 
pairs or hole-pairs. The precise magnitude of the apparent reso- 
nance in the moment produced by the d-wave part of the cranking 
interaction is dependent to some extent on the features of the 
particle-particle potential which leads to the superfluid state. 
Variational expressions for the moment are exhibited for both 
Yukawa and delta-function shell potentials. These results are 
identical in charged and neutral Fermi systems. A calculation of 
the cranking moment at finite temperatures is presented in an 
Appendix along with an interpretation of it in terms of Bardeen’s 
two-fluid model of superconductivity. 


recourse to the usual perturbation theory.? Further, 
this shift was found to vanish exactly, although, ini- 
tially, it had seemed likely that pair excitations would 
furnish the major contribution to such an interaction 
shift. One noted that stability requirements* in I re- 


* The effect of interparticle forces in the lowest order of per- 
turbation theory has recently been investigated by R. Amado and 
K. Brueckner, Phys. Rev. 115, 778 (1959). 

3K. Sawada and R. Rockmore, Phys. Rev. 116, 1618 (1959); 
A. E. Glassgold, W. Heckrotte, and K. M. Watson, Ann. Phys. 
6, 1 (1959). 

4N. N. Bogolyubov, V. V. Tolmachev, and D. V. Shirkov, A 
New Method in the Theory of Superconductivity (Consultants 
Bureau, Inc., New York, 1959). 
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stricted consideration to repulsive potentials or more 
generally to those potentials which forbade the existence 
of a superfluid state.> However, it has been demon- 
strated® that the superfluidity of a many-fermion sys- 
tem (which is characterized by the presence of an 
energy gap in the spectrum of elementary excitations) 
leads to important consequences for the thermodynamic 
and electromagnetic behavior of such a system at low 
temperatures. It seems reasonable then, to inquire 
whether the pair correlations responsible for super- 
fluidity may also produce significant changes in the 
moment of inertia of a many-body fermion system and 
to calculate in some suitable model what these and the 
additional effects of collective excitation may be. The 
present paper is devoted to answering this question. 

In what follows, we have suitably generalized the 
method utilized in I, that of the equivalent Hamil- 
tonian,’ so as to obtain an expression for the cranking 
moment of a system of fermions in a cubic box, which 
includes both the effects of superfluidity and collective 
excitation. In Sec. II of this paper we develop this gen- 
eralization of I in terms of the formulation of the theory 
of superconductivity recently given by Bogolyubov.‘ 
The Hamiltonian for the collective excitations of the 
fermions derived in Sec. II is next subjected to a unitary 
transformation in Sec. III which yields an expression 
for the moment of inertia and an integral equation 
which determines this unitary transformation. Evalua- 
tion of the moment is dependent upon solution of the 
integral equation; the difficulties associated with the 
latter are obviated through the formulation of a varia- 
tional principle for the cranking moment. In Secs. IV 
and V, the results for the normal state and superfluid 
state cases, respectively, are discussed in detail. Addi- 
tional remarks appear in Sec. VI. Although our principal 
concern is with the cranking moment at the absolute 
zero. of temperature, we also present in an Appendix a 
simple, but instructive, treatment of the superconduct- 
ing moment of inertia at finite temperature. 


II. DERIVATION OF THE HAMILTONIAN FOR 
COLLECTIVE EXCITATIONS 


In the notation of second quantization, the dynamical 
system of fermions moving under periodic boundary 
conditions is characterized by a Hamiltonian of the 
form® 


KH= Hot Hit Kint, (la) 
KHo=)>, Clie Cie; (1b) 
ko 


5 L. N. Cooper, R. L. Mills, and A. M. Sessler, Phys. Rev. 114, 
1377 (1959). 

6 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev 
108, 1175 (1957) 

7K. Sawada, Phys. Rev. 106, 372 (1957); G. Wentzel, Phys 
Rev. 108, 1593 (1957); R. M. Rockmore, Phys. Rev. 114, 941 
(1959). See also reference 4 where this method is termed the 
“method of approximate second quantization.” 

® We use the system of units in which #=1. Our notation follows 
closely that of I and reference 4. 
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Hint —w{ >, a Less kCk+ro'Cke 
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where 2 is the quantization volume (a cubic box of 
side L), w is the angular frequency for rotation about 
the z axis, and the energy, €x, measured relative to the 
Fermi surface, is given by 


k? ky , 
ek 


2M* 2M*’ 


M* and kr denote the effective mass and Fermi mo. 
mentum, respectively. The matrix element of the ; 
component of the angular momentum operator Lz js 
given by® 


k+s! Lz|k)=Leis.s 


As in reference 4 we introduce new fermion operators a 


through the unitary transformation, 


t 
Qk U«Cut — UKC_xs . 
3 


= 1 + 
Qk UnC_ki UnCut , 


where “% and v, are real functions which satisfy the 


relation 
uy?+2,’= 1, 


and are symmetric with respect to the transformatior 
k— —k. As a result of the substitution, 
Ct Uno TT Unk) 
F t 
Ck} = Uni — Uno , 


the cranking interaction, 5 takes the form 


Hi: WEY Dd (Lacs (ty ttt ent eyr) 
k 
X (a, "Ok Qk Ay 
+L r k\ Ui rt k Ups rll, t 


K (Gers '' —Qk+r,10k0) | 
2 ko Lbs, cM stae terns 
k 


T 
Qk1 Ak+s,1) 


+ Licts, (Mey sVe— Vep sx 
> 4 


Qkis,0 Aki’ —Ak+s,10k ) }}. 


Then assoc lating the boson operators B»(k), Bp'(k 
with the respective fermion operator pairs, a@x1@«+ 


’ See I and reference 2 for details; the notation is that of I 


Note 


amon 
juant 
unde! 


In te 


for tl 


Viet 


relat 
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taxi’ in all possible ways, one obtains 


v/'= >  [A,(k,k’)8,'(k)8,(k’)+3B,(k, —k’) 


(] kk’p(k #k’) 


X {8p'(k)8_,'(—k’)+6_,(—k’)8,(k)}], (6) 
ld vhere”’ 
| & k.k’) = (1/2) 
nay x ((k+p, k’|v| k, k’+ p)—(k+-p, k’!0| k’+p, k)) 


O the XK (Wicg pUaMe’ + pV kT Mal + pe Vk’+ p) 
4(1/0)(k+p, —k|o| k’+p, —k’) 


X (Mics pla’ + pl x + Uk’ + plk+ pUk/Uk) 






1/2)(k+p, —k’—p!o|k, —k’ 
KX (ticy pValue 4 plier + Ul ey per Muy p), (7) 
he; | B,(k, —k’)=(1/2)((k+p, —k’—p|v|k, —k’) 
La —(k+p, —k’—p|v|—k’, k)) 
X (ther pV Mics pV Ue Vier + pad + p) 

3a L(1/Q)(k+p, k’! eo) k, k’+p 
21 X (Wir Vir4 play pUat Mn+ pUk/ Mad e+ p) 
1/2)(k+ p, —k!v| —k’, k’+p) 

“4 XK (ter pMuValcy pt Mey pMarerVeyp). (8) 
Note the explicit appearance of the exchange terms 
among the matrix elements of v in (7) and (8). The 
juantities Bp(k, —k’), A,(k,k’) are real and symmetric 
under the interchange k <> k’," i.e., 

B,(k, —k’)=B,(k’, —h), (9a) 
A ,(k,k’) = A,(k’,k). (9b) 
In terms of the pair operators 8,(k), 8,'(k), one has 
for the “principal part’ of the cranking interaction, 
Hint —w{> > (Less (Me Ve Ugg Uy) 
A) k 
< (6,'(k)—8_,(k+r))]—(r<s)}. (10) 
The Hamiltonian for collective excitation is finally 
mpleted by adding to (6) and (10) the self-energy of 

. For the superconducting state we make the usual assumption 
{ translational invariance in momentum space (at least for small 
p) and set (kik k;k,)=0(ky, ke) =v(ky— ke). [See, for example, 
G. Rickayzen, Phys. Rev. 115, 795 (1959).] Then, it is easy to 
show that 

15 (k,k’) = (1/2)o(k’+ p, k’). 0 (k+ p, k)M (k’+p, k’) 
1/Q)o(k,k’)L(k+p, k’+ p)L(k,k’), 
By(k, —k’)=(1/2)o(k’+p, k’)M(k+p, k)M(k’+p, k’) 
— (1/Q)o(k, —k’— p)M(k+p, k’)M(k’+p, k), 
where 
L(k,k’) = uyuy —?x?x’, 
M (k,k’)= ux, k’ TUK’? EK. 
t(k " Relation (9a) follows from the symmetries 
a,b|v|c,d)= b, —alz d, —c), 
a,b|v| c,d) = (d,c|z| b,a); 


relation (9b) follows from the hermiticity of 301’. 
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the pairs, 


Ho =>> Exp8,'(k)8,(k), 
kp 


(11) 
where 


Exp= Ex4pt Ex. (12) 


The dispersion law for single particles,‘ 


Ey=(e2+2)', (13) 
where J denotes the energy gap [we shall take the en- 
ergy gap to be constant” with J=/ (kr) ], obtains in 
the superconducting state and goes over to the normal 
law Ey=|ex| when J=0. Moreover the functions tx, 0x 
which, in the superconducting state are given by‘ 


uy=[3(1+ex/Ex) }', (14a) 
v=([4(1—e./Ex) }! (14b) 
take the values 

uUuyn= 1 (k> kp) (15a) 

=(0 (k< kp), 

v%=0 (k>kp 

k (k>kpr) (15b) 

=] (k<kp), 


when the energy gap goes to zero. 
Thus we have for excitations consisting of particle- 
hole pairs only,® 
ap tn) 
[3€0" Jr 
Zs Wip*Cp' (kK; t)cp(k; t) 
cP; kR<kp) 


= > Wep*Cp'(—k—p; ¥)cp(—k—p; §) 


kp 
k+p| <kr; k>kr) 
ts Wp Cp! | k: a)cp(k; a), 
({\k+p| >kr; k <kp) 


togel her with" 


apf) 
[31 MI 
1 = 
a v,(k,k ; P) 
2a kk’ poo’ 


k+p|.>kr; k <kpr) 


X[Lept(k; a)Cp x; a’) +c,*(k’; a’ )cp(k; a) | 


1 
+ ~ vi(k, k’+p; p) 
20 kk’ poo’ 
({k+p >ke: k <kp) 


X [ep(k; o)c_p(—k’; 0’) +c_,1(—k’; o’)egt(k; o) J, 


relevant discussion in Sec. III of reference 5. 
(25) of I where the sums over k and k’ do not include 


12 See the 
13 See Eq. 
spin. 


4 See Eq. (26) of I. 








1648 


L Wine’ It =() 


-(5 


rx0 


Ly tr,k 
ko 
(|k+r| >kr; & <kr) 
X[ert(k; o)—c_.(k+r; 0) ]—(r<s)}, 

where 
[8,(k) ]; 0 

= Cut "Cus pt =Cp(k; 4), ({\k+p|>kr; k<kr) 

- _ . | -b , 

=C_u_ps'c_uy=Cp(—k—p; 4), ([k+p| <hr; k>ke). 
Hence it is apparent that the present investigation con- 
tains our previous work as a special case, namely the 
zero gap limit. (However, it will be of some advantage 
to treat the normal and superfluid state cases somewhat 
differently in the following sections.) 

Considerable ease in the further manipulation of 


Lp apf = , af , 
collective excitation — JLO +51 +Hint , (16) 
is gained by rewriting it in terms of the canonical 
variables, 


gp(k)= (2E x,y) *[8,(k)+6_,'(—k)], (17a) 


wp (k) =i(Ex,/2)'[8,'(k)—B8_,(—k)], (17b) 
which satisfy the usual commutation relations 
Cep(k), ep (k’) ]=[p(k),7p(k’) ]=0, = (18a) 
Cep(k) wp (k’) ]=i5 ppdu’. (18b) 
The additional symmetries 
ae 
¢»'(k)= ¢_,(—k), sini 
wp'(k)=z_,(—k), 
follow on inspection. After substituting (17a), (17b) 
in (16), and making use of the relations 
A ,(k,k’) = A_,(—k’, —h), (20) 


B,(k,k’) = B,(—k’, —k), 
one finally obtains 
IHeollective excitation 


=3¥ (2,1 (k)x,(k)+ Exp? op" (k) op (k) + Exp} 


kp 
+ & 
kk’p(k #k’) 
X {opt (kK) yp (’) + (rep Ee'p)—ar! (k’) arp (k)} 
+3B,(k, = k’){ (o,' (k) op (k’) + ¢p(k) ¢,' k’)) 


— (ExpE xp) (rr, * (kk) rp (k’) +27, (k) 2, (k’))} 


ky 2\3 
two EE (-0(*)/( ) (asst Pays 
k (ro r Ex: 
k, 2\} 
xrs(k)—E (—1)2"( )( ) 
20 § Exs 


X (eis?e—Versty)rs(k)}. (21 


(ExpEx’p)*LA p(k, k’) 
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III. 


~ 


VARIATIONAL PRINCIPLE FOR THE 
MOMENT OF INERTIA 


As in I, we need only consider 


Us=WHos TKHiz tHine z, 224 
where 
Hoe’ =3 x, t(k)e,(k 2 
kr 
ay 1 > Fucks 
kk’r (k +k’) 
1.(k,k B,(k, —k’) 
1 k TT k r,' k’)x, k 2 
k ) ] 
JC nt : Z z, l ? ( )( ) 
k r Ex: 


One assumes the 


l exp »> fe(p p 
pr 
with p p e requirement, 
T ae e z ‘ji ie 3 jx)", it 
elds an expression for the moment of inertia 


ogether with an integral equation tor 7, k ; 


1.(k,k’)—B,(k, —k’) ]f,(k 


Introduction of the auxiliary function, 
F.(k 1 2Ex f,(k), 
produc rther yl] tion. One then ha 
| 10 (Ry /1) (his Pe Ua Pk 
2>° {Ey F.(k =. 
ke? k’ (k’ #k 
1.(k,k B,(k, —k’) JF, (k’)F,(k)} 2 
ere 
crf’ (k)+>- [A,(k,k B.(k, —k’) JF, (k 


We wil 
- useft 


t follo 
26’) ] 

In tl 
integra 
problet 


F,(k) 


by the 


Eyck r 


juaul 
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We will also find the following compact expression for 

;, useful, 
ae. 


(Ry/1) (ties sVa— Uxdnys)F (kK); (25") 


_ 
kr 
“<4! + follows from the equation of motion for F,(k) [Eq. 
26’) ] 

) In the case of a nonzero gap, exact solution of the 
integral equation (26’) for F,(k) presents a formidible 
problem. The strong possibility of resonant effects in 
F.(k) in the superfluid state case’ {This is indicated 
by the fact that the homogeneous integral equation,'® 


Ele (ke) 


+> [ 1.(k,k’)—B,(k, —k’) JF, (k’)=0, (26’’) 
k 


goes over at r=O into the familiar linearized integral 


juation, 


v(k,k’) 
1 F(k)+3 > F(k’)=0, (26’’’) 
ae OFC 


ich is the criterion for the existence of a superstate. 
We have set 2F,.Fo“ (k) = F(k). ]}, argues, moreover, 
against solution of (26’) by iterative or other approxi- 
mate methods. We shall instead determine the moment 
finertia from a variational principle. Such a principle 
s furnished 


by (25’), which is easily shown to be sta- 


nary with respect to small variations in ’,(k), i.e., 


f(k 54. 5 ky’ 
iz /( ) aster —tnvtye Fel 
F, k bF, k k’r Tr 


2>0 LE«r(Fr(k)) 
k’r 





A 


k’’ (k” +k’) 


x (A, (k’,k”) — B,(k’, k"))P.(k"))] 0. (27) 


[his stationary property is 
symmetry of the kernel, 4, 


a consequence of (a) the 
k,k’)— B,(k, —k’), under 
transformation k++ k’, and (b) the equation of 
motion for ,(k) [Eq. (26’) }. | 

maximum nor a minimum. | 


) the 


(26’) is, however, neither 


IV. THE NORMAL MOMENT 


Here we derive results appropriate to the normal state 
I(ke)=0], which is characterized by uy=0(k—kp), 
«=O(ke—k).'§ Although this case is treated fully in I, 
omparison with the discussion given in the previous 
section, shows the procedure employed there! in the 


'® This has been noted by K. Sawada (private communication) 


25 © k and k+r lie on the same side of the Fermi surface as do k’ 
ind k at 
7 See Eq (12) of reference 5. 
89(x)=1, x>0 
A(x)=0, x<0. 


* Eq. (47) of I clearly epitomizes the variational method. 
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determinaticn of 9, to be completely equivalent to the 
variational principle (Sec. III above). Consequently, it 
seems worthwhile to prove explicitly that the Ansatz 
assumed for F,(k) in I is indeed the solution of the 
equation of motion in the normal state. (In the course 
of our discussion, it will become apparent that the 
relevant sums over momenta, evaluation of which 
occupies the major part of reference 2, are trivial.) 
We have in the zero gap limit,”° 


(92)normal= 2 +e (Ry r)F,( k), ( (k+r! >krj;k<kpr) (28) 
kr 
and 


wer* FP, (k)+ >a 


— 


k'(k’ <ke,|k’+r| >kr) 
[01 (k’,k; r)—0,(—k’—r, k; r) JF, (k’) 
— (k,/r)=0, 


(\k+r|>kp;k<kp). (29) 


{Our specialization to spin-independent potentials per- 
mits us to make use of the normalization convention 


Y O(kr—k)=N, 


k 


0) 
~— f Rdkdw,, 
k (2) 


and thus, to omit spin sums; otherwise, one would ob- 
tain, for example, 


(30) 


where 


g 2 


(k,/r)[2F(k)]=2 ¥ (ky /r)F,(k).) 


kor 


z)normal > 3B 
kr 


If the general Ansatz, 


F,(k)= (k,/r)[6(k)/wnr* J, (31) 


is substituted into (29), one obtains an integral equa- 
tion for ¢(k), 


o(k)=1—-E (ky! /ky)[O(R')/onre*] 
~~ 


<[0.(k’,k; r)—0,(—k’—r, k; r)], 


(k, k' <kp; k+r ; |k’+r|>kr). (32) 


For small r (i.e., in the neighborhood of the Fermi 
surface), one makes the reasonable approximations, 


o(k),b(k' )~o(kr) =¢, (33) 


1(k’,k; r) > 0, (kK; 0) | ee ~ee, 


; : . (34) 
0,(—k’—r, k; r) > 2;(—k’, k; 0) | ay ake, 
together with the customary decomposition into spheri- 


cal harmonics,” 


v,(k’,k: 0) kk’ =ke duke’ ke) Pi(k- k’), (35) 
2% We have used the relation F,;(k)=F_,(k+r) in deriving 
(28) from the zero gap limit of (26). 
1 See Eq. (13) of reference 2. 
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D er(k){ Fucdux +LA, 





M*k,Q “ kk’r 
es ~;(Rr* ke’) ; (37) 
i 67 
4 on substituting (44) into 
| - From the relation” 
j 2s. (hse 
‘ker 


it then follows that Qo= M/M*. Note also that evalua- 


ais i Ro 


1 
I z)rigid =2 > > ( ) - (39 it follows tl 
TAU K(k <kr; |k +r! >kr) r Wkr 


becomes, on application of (36), the trivial calculation, 


3 Ok p* 1 
(Se)rigid=2 2 [a fe f R 
rx0 r” (2 k 0 


F—rx 


M 
*[Re?(1—2°) sin?e 


ties c}2 5 ( )Cr(h I 
VMI? . r 


40) 


where 


1 2 \r a 
b hy 2( ) 41) and 
ror” 4dr’ 6 | ‘° ! 


i (R’)y " Ry/%)\ Uyy ot 
xf ag f ax a= (=) P(E B | kr 
(kb re0) 
‘ a (k), 


Uy, 


Q 1 dV 1 1 si | 
—kypv(Re*, Re?) = — ( ) — » (3s Poa 
6r kr \dk/k=kr M M* which is seen to be the comp 


”)] with F,(k) replaced by 


tion of the rigid moment, Ry\ (us 
g.(k 
zs" r 


where (k),-=x and (k),=(1—27)!sing. It is readily where g,( k) 1 known function and @¢ a vari: tionally 
seen that” determined parameter. Then, 
_, Oke’ (9,/4)=6 Dd (ky /r) (tics Ve — Veg ex) oe (k) 
pa dk, (36) kr 
k’(k’ <kr; |k’+r]| >kp) ~ (mn)? kr —rx lh +3 ry 
kk’ 
and hence, . 
+[A.(k,k -k’) }}¢,(k’), 
kpM*Q 
@=}]1+ — ¥ 0, (ke? Re?) The condition, 0(9,/4)/d@ leads to 
(Qr)3 1 
j : t UK) £r' k) 


» results 


c— Un0x+r)gr(k)¢, 


sion tor 


k o.”4 Let us tl 


rity 


(“) U, kk Uy 
ae S 
V. THE SUPERFLUID MOMENT ~ Exe 


We shall calculate here the superfluid moment by Note tt 
means of the variational principle described in Sec. IIT. A 
Our discussion is limited to two tractable two-body 40 a ( wa \(- 
interactions: (a) a spherically-symmetric delta-function oe ae P 
shell potential, (b) a Yukawa shell potential. (Bot! 
potentials are assumed to be zero everywhere in mo where 
mentum space except in a thin spherical shell at the P 
Fermi surface.) Let us consider the class of trial and 
functions, 


F.(k oe,(k ; $2 


2 See M. Gell-Mann and K. Brueckner, Phys. Rev. 106, 364 25 See, for example, K. Yos 
1957). 21, 731 (1959), where 
3 See Sec. LII of reference 2 discussed 
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’nal Since (Iz°)superfluid= (1 L)Xconst.X (I z)rigia, we see 
| that the superfluid moment (92°)superfuia IS Very much 
smaller than the rigid moment in the limit V > o, 
g—- , with the ratio VN/Q=p fixed (the limit of large 
systems at constant density which is the case under 
onsideration in this paper). For attractive interactions 

| [for which v2(kr?,kr*) is nonzero |, the quantity R de- 
43) | fined in (48) will be found to be negative. [Note that 
| jnce both (J$z)superfluid 2Nd (9z")superfuid are positive- 
lefinite finite quantities, R is bounded by R>—1.] In 
lemonstrating the resonant character of the ratio 
1+R)-', we will make use of the criterion for super- 
fuidity® which is taken to be satisfied by the S-wave 

k omponent of the two-body interaction, v9(kr*,ke*). For 
mall r, and in the neighborhood of the Fermi surface, 


4 yne has’ 
[4.(k,k’)-- B,(k, —k’) ] (1/Q)vo(Re*,Re*), (52) 
aa nd hence, 
1 i kyky'\1 — 
R~ 22 ( ) vo(Rp*,Re*) Po(R- k’) 
E g, casein’ kk’r a Q 
1 I? k,k,'r” | 
x —-- . 3a) 
r 4EeEy! M* | 
We may also write 
+” \ 
+ ' fini x a‘. rr p j 
r 12M*? 
~ V P 
a 1- 32)! 
12M*T 
1 de 
x(- Vo( Rp? Re kpM* i ), (54) 
Te J sky 
ere we have used the criterion for superfluidity.”® 


t 
f lhe integration in (54) is to be taken over a spherical 
shell of thickness A at the Fermi surface. ] By straight- 
forward manipulation, one obtains finally, 


1ere 
aA/2l dZ A 
) in( +[(A/27)?+1 ') 56) 
d 14+272)3 ] 
Since (A/2/ sinh} 1/N(0)(—v) |, where 
: V(O ky M*Q 2r’, 


one sees that the value of § is closely tied to the coupling 
strength.’ 


26 See reference 25, I q. (2 
7 See footnote 10; we have used the relation [L(k,k 
LCM (k,k’) P= 1. 
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(a) Spherically-Symmetric Delta-Function 
Shell-Interaction**® 
For the contact interaction 2v(r,2)-= 


—Vd(ri2—a) 
X0(A/2—| ex!), with Vo>O0 one has 


12 jo(kra) 2 
rane |= | (55a) 
59 jo(Rkra) 
‘(b) Yukawa Shell-Interaction 
For the Yukawa interaction, v(1r)2)= — Vo(e-#"!2/rj2) 
X6(A/2—| ex! ), there results” 
12 
R~——[(Qo(1+p?/2ke*)/Oo(1+u?/2ke*)].  (55b) 
59 


The possibility of a resonance for intermediate values 
of the coupling® is more apparent in the first case than 
in the second. It seems likely, in any event, that the 
resulting moment will still be quite small compared 
with the rigid value, with the collective excitations pre- 
serving the superfluid character of the moment. 


VI. CONCLUDING REMARKS 


Although the results obtained in Sec. V are qualita- 
tive and undoubtedly model-dependent, they indicate 
that collective excitations may be expected to produce 
additional effects on the cranking moment of 2 many- 
fermion system when the conditions for superfluidity 
are met.” In the case of fermions moving under periodic 
boundary conditions, it appears that while the effects 
of collective excitation are reduced in the weak coupling 
limit, they lead to the possibility of a marked resonance 
in the superfluid moment at intermediate coupling 
strengths, this enhancement being almost entirely due 
to excitations consisting of quasiparticle or hole pairs. 
(Note that our results are identical for charged and 
neutral Fermi systems.) The possibility of such effects 
not appear to have been 
theories of the superfluid nucleus.* 


does discussed in recent 
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2” We have used the expansion 

1 
= (214+-1)Pi(y)Qi(x) 
x—y 0 
in deriving (55b) 

” In the model considered above, these additional effects arise 
mainly from excitations consisting of pairs of particles or holes 
with small net momentum. 

31 V. G. Soloviev, Nuclear Phys. 9, 655 (1959); S. T. Belyaev, 
Kgl. Danske Videnskab. Selskab, Mat-fys. Medd. 31, No. 11 


(1959). 
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APPENDIX it follows that* 


Cranking Moment at Finite Temperatures ? 


, : L( €«4 2 7 
In the calculation of the cranking moment of a super- Chtrs¢e (A 


fluid many-body fermion system at finite temperatures, 
we shall find the notation and results of reference 6 Since th principal contribution to 9.(T) comes fron 
(particularly those of Sec. IV of that paper) most small r, we make th appropriate approximations, : 
convenient. It was shown there that a single-particle 


scattering operator of the form Mepr= Eu tbkx, 


where 
U= D0 Berncure'cxe, (A.1) bE ue (1/2E x) (€ny2°— ex"), 
kk’o ; 7 A8 
feir—Jutosx 
gives rise to the second-order energy, where 
5 fe — BoE x fe(1— fe (A 


(Wy) DO Burncertcn| Ws) |? 
- kk’o L (€x+2,€%)—~| Exdfs Fy6Fy Bfu(1—fx). (AA 
AE® =>} —— —_— 
f Wi—-W, Thus we have, 


L 
—-> By, |? L(eé',€), (A.2 §(T)~2> = 3fx(1— fx) 
kk’ kr ¥ 
where 
1/(1—-2f)E—(1-—2f’)EF’ 1 
L(e’,€) ( - — ) ~2> -BD ki fu(i—fr). All 
2 e—¢? r~or? kk 


le’ +P l-2/)2—(1=—2f)£ \.11) may be further simplified by making use of t 
aa ) (49) lation 
2\ EE’ e—e¢”? 


I ° d 1 1 
c 1 > Dp > om. © ‘ = bf | f ler hidk 
for the case,* By:y= — B_y _. This case is appropriate _ a A . ) . } “WE 1+<8J 3 


here since for the cranking interaction, one has 
3L°(1/B)pn, (A.12 


By Bx+p «(Opr—Sps), 
where which was obtained by Bardeen* in his discussion of 
Buy p.u= — oles pe, (A4 two-fluid model for superconductivity. Substituting 
and - 4.12) into (A.11) and using (41), there results finally 


(—1)"'7kyy  (—1)"! ky 
| ne ( ‘) ( ) j(7 iN ML? (A.13 
1 r 1 (k.tr)—k, and hence. 


=—Jf k,—(k+r)- (A.5 ‘(7 \ A 7 rigid: A.14 


From the relation, a: 
Note that in the zero temperature limit, fx, fxs. — 0, of 
+} r vY ; h 1 nent 
: ow yp A : ¢ ers the fa expression for the superconducting mome 
AE@ —" ri Luts k \Opr— Ops) *L(€x+p,€k) 2] ; Lp 
kprs 1 2=( ‘) (1 smentr TP) 
kr \7 2 ExutExye Exess J 
9 9 
A he ‘J. Bardeen, Phys. Rev. Letters 1, 399 (1958). pp is the densit 
—w" > L(€x41,€x)—w* >- 7. L(€x+5,€x) of the normal component f one spin). 
kr 7 ks 5° rhis result has also been obtained by K. Sawada (privat 
ce lunication) using the method of A. A. Abrikosov, L. I 
- —1g/ T )w*, (A.6) Gor’kov and I . M Kha atnikovy [J. Exptl. Theoret. Phys 
“4 U.S.S.R.) 35, 265 (1958) [translation : Soviet Phys.-JETP 8, 182 
2 Case II of Sec. IV, reference 6 1959 


th 
of 
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Generalization of Quantum Mechanics 


T. E. Putpps, Jr.* 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received May 7, 1957; revised manuscript received January 20, 1960) 


The possibility of generalizing quantum mechanics in such a way as to retain its predictive results, while 
comprehending additional solutions, is examined. It is found that this can be done through a perfected 
formal correspondence with Hamilton-Jacobi mechanics, by which one is led to consider generalizations 
of the Heisenberg postulate of the form p.qgj—q;px=S5jx, where S is a quantum analog of Hamilton’s 
principal function. The formalism is shown to be equivalent to a simple change in Hamiltonian, with 
transformed momentum operators satisfying conventional commutation relations, and with an additional 
relationship involving formal analogs of the classical “initial constants” adjoined. A particular choice of 
S (=h/i) leads to a theory identical with wave mechanics a part from a constant (unobservable) phase factor 
on the wave function. The fact that S may possess other, nonconstant values, demonstrated by a specific 
example, suggests the ability of the mechanical equations to describe a broader class of physical states than 


has hitherto been investigated. 


N the absence of a satisfactory theory of nuclear 

forces, the possibility of departures from the 
postulates of quantum mechanics cannot be excluded. 
Because of the extremely close agreement of quantum 
mechanics with, e.g., the observed spectrum of the 
H atom, no significant postulational modification can 
be tolerated in the description of atomic states. To be 
ff physical interest, any generalization of the theory 
must therefore contain the familiar quantum-mechanical 
states as exact solutions, but may possess additional 
solutions not in conformity with the postulates of the 
more-specialized discipline. The present paper estab- 
lishes the existence of one such generalization. 


1. CORRESPONDENCE: NONRELATIVISTIC CASE 


Any mechanics must exhibit some relationship to 
the classical canonical theory. The most direct relation- 
ship is an exact formal correspondence. The non- 
relativistic equations of motion of an n-particle system 
are postulated to be 


0 
(xx, p,l)¥y= ——SWy, k=1,2,-+-,3n, (1a) 
al 
0 
pV; =—SY,, (1b) 
OX, 
0 
—PW,= SY, (1c) 
OX; 


by correspondence with Hamilton-Jacobi mechanics.! 
As in that theory, the X, and P; are constants; S is 
some scalar function, 


S=S$(x,,X%.4), &=1,2,-+-,3n, (2 


the x, are rectangular coordinates in a Galilean frame 

of reference; and Ws=Wy;(x4,X:,P:,f) is a formal 

operand or wave function. The present paper is con- 
* Operations Evaluation Group, Washington, D. C. 


_*H. Goldstein, Classical Mechanics (Addison-Wesley 
Cambridge, Massachusetts, 1950). 


Press, 


cerned with the consequences of this postulate (in 

Sec. 1) and of its relativistic counterpart (in Sec. 2). 
Equation (1) may be regarded as a set of simultaneous 

partial differential equations for the unknown functions 


S and Wy. It possesses three classes of solutions, 
designated as 

ClassI: W,;=constant. 

Class II: S=constant. 


Class HI: ¥;#constant, S¥#constant. 


These will be examined in turn. 


Class I 


If W, is an arbitrary, nonzero c number, it cancels 
from Eq. (1), reducing the latter to the Hamilton-Jacobi 
equations of motion. Thus the classical “states” are 
included among the exact solutions of Eq. (1). 


Class II 
If S is assigned a particular constant value, chosen to 
agree with experiment, viz., 
S=h/s. (3) 


Eq. (1) reduces to quantum mechanics. Equation (1), 
with (3), becomes 


hoa 
(xx, pi,t)¥s= = i V,, (4a) 
i dl 
hoa 
PV = seine V;, (4b) 
1 OX. 
ho 
— Pv,=- —Y,. (4c) 
1 OX, 


Equation (4c) is seen by inspection to be satisfied by 
Y= xpl— (4, nh)> PX, }P(x;,!). (5) 


Equations (4a) and (4b) reduce, after cancellation of 
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the constant exponential factor, to 


ho 
(Xk, Pxyt)P(X4,t) = —- —P(x:,b), (6a) 
1 Ol 
ho 
PP (x;.,t) =— —P(x;,t), (6b 


i OX, 


the Schrédinger equations. 

By Eq. (5), the solutions VW; of Eq. (1) for which 
Eq. (3) is satisfied differ from the Schrédinger wave 
functions ® only by an arbitrary constant phase factor, 
which would in general be absorbed into the wave- 
function normalization factor. Equation (1), 
mented by Eq. therefore substantiated by 
experiments that confirm ordinary quantum mechanics. 


supple 


(3). is 


Class III 


If both S and Wy are nonconstant, we have to deal 
with solutions of Eq. (1) of the most general type, for 
which some of the classical-analog operators become 
non-Hermitean, and for which the Heisenberg postulat 
(but none of the other postulates of ordinary quantum 
mechanics) is violated. From Eqs. (1b) and (2) we sec 
that the Heisenberg postulate is generalized to 


0 0 
Og: Og: 


SW, 


SdyiV;, (7 


where 6;, is the Kronecker symbol. It is convenient for 


further development to introduce, by means of 


S= (h/i)s, 8 


a scalar function s that is the generalized quantum 
analog of the classical Poisson bracket of conjugate 
position and momentum variables (s=1, the classical! 
value of this P.B., yields the Class-II states discussed 
above, corresponding to ordinary quantum mechanics 
Equation (la), with (8), becomes 

ho 
HY,=— Wy. 9 
1 ol 
The assumption that s possesses an inverse permits 
us to introduce, by means of the transformation 


ait Hs 3 10a 


V=sV,, (10b 


an operator 5C which, being conjugate to time, has 


physical significance of an energy operator, 
ho 
KY = — V; (11) 
1 al 
established for 
classical-analog Hamiltonians H of physical interest. 


provided the Hermiticity of 3 can be 


rHOtFrs, 





]R 


Che latter requirement i 
Thu . the 


atisfied if and only if the 


function s is real nonrelativistic one-bod 


energy operator, 


1t= Hs rd 


L 


(h?/2m)¥s-V+Vs" 


2m)p-pt+V |s 


Hermitean if s is real; and the sam 


true in the many-body and genera! external-fi 


cases. Here, use has been 1 ade of Eq. (1b), writter 


an operator equatiol 


p= (h/1)Vs. (13 
operator, of « ourse, acts on ¢ verything 
merely on S§.) 
¢ Heisenberg picture is facilitate 
tean momentum, §8= ps 


Che trans yn to tl 


IS 


by definin . Equatior 


13) indicate it YS obeys the commutation relatior 
or ordinary quantum-mechanical momentum. From tl 
fact the commutation relations of other quantit 
involved ¢ eory Lset Ea. (7 are readily deduced 


the classical-analog quantitie 


pand H aren ; real (e.g., p=‘Bs is th 


product of comm uting Hermitean operators 
By Eq. (11), 3 e generator of infinitessimal time 
displacem«e f the system. Therefore, the equat 


of motion of a Heisenberg variable v is 





The rem der of the He senberg form of the theory 
readily deduced 
The nv gatiol of a generalized form of t 

Heisen erg po tulate LI te has led us in this sectio1 
via a simple transformation [ Eq. (10) |, to a formulatior 
mathematica :' dentica with ordinary quantul 
mech but differing in the explicit form of t 

energy Oj r. There i further difference, in tl 


theory contains al 


extra ré p, | (1c), to which no allusion ha 
been made ere, D Ission ol this important equat 
nd of Ss Usé determining s, is of greater interest 
e context of a relativistic formulation; hence, 
deferred to S 2. The present formal consideratior 
Impose Upo n reference to Class ITI solutions, onl 


¢ 


scalar function of 
all, or 


1t range (in order th 


the requirement that it be a real 
arguments indicated nonzero at 


LITTLOSLt dali, PO ol 


argumel 
LY DOSSE in Inve;rse 

2. RELATIVISTIC THEORY 
Attention will 


Our procedure will be to postulate a relativistic equatiol 


be confined to the one-body problem 
Lorentz invariance, sho 
th Eq. (1) in the nonrelativistic limit 
; of solutions, as be fore. 


gle particle of charg 


of motion, 
that it agrees w 


and ¢ xamin¢ tne 


The equation ot motion of a 


I 


wher 
Lore! 
mom 
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OF 


if th | ¢ and mass m in an external field of vector potential 
“body | A=(A1,42,43) and scalar potential ¢ = Ao is postulated 
to be t 
r 7 Y 
{aul Pu— (e/c) Ay |+anmc}¥,=0, (14a) 
(12 | 0 
Puts — SV, (14b) 
me OX, 
field. | 
- 0 
fen as | —- PW, SW,, w=0,1,2,3, (14c) 
OX, 
(13 where (21,%2,%3,t) are space-time coordinates in a 
thinn | Lorentz frame; xo= —cl; (p1,p2,ps) are classical-analog 
, momenta; po= H/c, where H is the linearized classical- 
, analog Hamiltonian,? 
Lal , 
ator H —ca:[p—(e ( A |- Aanme+eg; (15) 
Ltn 
nt the X, and P, are constants (Yo=—ctlo, where fo is 
tit the initial-time constant); a@=1, and the remaining 
uce a’s are anticommuting unit elements, as given by 
titie Dirac®; Ve= (xy,Xy,Py); S=S(x,,X,) is a scalar (spin- 


s th independent) function; summation on repeated indices 
- is implied; and distinctions between contravariance 
ind covariance are ignored. 

If p,, A, transform as 4-vectors, 


Pu Aywps™, A, OyA ,*, (16) 

while the wave function transforms according to 
Vrt=yV,, (17) 

vhere 

fy VuY =a, VanY—Am, (18) 
bar denotes Hermitean conjugate), Dirac’ has shown 
ti Eq. (14a) to be Lorentz-invariant. It remains to 
tior establish the convariance of Eqs. (14b) and (14c). 
tur Let d,=0/0x,, D,=0/0X,, u1=0,1,2,3. Because x, and 
t X, are of the nature of space-time courdinates (the 


tha X,, k=1,2,3, are “generalized coordinates” in the 


classical transformation theory') they transform as 
4-vectors; consequently, d, and D, are 4-vectors, 


d Gots. dD, 


“ 


Qyy pe. 


Since the a’s, and hence y, commute with all operators 


ions appearing in Eqs. (14b) and (14c), the former may be 
| multiplied from the left by a,,y to yield, with the help 


of Eq. (17) and the orthogonality relation (a,,dy,=6,-,) 


vvsys 


Cy puyVy pv a 7 y Cys dS VY; dy *SW,*, 
r, with v’ replaced by yp, 
0 
Put V,* : SW,*, uw=0,1,2,3. (26) 
em ox," 


Similarly, reference to Eq. (14c) indicates that if P, 


nit *P. A. M. Dirac, The Principles of Quantum Mechanics 
(Clarendon Press, Oxford, 1947), 3rd ed., p. 264. 
3P. A. M. Dirac, reference 2, pp. 255-256. 
rg *P. A. M. Dirac, reference 2, pp. 257-259 





(19) 
Re eee, 
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transforms as a 4-vector (Py=ayP,*), D, and (—P,) 
may be substituted for d, and p,, respectively, in the 
foregoing derivation to establish that 


0 
= SY, *, m — 
oX,* 


— P,*U,/*= 0,1,2,3. (21) 


Comparison of Eqs. (20), (21) with Eqs. (14b), (14c) 
shows the latter relations to be form-invariant under a 
Lorentz transformation between starred and unstarred 
coordinate systems if and only if 


S(x,,X,) =S*(x,*,X,*). (22) 


It is therefore proven that Eq. (14) is Lorentz- 
invariant (and that 2,, p,, X,, P, transform as 4-vectors) 
if and only if S transforms as a Lorentz scalar function 
[Eq. (22) ]. 

The consistency of Eq. (14) with Eq. (1) in the 
nonrelativistic limit is easily established. For w= 1,2,3, 
Eqs. (14b) and (14c) are identical with Eqs. (1b) and 
(1c), respectively. For .=0, Eq. (14b) may be written as 

0 0 
cp¥;=c—SW, = — 


Ox 


SY, 

al 

which is consistent with Eq. (1a), in view of the fact 
that cho=H, where H, given by Eq. (15), is known? in 
the field-free case to be essentially equivalent (except 
for possession of negative- as well as positive-energy 
solutions) to the classical relativistic Hamiltonian, 
[mc'+c(p2+ p+ p;*) |', which in turn has the 
one-body Hamiltonian of Eq. (1a) as its nonrelativistic 
limiting form. If an electromagnetic field is present, 
the nonrelativistic limiting form of Eq. (14a) (except 
in the of Class I solutions, discussed below) 
differs the classical-analog Hamiltonian of 
Eq. (1a) by a-dependent terms, often added as empirical] 
(Pauli spin) corrections to the classical-analog Hamil- 
tonian in ordinary quantum mechanics. These terms 
evidence the inadequacy of a nonrelativistic formulation. 

It remains to confirm that Eq. (14c) for »=0, viz., 


case 
from 


a 

_ PW; SY, (23) 

OX 

is compatible with Eq. (1). Since two new parameters, 
Xy and Po, not explicitly contained in Eq. (1), enter 
here, it wil! suffice to show that particular values of 
these parameters can be chosen to render Eq. (23) 
nugatory in any particular Lorentz frame [for in this 
case Eq. (14) will possess solutions that can be cor- 
related with those of Eq. (1) in the equivalent Galilean 
frame ]. This is seen by inspection of Eq. (23) to be 
trivially the case, e.g., for the class of solutions of 
Eq. (14) for which Po=0 and SY, is not explicitly 
dependent on Xo; or for the class of solutions for which 
PoXo=0, S is independent of Xo, and VW; depends on 
Xo only through a phase factor exp(—S'PoXo). 
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Such correlations between Eqs. (14) and (1) apply 
only in a chosen Lorentz frame, since Eq. (1) is not 
Lorentz invariant. 

We now examine the three classes of solutions of 
Eq. (14), defining these as in Sec. 1. 


Class I 


If VW; is a matrix of constants, 


‘ 


| @ 
| as 
| a3 
(4) 





V F 


Eq. (14a) reduces to a (linearized) form of relativistic 
classical mechanics first discussed by Pauli. Multiply- 
ing Eq. (14a) from the left by 


{[ po— (e/c)Ao ]—a-[p—(e/c) A]—anmc} 


and also by a constant 4-entry row matrix (such that 
its product with Wy is nonvanishing) to eliminate Wy, 
we obtain 


[po (e/c)A 0 P— [p— (e Cc) A P- mc? =0, 


(24a 


the classical relationship. Thus, except for questions of 
algebraic sign of the energy, the linearized Hamiltonian 
of Eqs. (14a), (15) is equivalent to the classical non- 
linear form embodied in Eq. (24a). Multiplication of 
Eqs. (14b), (14c) from ‘the left by a constant 4-entry 


row-matrix eliminates W;, as before, so that these 
equations become 

Pu= (OS/Ox,), (24b 

— P,=(0S/0X,), w=0,1,2,3. (24c) 


Pauli omits explicit mention of these supplementary 
relations, although Eq. (24b) is implicit in his discussion 
and Eq. (24c) is evidently needed to impart 4-vector 
significance to the generalized momentum P,,. The classi 
cal “‘states” of special-relativistic motion are thus 
included among the exact solutions of Eq. (14). 


Class II 


If S is assigned the constant value #/i [see Eq. (3) ] 
a theory results that is identical with the Dirac electron 
theory, except for a phase-factor distinction similar to 
that discussed for Class IT solutions in Sec. 
(14) becomes 


1. Equation 


{a,[ pu— (¢ c)A, | +a,mc}¥,;=0, 25a 


ho 

Puy Y, . i 25b ) 
i OX, 
ho 


—PW, V,, w=0,1,2,3. (25 
idx, 


5 W. Pauli, Handbuch der Physik edited by S. Fliigge (Verlag 
Julius Springer, Berlin, 1933), 2nd ed., Vol 
Eq. (1050). 


XXIV, p. 241 


HK Hs 





rerrrs, 8 


Equation (25) is satisfied by 
V € xp /n re a P ( Yu), (26 
where ® is the Dirac wave function. 


Class III 


The formalism de veloped for Class IT] solutions in 


Sec. 1 applies 


also in the relativistic case. We have only 
1e Hermiti ity of the ene rgy operator, 


ca [ h/i)¥ (e/c) As 


Q», NCS 


to verify tl 


ltegs-! (27 


[see Eqs S), 10a). 13), and (15) ], 


at once from the realne ol § 


whi h follows 
Che function s is assumed 
the end of 


0 


to satisfy the restrictions mentioned at 
Sec. 1, and also to Lorentz scalar 

If the transformed wave 
(10b 


transform as a 
function; see Eqs. (8), (22 


function VW, defined by Ei (a Lorentz-invariant 


relationship time-independent in a_ particular 
Lorentz fr e of interest, the substitution 


/ [ 
V y expL 


to the eigenvalue equation 


; aA} ) 
Ky Ey, (Zs 
where 5 is given by Eq. (27 
Both Eq. (28) Lembodying the information 
Eqs. (14a 14b ind Eq 14c) must come into play 
if the corre pol dence-based relations are to prove bot! 


necessary and sufficient for determining the two 
unknowns, s and w (or S and W;). To establish that th 
pre sent theory 


a nontrivial generalization of 


quantum mechanics, it is mandatory to exhibit an 


III solution. 


problem, since this 


example of such a ( This can be done 
only in the context of a specifi 


] 


type of solution by its nature lacks dynamical generality. 


The fact that s and y are determined by simultaneous 


partial differential equations implies that both are 
tate dep dent; in contrast to the case of Class I or 
IT solution y or s, respectively, is postulated 

pri ri with ymplete stale independent) dynamical 


Example 


lo exemplify ¢ III solutions a_ relativisti 
one body central force probiem Will be consid red. A 
ght particle ( ron or positron) of charge e and 
mass m is assu { bound in a tionary siate to an 
infinitely ssive po enter of nuclear and Coulombi 
force, of charge Ze, w h is at rest at the origin of 
coordinates in the laboratory system. The light particl 
described by the Hamiltonian of Eq. (27), or, more 
simply for present purposes, by the 2X2 component 
ope! t 
1 l hic] Ze 
j hi ( . ) €p3— mu pst sl (29 
ar r 7 y 
P.. A. M. Dira ) 66-268 


on a 


syml 
depe 
cons 


th 








26 








29 
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on a 2-component radial wave function Y(r). Spherical 


symmetry permits s to be treated in its coordinate 


dependence as a s« alar function of r alone. All customary 
considerations relating to angular momentum therefore 
remain valid (s commutes with /), and 7 has the same 
significance and, with the exception noted below, the 
same eigenvalue spectrum in the present theory as in 
Dirac’s. Choosing the matrix representation of the 
quantities « and p; used by Dirac,® we find that the 
eigenvalue equation, (28), leads to the simultaneous 
equations 


(7+ 1) si Ze | 
Yo! + Yot ( mc-+ )- Wi=0, (30a) 





r he r he 

( i] 1 ) iz Ze FE’ 
—y,'+ vit (me + )- Y.=0, (30b) 

r he rT hc] 


for the two components of y. 

Equation (30) embodies the information about the 
radial part of the wave function contained in Eqs. 
(14a), (14b). It remains to determine s by means of 
Eq. (14c). The zeroth-component relationship may be 
rendered nugatory by one of the devices mentioned in 
the discussion of Eq. (23). (Since time is excluded from 
the problem by consideration of a stationary state, s 
and ¥ can be assumed independent of Xo=—cto.) 
Equation (14c) then yields 


ho 
~P,s-y v, k=! 
1 OX, 


Introducing polar coordinates, R= (Y’+ X,?+4 X,2)3, 
X,=R sin@ cos@, No=Rsin@ésingd, X3=—Rcosé, and 
assuming that the wave function is not an explicit 
function of 6, @, so that 


~ 0 OR ra] 0 
ct (Ad) > 3 
OX, OX OR . - aR’ , 12, 
(the & are direction cosines), we consider an arbitrary 
fixed direction, specified by 6, ¢, such that P,=P&, 
where P is some constant. The three equations (31) 
then reduce to the single relation 


ho 
Psy : (3 


i OR 


In order to interpret the action of the: operator 
(0/AR) on the wave function, we must at least tem- 
poratily consider y, as well as s, to depend on 
R=(X,,N»,X;). Our procedure will be to test the 
equations for a solution such that r and R occur only 
in the combination |r—R!. If this is the case, 0/0R 
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= —0/dr, and Eq. (32) becomes 


ho 
Ps-y . (33) 


1 Or 


To certify the originally-assumed spherical symmetry 
with respect to the origin of coordinates, it is necessary 
to impose a particular “initial condition,” viz., 


R= (X,,Xo,X3) = (0,0,0). (34) 


Only by this special choice of the initial condition can 
we assure that y and s dependence on r is equivalent to 
dependence on |r—R\|, as is necessary for self-consist- 
ency of the above treatment. There is no doubt about 
the relativistic invariance of the initial condition that 
R shall coincide with the position of the heavy particle, 
since the latter, being infinitely massive, possesses an 
unambiguous world line. It will be noted that (a) any 
other initial condition than Eq. (34) would entail 
relativistic difficulties, (b) as in classical mechanics, 
after we have applied the initial condition, thereby 
specializing the dynamical description to that of a 
particular event, S (or ¥) no longer exhibits explicit 
dependence on the X,. After imposing condition (34), 
we may replace partial by total differentiation in 
Eq. (33), 


hd 
sY=- y. (35) 
iP dr 


The operand here is the same radial wave function 
whose components appear in Eq. (30). 

Separate equations for the two components of p are 
implied by Eq. (35). The scalar (spin-independent) 
nature of s establishes the equality of the logarithmic 
derivatives of these components; hence 


} 


Ye=Cy, C=constant. 


... (36) 


Making use of Eqs. (35), (36) to eliminate s~! and yz 
from Eq. (30), we obtain from the two parts of that 
equation 








; imc 1iZeé* EB’ (g+1)C 
vil c+ ve it~ =0, (37a) 
P cPr hc r 
imcC iZeC 
es — ie 
P cPr 
E'C (j-1) 
Ly,| — +—_|[=0, (37b) 
he r 


Compatibility is secured by proper choice of the 
constants C and P, viz., 


j-1 imC -j 
j+1 P jt. 


(38) 
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as may be seen by inspection, following multiplication 
of Eq. (37a) by C. 

In order to specify these constants more definitely 
it is necessary to establish something about the behavior 
of the wave function, or of s, at infinity. From “‘insuffi- 
cient reason” one may argue for asymptotic constancy 
of s for very large 7, since there is in that region nothing 
physical to cause departures from constancy. We shall 
here suppose the constant value to agree with the 
classical P. B. value of unity, viz., 


lim s(r)=1, (39) 


rn 


since in this way we shall be assured that the Heisenberg 
postulate (s=1) is almost satisfied almost everywhere. 
By allowing only a local departure from that postulate 
we shall obtain a ‘‘gentlest possible” modification. 
Considering Eq. (35) in the limit of large r, and 
making use of the condition (39), we see that ¥ and 
¥2 behave asymptotically like exp(iPr/h). In view of 
the bound-state requirement that the wave function 
vanish at infinity, P must have a positive imaginary 
part. From Eq. (38), for 7 real, |7/>1, P must be 
pure imaginary, 
P=iK?, K real. (40 
Equation (38) then yields 
mc/K?= | 7|/(#?—1)3, 


C=—-—[(j—-1)/(G7+1) }. 


From Eq. (38) or (41a) it is apparent that the 
values 7=-1, allowed in the Dirac theory,* must be 
excluded in the present one, because they do not 
correspond to bound states. All other nonzero integral 
values of j are allowed. 

Substituting Eqs. (40), (37a) into (35), we find 


' h (= 
s _ 
RX y, 


h eA 7 F1)C mc se 
Kk? hc r K? cK*r 


The allowed energy values of the system are determined 


(41a) 
(41b) 


, 


+ 
t 


by again applying condition (39), viz., 
C+ (mc/K*) 
lim s(r)=1 
eee — kh! /K*c 
They are 
Ej /mé?=—-1/j, j=+2,+3,---. (43) 
The corresponding eigenfunctions are obtained by 
integrating Eq. (42), viz., 
Wij=Aje-" (r—B)”, (44) 





rReirrs, J 


where 
” j 1)3 aLe" 
a Oo 
} ] m 
Zé ] 
+ l 1)3 
he / 
with the second component, yY2;, given by Eqs. (36), 
(41b). A; is a normalization constant. The final form 
of s, 
Zj eé / i(P-1)3 h 
s;(7 i- / 1- , (45 
r mcsi r mc 


1) 


is state-dependent, as indicated by our preliminary 


discussion. 


The eigenvalue spectrum, is a_ highly 





unusual one. It 
by Pauli? as the Zwische 
imaginary particle momentum (real energy between me 
and —m Phe 


region only be 


lies entirely within is referred t 
ngebiet, i.e., the region of 


parti le is able to enter this energy 
vuse the Heisenberg postulate is locally 
violated. Preliminary investigation, presented in an 
auxiliary report,’ suggests the possibility of using such 
cription of nuclei. Our present 
emplify a Class III solution of Eq. (14), 


and thereby to establi 


solutions in the de 
objective, to ex 
sh that the proposed generaliza- 
is not devoid of new results, 


has been accomplished by Eqs. (44), (45). 


tion of quantum mechanics 


3. DISCUSSION 


An example has been given of a type of mechanics 
that is in predictive agreement with both classical and 
ordinary quantum mechanics, yet is a true generaliza- 
tion, in the sense of « ymprehending additional solutions 
[he proposed theory rests on a_ perfected formal 
correspondence mechanics. Heuristic 
justification for demanding such an exact correspon- 
dence may derive from an hypothecated “relativity of 


phy sical size,” viz., the form of the equations of motion 


absolute largeness or 
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Pion-pion scattering has been calculated using the determinantal method, assuming that a relativistic 
(A/4) (vi gi)® coupling is responsible for the interaction. The scattering amplitude for the individual partial 
waves is expressed as a ratio of two power series and terms through \° have been. kept in each series. Nu- 
merical results for the S and P waves have been obtained. \ is adjusted by attempting to fit the electro- 
magnetic structure of nucleons. The best value of \ obtained by this fit is unfortunately so large that the 
validity of the determinantal approximation is doubtful. 2 


I. INTRODUCTION 


|’ the various elementary particle interactions, the 
O r-m interaction is one of the most basic theoreti- 
cally, and at the same time one of the most nebulous 
expe rimentally. It is evident that this interaction 
fects, more or less directly, all processes involving 
nions and nucleons, or, in fact, pions and anything else. 
Nevertheless, it is very difficult to isolate these effects 
in any clean-cut way. 
It has been mentioned many times that scattering 
f the two outgoing pions in the processes 7+.V > 
mtm+/V and y+.\ may produce im- 
portant effects in the cross sections for these processes, 


>etat+N 


but a reliable theoretical calculation of these effects is 
difficult to make. It seems that a strong m-1 interaction 
with present experimental and 
theoretical uncertainties.’ The fact that the various 
models of pion-nucleon scattering agree quite well with 


is not inconsistent 


experiment without including a -r coupling has been 
suggested as evidence that the a-2 coupling is weak, 
no one knows what effects, 
would 


if any, a strong m-7 


nteraction produce in the mw+.V—2+N 
reaction. 

The first suggestion which may allow one to pick 
jut the m-m scattering process explicitly from a possible 
experiment has come from the observation? that there 


uld be a pole in the nonphysical region for the 


t 


reaction r+.V — a+a+J which has a residue related 
to the w-m cross section. If the pion production could be 
measured sufficiently well to permit an extrapolation 

the pole position, one might hope to see m-r 
( ittering. 

Another, considerably less precise, way in which a 
indle might be obtained experimentally on m-7 Sscat- 
tering is through the nu leon-elec tromagnetic form 
factors. Theoretical analyses of this problem* show that 
in the so-called two-pion approximation the isotopic 
vector form factors should dk pend on the pion elec tro- 
magnetic form factor, which can in turn be expressed 

* Supported in part by the U. S. Air Force through the Air Force 
Othce of Scientific Research 

'L. Rodberg, Phys. Rev. Letters 3, 58 (1959) 

7G. Chew and F. Low, Phys. Rev. 113, 1640 (1958) 

P. Federbush, M. L. Goldberger, and S. B. Treiman, Phys. 
Rey. 112, 642 (1958). W. Fraser and J. Fulco, Phys. Rev. 117, 
1609 (1960). 


as an integral over the J=1, T7=1 phase shift for a-m 
scattering. The accuracy of the two-pion approximation 
is, of course, an unknown quantity, but the nucleon 
form factors are fairly well known experimentally, so 
that at present this might be the place to try to pin 
down the z-zm interaction. It seems that, if the two- 
meson approximation is accepted, the requirement that 
the P-wave m-m scattering go through a resonance at a 
one-pion center-of-mass energy of about two-pion rest 
masses produces agreement with the measured nucleon 
structure. 

In view of the above discussion, it would appear 
that the most sensible approach to take at present 
toward the a-r problem is a purely theoretical one; 
that is, to guess what the coupling producing the x-r 
interaction is, and to try to make a reasonable estimate 
of the consequences of this coupling. Once such a purely 
theoretical guess about a-m scattering is made, then 
one could try to check its validity by comparison with 
some of the experimental handles which have just been 
mentioned. 

The first question to which an answer must be given 
is what kind of a coupling is responsible for the a-r 
interaction. If one believes in the standard ys meson 
theory, there are contributions to a-1 scattering from 
Feynman graphs of the type shown in Fig. 1(a), for 
example. However, in order to avoid infinite results in 
computing such diagrams, it is necessary to introduce 
a point x-r interaction of the form 4o(¢i¢i)? where 
yg; are the three Hermitian components of the pion 
field. In lowest order this interaction produces a a-r 
scattering as shown in Fig. 1(b). The coupling constant 
\o is adjusted to remove the infinite contribution of the 
graph of Fig. 1(a). For example, in lowest order, if the 
graph of Fig. 1(a) is called 7(£,@), then the amplitude 
represented by Figs. 1(a) and 1(b) is /(4,@)+Ao. 


This is rewritten as 
1(E0)—T( EO) +1 (E80) +0=1-(E,O) +4, 


which defines the renormalized coupling constant \ and 
the finite remainder /,(/,6). 

The effective contribution of Fig. 1(a) is then its 
value minus its value at some fixed energy—thus if the 
energy variation of Fig. 1(a) were slow, the diagram 
would in general have a rather small effect. One might 
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° ‘ ae Fic. 1. Lowest order 


. Feynman graphs for 2-7 
mm scattering (a) due to 
a pion-nucleon 
and (b) due to direct +- 
coupling. 





coupling 


expect this to be the case in regions where the total 
energy is much less than the nucleon mass. In such a 
case, one would be left only with the (renormalized) 
point coupling of Fig. 1(b). 

The above discussion is not intended to be a real 
justification of the use of only a (A/4)(¢:¢,)? coupling 
in calculating m-r scattering; nevertheless, it does 
suggest that the predictions of a pure (A/4)(¢i¢ 
theory will be interesting, and could even more or less 
represent physical reality. Calculations of 2-1 scat- 
tering based on the Mandelstam representation‘ also 
effectively omit the contributions of diagrams like Fig. 
l(a) except for the renormalization effects, although 
such an approac h does not need to specific ally discuss 
what kind of interaction Hamiltonians are to be used, 
and is not conveniently expressed in terms of Feynman 
graphs. 

The next point which must be taken up is how to 
calculate with a (d/4) coupling. Perturbation 
theory is attractively simple, but likely to be wildly 
inaccurate if \ is of any appreciable size 


Fry 


. An approxi 
mation scheme which is essentially no more complicated 
than perturbation theory is the determihantal method.® 
This method is based that tl 


the observation that the 
accuracy of a power series expansion depends on the 


on 
properties of the quantity to be expanded; thus a power 
series expansion of the scattering amplitude itself 
(perturbation theory) may be poor, but it may yet be 
possible to expand successfully some other quantity 
from which the scattering amplitude can be calculated. 
Thus one would like to express the scattering amplitude 
in terms of a quantity which is an entire function of the 
coupling constant. Such a quantity can be found in 
potential theory. li write the 
amplitude, for a particular partial wave, as 


T(E)- r(E)/D(E), 


is possible to scattering 


1) 


, ¥ FE! dE! 
D(E)=1- [ . )) 
. k'— E—ie 


1 TT) siné(E é 


where 


r(/:) is given by a power series expansion in the po- 
tential strength \ which converges in the entire \ plane 
This of the 

equivalent to the 


for a wide class of potentials. solution 


potential scattering problem is 
Fredholm solution of the 
The positions Ey, of the bound states can also be deter- 
mined from the equation Dit 0. In field theory it 


is possible to define a qu: , but 


uttering integral equation. 


intity analogous to r(f 


4*G. F. Chew and S. Mandelstam, Phys 
5M. Baker, Ann. Phys. 4, 271 (1958) 
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nothing can be proved regarding the validity of j The c 
power series expansion. Nevertheless the use of +} tion 
approximation scheme in‘ the static meson theory | result 
produc es gor id re sult It may be hoped, therefore, tha angul 
using the determinantal method to compute the cop. | confir 
sequences of the (A/4)(¢i¢ theory may be x T=2 
sonably reliable. p-wa' 
. . for th 
II. CALCULATION fr 
Th 
For the relativistic field theory, Eqs. (1) and (2) an | cwa 
nveniently la, ’ : 
conveniently replace 1 by tudes 
T (w) = (1/m) sind(w)e®* =r(w)/D(w), 1), grap 
and t 
= r w’ dw’? scatt 
Mw ; 
wy? (WW G) tee! Shee 
meso 
vhere w is the center-of-mass energy of a single mes ol (q 
in the w-m scattering process, and 5(w) is the phase shif qi- 
in a given angular momentum and isotopic spin stat, he \ 
wo is the energy at which the renormalization discuss tract 
earlier is to be carried out. The specific choice of w is reno! 
matter of convenience; it has been taken to be we=,' grap 
for reasons to De ndi ated later Finally, the relativist depe 
invariant variable w? replaces the energy E of the c0l 
relativistic problem P=( 
The approximation now requires obtaining the pow rest 
series expansion in \ of r(w) to some given order 
mechanism for obtaining this expansion is as fo 
Expand T(w) to the required order—that is, carry 
ordinary perturbation theory to the order desired 
T (c T® (w)+T® (w)+7 »)+ 
Chen one clearly 
Oth order 
’ ) DN 4 1, 2 
Ist order 
’ v 1 
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. rT ad 
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3rd order: 
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aa 7 ry da” 
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If third order ifficient, one stops here and compt 
the uttering fron 
1 ? 1 ? W)-Tr au 
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PION-PION 


The calculation of T to third order requires the evalu- 
tion of the Feynman graphs shown in Fig. 2. The 
resulting amplitudes must then be broken up into given 
angular momentum and isotopic spin states. We will 
confine our attention to the two S-states T=0 and 
T=2 and the P-state 7=1. As mentioned earlier, the 
p-wave 7=1 phase shift is the one of primary interest 
jor the nucleon electromagnetic structure. 

[he lowest order graph, Fig. 2(a), produces only 
S-wave scattering, with the 7=0 and the T7=2 ampli- 
tudes in the ratio 5 to 2. In second order there is one 
graph, 2(b)I, which again gives only S-wave scattering, 
and two graphs, 2(b)II and 2(b)III, which give rise to 
scattering in all angular momentum states. If the meson 
four momenta are labelled g; to gs, corresponding io the 
mesons 1 to 4, then diagram 2(b)I is the same function 
of gitgqe)° that 2(b)II is of (gi— qs)” that 2(b) UI is of 
qi qa)’. Now when the renormalization is performed, 
the value of each graph at a specific point is to be sub- 
tracted and those subtracted pieces are to be used to 
renormalize the coupling constant of the lowest order 
graph. It can be seen by looking at the isotopic spin 
dependence that if the subtracted parts of the three 
second order graphs are all equal, the 5 to 2 ratio of the 


T=0 to T 


reserved, that is, the renormalization of the 7=0 and 


2 parts of the lowest order graph will be 
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Fic. 2. Feynman graphs for w-w scattering in A¢* theory. 


a) order A, (b) order \?, (c) order A’. 
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T=2 coupling constants is identical. This requires, 
then, that the renormalization point be chosen so that 


(qi t+q2)?= (gi—9s)?= (qi— 94)”. 


In the c.m. system, this means the choice w?=y?/3. 
One may easily convince oneself that with this re- 
normalization point the 5 to 2 ratio at wo is maintained 
in all orders. 

The calculation of the first and second order Feynman 
graphs and the necessary S- and P-wave projection of 
the graphs of Figs. 2(b)II and 2(b)III are straight- 
forward, and the answers may be obtained analytically. 
The third order graphs like Fig. 2(c)VI are somewhat 
more complicated. One way to compute them is to note 
that they satisfy a dispersion relation. The absorptive 
part of the graph is just given by an angular integral 
over the appropriate first and second order matrix 
elements, which can be evaluated analytically. The 
final result can therefore be expressed as a single dis- 
persion integral. The S- and P-wave parts can be picked 
out analytically, leaving one integral to be done 
numerically. 

Altogether, then, the calculation of T to third order 
is relatively straightforward; r® is then obtained 
directly from T and the second order D. The third 
order is then evaluated by integrating r®. This inte- 
gration must be carried out numerically. The most 
complicated thing required, then, is the evaluation of 
some double numerical integrals. 


III. RESULTS 


The results depend on one parameter, the renor- 
malized coupling constant ’. To determine \ it is 
necessary to attempt to use the z-m results obtained 
above to fit some experiment. As explained in the 
introduction, however, it is very difficult to find an 
experimental situation in which the z-m scattering is 
clearly discernible. 

At present, perhaps the most reasonable way to 
evaluate \ is to attempt to use the z-m interaction to 
achieve a fit to the electromagnetic form factors of 
nucleons. This determination of \, of course, rests on a 
number of somewhat dubious theoretical assumptions, 
particularly the assumption that it is valid to neglect 
all but the two-pion intermediate state in evaluating 
the form factors. 

The determination has been made by setting the 
imaginary part of the isotopic vector moment form 
factor equal to its Born approximation value times the 
absolute square of the pion form factor, an approximation 
which is believed to be reasonably good.’ To the extent 
of the validity of the two-pion approximation, the pion 
form factor is precisely eD1:(0)/Di:(w) where 11 means 
J=1and T=1. Figure 3 shows the resulting nucleon iso- 
topic vector moment form factor, obtained from its dis- 
persion relation, for \/4%=2 and \/4r=2.5; the corre- 
sponding pion form factors are shown in Fig. 4. The 
curves in Fig. 3 are all normalized to unity at g=0, so 
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| F(q*) vs q? 


F2(q?) 


F5(0) 
) 2 4 . “ 10 i2 
-q* x 10° cm=? 
that we have only attempted to fit the shape of the exper- 


imental curve. Because of the experimental uncertainties 
and the theoretical approximations involved in this com- 
parison, only a rough determination of \ can-be made. 
Values of \/4a between 2 and 2.5 produce good agree- 
ment with the experimental shape. Without inclusion 
of the pion structure, i.e., if X O, the theoretical curves 
lie considerably above the experimental data. Even 
when an extra subtraction is made and the subtraction 
constant is treated as a parameter, the shape of the 
\=0 curve cannot be fitted to the experimental points 
solid curves of The predicted 
of the isotopic vector anomalous magnetic moment 
F; (q°) . is rather insensitive to \ for \/4ar between 
2 and 2.5. For \ in this range the theoretical result for 
F, (0) ~+0.8e/2M, compared to the expe rimental value 
of 1.85¢/2M. 

Altogether then, we can say that our P-wave a-7 


; ; 
(see Fig. 3). value 


phase shift improves the general situation in the electro- 
magnetic structure problem and the remaining dis 


crepancies might be due to the inadequacy of the 
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Fic. 4. The pion form factor predicted here with \/4%=2 
and \/4r=2.5. 
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| 
z 
| 6. The P-wave 7 =1 phase shift. 
equation D(w,?)=0 determines the bound-state 
nergies, any consistent approximation to D should 
t have zeros for negative values of w*. For attractive 
\/ 4 2 the S-wave T=0 D goes through zero a 


( 0.75u", predic ting an honest bound state. However, 
for \/4r= +2 the S-wave D’s for both T=0 and T=2 

unish be 0, which suggests a further inadequacy 
the approximation. For \/44%=1, the S-wave results 


low @ 


quite well. 


nverge 
\/4 


the determinantal approximation predicts a a-7 


lo summarize then, the (¢gi¢,)? theory coupled 
P phase shift which can be used to improve the agree 
ment of the 


experiment. 


nucleon electromagnetic structure with 
Unfortunately, for values of \ which are 
needed for this improvement, the determinantal ap- 
proximation does not look very satisfactory, particularly 
for w24y?. Thus from a theoretical point of view we 
cannot say to what extent our predictions represent 
the content of the (A/+)(¢i¢,)* theory. We must then 
seek further experimental consequences of our phase 
N phenomena, in 


shifts, such as their influence on r— 


order to test their validity. 
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APPENDIX 


Just for the sake of general interest we exhibit here 
the results of a perturbation calculation of 7 to third 
order in \. The functions r and D for the various angular 
momentum and isotopic spin states are easily obtained 


from this, as indicated earlier. 
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S-wave T=0. 


1 q A 2 
(=)[a+s(- -) (57s+3A 2°) 
167? \y 4a 


Lee hs. 
. ( ) (2572-114 1301-2284} 
4x \4r 


(w?—p?)), and 


To —— 


where q° 


q w 
To(w) 2 cosi*( )-it|-a-2 
w yu 
w /sinh(g/p) 
49(w) =2 Stee—2-(- ) 
| fm q/p 
(=| 
gu 1 
1 f 7 Qu? 4 
{ .°(w) [ da} 2 i+ _ 
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S-wave T=2. 
iz? -(] 167") (g w)| 2A+ (X dr)?(475+94 2°) 
+ (1/42) (A/4ar)* (87? +-43.4 3° — 367 3— 56B;°) ]. 


lor completeness we also list below r for the S-wave 
states, in third order. 


r — (1/162) (¢ ‘w) | 5A+ 15 (X/4ar)?A 2? 
+- (5/4ar) (X/4r)9[11A 3° — 22B,°— 15(13+-J2A2") J], 
nr — (1/16m?) (g/w){2X+9(A/4ar)?A 2° 


+ (1/4) (\/4er)*[43.4 9 —56B,9—18(I3+J2A2) ]}. 


Note that the combination /3;+J:2A>2° has a particularly 
simple form—namely 
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To a given order r is considerably simpler than 7. »! Qu? } 
There are no singular integrals appearing in the ex-  A;'(w) ada 52 (: t ) 
pression for r; the singularities in 7 being canceled “-l gq (1—a) 


by D°T®+T®D©® etc. 2(4 ; 
P-wave T=1: < sinh™ : ) 2 


Tn=-(1 16x”) (q w)[5(A 4dir)*A_! 


+ (5/42) (A/4r)3(7.A;'—4B;') ], Oe ‘ 
where Ps 
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q Pm u q/p x 1+ ) Inf 1-4 .) -2 


q 2 sinh ; q u . 
—| 447 , For the P-wave, to order \3, r=T since T=0 in fy 
bi G/M order in X 
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Foldy Transformation in the Pion-Hyperon System* 
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A unitary transformation, which plays the same role as the Foldy transformation in the pion-nucleon 
system, is constructed for the case where the pion interacts with both © and A erons through ys; couplings. 
The transformation function and the transformed Hamiltoni ure very similar to those of the’ Foldy 
transformation, in spite of the complexity of our syster sot I ipplication to practical 


problems is not considered in this paper 


E consider a system where the pion interacts wit! pace. Then, we um¢ 
both = and A hyperons through charge inde 
a . Q S 


pendent y; couplings. The interaction Hamiltonian is 


with 


° ») I bs*+ pp wal w(d p +-} 
Asx, ifs f dx ts *poX ts: y, i ™ satis se 


ri) yy)’. Here xy and w are odd functions of ¢ 
pee yay 


only and es] e angle of rotation in p spa 
Hsyr= fa | dx (Wa*potts: p+ thy* pa: [ a ay a 1; 
ZA d ¥ ‘pe ‘2- 2 ng tor ] \-6 n the Appe ndix, we see that 


spin space. IX Uy*poX wrs(my sin2y— fxd cos2x 


Here the bold faced letters represent vectors in isotopic f 


We wish to find a unitary transformation, . 


H!=e'8(H treo+H eS, 2 | fax er 
which eliminates the p2 components completely from the 
sum 47+ Hy,.m., where H; represents the interaction and <3 (me+-ma) sindw— fad cos2dw Wi-+-H. 
Hy... the hyperon-mass terms in the free Hamiltonian 
H tree. According to Foldy' such a transformation corre + terms proportional to 


sponds to a certain rotation around the p; axis in p mG ; 
” 5 >) we i more independent term; 
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FOLDY TRANSFORMATION 


Hence we get 


x=—} tan (fxd/mz), w=} tan (frd/m), (4) 


with m=3(mz+ma). 

The transformation of the total Hamiltonian (2) is 
now easily carried out with the help of several formulas 
in the Appendix. The transformed Hamiltonian is 


s 


H’ = Hiret+ > Hi, (5) 
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i 
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with 
he= fa trs*patts(ms*— mz) 


+ fax Wa* pal (ma*—ma)—Am] 
+ [axe *Whs*ps- ge: ty(ma*—mz*+Am), 


ifs my f : 
H, fas ury* X ts (ovetois)—He.| 
4 ) h 


(ms*)? 
fs m 
H;=— fas| wet(ovetonval +H.c., 
4 (m,*)? + 
fasttseretxer-¢ 
? 
XLeX (ev et+piz) ]—H.c.}, 
1 
Hs- faxtas@, trs*- 
) 
KL eX (ov et+piz) Wa}4t+H.ic., 
i 
He= faxlaioesrx us: eX (avetx)—H.c.], (6) 
) 


Hy, a 


H;= farce», ts*- ¢X (eV ot z)Wa}4t+H- _ 
) 


ifomys 
Hs fax. trs*pi X ts: 5° 
2(mz*)? 
Tam 
= (y*p1- 3a +H.c.) 
2(m,*)? 


—i1A s(¢*) ts*p1X tz eX (e XS") 
+[A4(¢?)ts*: @X (@X5")pwatH.ic. | 
—iB(¢*) ts*X ty 5'XK e+ C(P’) 
x (hs* eX BVatH.c. 
where 
’ 


ms*=my[1+( fod/mzs)? 


my*=m[1+(fad/m)?}', Am=}(mz—maz) 
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; dw Ta 
Ax(¢’) =6*( cos, sinw—¢ ) =e 
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and 


, ; dx fz 
Ax(¢’)=¢ *(coss sinx —@ ): - 
do 2(mz*)*¢? 


m \3 my \* 
x | mee (1+ :) /(1+=) |-ms}, 
m,* ms* 


dd 


mz \? / m\4 
| me| (1+ ) / (1+ -) |-»|. 
ms* my* 


¢ *(1—cosw cosx) 


=$7{1—3[(1+mys/ms*)(1+m/ma*) }}, 


2(m,*)*¢? 


B(¢’) 


9 


C(¢*)=¢~ sinw sinx 
= (2¢7)“"[(1—ms/my*) (1—m/mag*) ]}. 


In (6) we understand the expression like Us*X t:(¢V ¢ 
+piz) is the abbreviation of tys*Xoit::Vigt+ ts* 
Xpittz: x. In Hs, the 5°’s are the one-row matrices given 
in (A-1). In the weak coupling limit, m*, A, B, and C 
are reduced to 


my* — ms+(fsd)?/2ms, ma*— m+(fad)?/2m, 


1 fs Iz" ix 
i bE)-O)] 
16 my Ms m 
1 fa wa\ i; ey 
Ab) 
16 m m My 
1 fz? fa? fsfa 
AO-O}-S 
8L\ me m 4msm 


We now discuss briefly the various interaction terms 
in (5). In the static limit 1, represents the coupling of 
the S-wave pions with hyperons. The first two terms of 
H, are the so-called spin-independent S-wave pair terms 
in the weak coupling limit, while the last term depends 
on the total isotopic spin of the system and has no 
counter terms in the pion-nucleon system. This term 
vanishes if the interaction has global symmetry in Gell- 
Mann’s sense. Hy and H3 and the well known oV 
couplings of a P-wave pion. H, and H; represent rather 
complicated pv couplings. Hs and H; are the terms 
corresponding to the t-¢X- term in the pion-nucleon 
interaction. The last term in (5) is the so-called direct 
interaction term. 
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APPENDIX walé g)y. pie n(Zwe&)e 


Here, we will briefly discuss the transformation Hence we obt etting €=1 
properties of the field operators. First we introduce thre 
matrices 5*, T*, and D* in isotopic spin space throug! 


f } x} ui p;e 
ts*-gya=Psi*biPag.,, Us*X ty: g=si* Ti Vsj¢s, t 
eiSy J e 
(ts*: 9) (es) = Wsi* Di Waeeer (A-1 
Phi y obtainable by 
Further, we define the three operators 4s before 1 7 exp (iS); ex 


e 0°, Q, R T*¢ Q, L D*' oe, o-. (A-2 


Phese operators satisfy several simple relations, whicl 
very much facilitate the ensuing calculation. The re 


R°=1-—Z, R®=R, RZ=ZR=0 rf x Wa*(E)a 
Z=ee*, e*e=1, Re=e*R=0, R*=R, Z*=Z, (A-3 Che so 


Z-VZ—VZ-Z=e-Ve*—Ve-e*=R-VR—TR:R. (Ad { re 


Here the symbol * means the Hermitian conjugate ol 
the relevant operator. 

' ; . ; 
Now let us consider the transformation properties of 


the field quantities. The operator S is now writt é rT 


differential equations; 


7 of ] ? f - 4 ; } 5 S ve 
dvs (5 ae 7 Rx r\c 1p;we iS s , I 
f ¥ \ = f 1X 
[+ =i e ¥ S 


T rst x/ qv E)ar i twa*(é 
Ve*-e=e*-Ve=0, VR=2Z:-VR+VR:-Z, ‘ ‘ 


v2 ” / e 
Then, these quantities satisfy the following c ipled rr) | IXY } (« I sin cosy ) 
i« r j 
- 9 oa Ys 
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Slow-Neutron Resonances in Eu"*' and Eu", Farr 
DoMANIC AND EUGENE T. Patronis, Jr. [Phys. 
Rev. 114, 1577 (1959) |. A systematic error in com- 
puting the sample thickness has been discovered. 
The 1/N values should read 3198 and 16978 for 
Eu! and 3596 and 24 026 for Eu™!. The values of 
cs, (Column 2) and 2gI,° (Column 5) in Table | 
should be multiplied by the factor 1.088, while the 
corresponding columns in Table II should be multi- 
plied by 1.053. The ordinates of Figs. 1, 2, 4, 5, 6, 
and 7 should be multiplied by 1.088 when pertaining 
to Eu! and by 1.053 for Eu'®*. Values of T and T, 
are unaffected, as are also the major conclusions of 
the paper. ss 
Circular Polarization of Gamma Radiation Follow- 
ing Allowed Beta Transitions, R. M. Srrerren 
Phys. Rev. 115, 980 (1959 
equation in the first column should read : 


b Ba T,+1\'Cy C,’ 
A 2( ) y| = 
L+1LI. I Ca 5C12+Cy'y¥ 


On the same page, in the first line of column two, the 

equation should read C4=—1.19C,. In the same 

paragraph, the contribution of the Fermi compo- 

nent to the beta transition of Sc*® should read: My 
0.07 +0.03) Mgr’. 


}. On page 985, the last 


Fourth Virial Coefficient for the Square Well Po- 
tential, SuiGETOSHI KATSURA [ Phys. Rev. 115, 1417 


1959) |. Equation (2.24) on p. 1419 should read: 


D,/b 


171.2713 — 2.9763 f +17.182 f? — 66.262 f' 


+ 164.81 f#— 280.18 f®+ 118.21 f® 


The figures and the values in the Discussions were 
obtained according to the right expressi n and they 
were not affected by this miswriting in the manu- 
S( ript. The author is grateful to Professor R. P. 


Feynman who found this error and pointed out the 


riterion that 


Di(f = —1) =512D,(f=0) 


private communication). 


p. 1423, 


The integrand of (A.3) on 


1 
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(“) r(---)P(---)F(---)r(---) 
2b m+n—1+2 
r(-+-)r( ore yn(-4 ~) 
2 
should read: 
¢ ) ri - )P(---)P(---)P(---) 
2b m—n—1+2\_ 
r(---)r(- ar ye(-s -) 
? 


The first factor in the second term in the square 
bracket in (A.4) on p. 1423, 


)P'(-++)(a/26) 


—m—n+1 ; 
) 


should read: 


T(--- 


r(--+)P(-+-)(a/2b) 


=a 
(--- r( 


Transport Phenomena in Slightly Ionized Gases: 
Low Electric Fields, MAHENDRA SINGH SODHA 
[Phys. Rev. 116, 486 (1959)]. In Eq. (2B) read 
J 227*xdx instead of f/227x*dx. In Eqs. (4), (6), and 
(7) read (mD/2kT) instead of D. 


> + 
= 
+ 
— 
od 


Sea-Level Cosmic-Ray Mass Spectrum in the In- 
terval 30m,—2000m.,, G. G. Fazio and M. WIDGOFF 
[ Phys. Rev. 116, 1263 (1959) ]. In Table I, Column 
1, line 3, instead of Peyrou and Hendel? read Piroué 


and Hendel.? 


Anomalous Magnetic Moments of Baryons in a 
Static Cutoff Perturbation Theory, W.G. HOLLADAY 
[ Phys. Rev. 115, 1331 (1959) ]. Equation (2) should 
read as follows: 


g’ 2 
ee 


MyM,, dk k*(2w,—A)v(k) 
4a 3a (M,+M,)? w3(we— A)? 


MW2= —_ 


All numbers were computed on the basis of this 
correct equation. | 
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